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Abstract4

This work examines the computational complexity of satisfiability problems of the form:5

determine if there exists a set of elements x1, . . . , xk ∈ X such that f(x1, . . . , xk) = 0, given the6

promise that there exists either a unique solution or no solution at all. Inspired by the seminal7

work of Valiant and Vazirani on the unique solution promise version of Boolean satisfiability8

problems, as well as following work on isolation lemmas, we present a reduction from the9

standard existential version of a satisfiability problem to its unique solution promise version. Our10

(fine-grained) reduction runs in time parameterized by the amount of overlap between solutions.11

We provide examples where through this reduction, a deterministic or one-sided Monte-Carlo12

algorithm for the unique solution promise problem yields a one-sided Monte Carlo algorithm for13

the corresponding existential problem with almost the same time complexity.14

As our main corollary, we are able to show that a one-sided Monte-Carlo algorithm for the15

unique solution promise version of 3-SUM over a set of size n that runs in time O(n2−ε) for ε < 116

yields a one-sided Monte Carlo algorithm for the standard existential version of 3-SUM that runs17

in time Õ(n2−ε) . As a consequence, we are able to show that for many 3-SUM hard problems,18

developing an efficient new algorithm for the unique solution promise version of the problem19

is as hard as developing an efficient new one-sided Monte Carlo algorithm for the existential20

version of 3-SUM.21
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1 Introduction22

Conditional lower bounds based on satisfiability problems such as 3-SUM have played an essential23

part in establishing the hardness of problems with polynomial-time solutions. Most often, these24

problems are concerned with the existence of a given object (a line separating a collection of25

line segments, an element within the intersection of two sets, etc). One can ask if the additional26

information that there are very few solutions makes solving an instance any easier. An important27

line of research [5, 6, 17, 19, 21, 23, 24, 25, 27] has answered the same question negatively for28

Boolean satisfiability problems and many optimization problems, at least in terms of developing29

randomized solutions. Here we aim to show that developing an efficient algorithm for satisfiability30

problems like 3-SUM, given the promise of either a unique solution or no solution, is as hard as31

developing an efficient randomized solution for the existential version. To this end, we demonstrate32

that an algorithm that solves a satisfiability problem with such a promise can often be used to design33

an efficient randomized algorithm for the corresponding existential problem. Our reduction runs34

in time parameterized by the size of the overlap between solutions, and succeeds with probability35

1 when there is no solution and with high probability (w.h.p)1 otherwise. As an application, we36

show that an algorithm for the unique solution promise version of many 3-SUM hard problems37

would yield a probabilistic algorithm for 3-SUM within polylogarithmic factors of the original time38

complexity.39

In the satisfiability problems we will consider, one is given a set of k variables, some {0, 1}-valued40

function f(x1, . . . , xk), and a set (or sets) indicating the possible values2 that these variables can41

take. The aim is to determine whether there exists a solution to the equation f(x1, . . . , xk) = 0. The42

value k is regarded as a constant. We will look at the following versions of satisfiability problems,43

1-Set-k-Satisfiability and k-Set-k-Satisfiability. These differ only in the way that the domain of the44

variables is specified.45

Problem 1 (1-Set-k-Satisfiability). Given a set of n values X, and the function f(x1, . . . , xk),46

determine if there exist distinct x1, . . . , xk ∈ X such that f(x1, . . . , xk) = 0.47

In the version we will consider here, the same value in X is not allowed to be used for more48

than one variable. However, with a factor of k blow up in problem size, the instance can be easily49

reduced to the following version of the satisfiability problem where duplicate values are allowed.50

Problem 2 (k-Set-k-Satisfiability). Given k sets of values X1, ..., Xk each of size at most n, and the51

function f(x1, . . . , xk), determine if there exists (x1, . . . , xk) ∈ X1 × . . .×Xk s.t. f(x1, . . . , xk) = 0.52

As an example, in the case where X is a set of integers and f(x1, . . . xk) =
∑k

i=1 xi, Problem 153

is the same as the well known k-SUM problem. Another example would be when X is the set of54

vertices, V , in a graph G = (V,E) and f(x1, . . . , xk) is zero iff the vertices assigned to x1, ..., xk form55

a k-clique. As we will see, the function f is not particularly important to how our reduction works.56

Instead, the importance lies in the way in which solutions are represented and the relationship57

between multiple solutions.58

1w.h.p means with probability 1− 1/poly(n), where poly(n) can have arbitrarily large degree.
2More generally, these can be any type of object in the domain of f that can be distinguished from one another.
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1.1 Uniqueness.59

In a unique solution promise problem, we are given the promise that there is either a unique60

solution or no solution. In the case where this promise is not satisfied, an algorithm is free to61

report either that there is or is not a solution. For the unique solution promise problem version of62

k-Set-k-Satisfiability, which we refer to as k-Set-Unique-k-Satisfiability, it is easy to define what it63

means for a solution to be unique. We will say a solution is unique when it is the only element of64

X1 × . . .×Xk which is a zero of the function f .65

For the unique solution promise problem version of 1-Set-k-Satisfiability, which we refer to as66

1-Set-Unique-k-Satisfiability, more care must be taken in defining uniqueness. This is since for67

a given set of values x1, . . . , xk ∈ X that satisfy f(x1, . . . , xk) = 0, there may be permutations68

of these values that are also solutions. To address this, we consider a solution unique in terms69

of being a unique set of values, ignoring the solutions obtained by permuting the variables. If a70

problem requires that a unique solution be defined in terms of which values are assigned to particular71

variables, the k-Set-k-Satisfiability problem can be used to accomplish this. In Appendix C we72

indicate how this can be done (for constant k) in such a way that allows for variable assignments to73

define distinct solutions, while also avoiding the possibility of values in X being used for multiple74

variables.75

1.2 Our Contribution76

We delay the more involved formal statement of the main theorem to Section 2. Informally, it77

relates the overlap between the solutions of an instance of the 1-Set-k-Satisfiability (or the k-Set-k-78

Satisfiability in Section 3) and the time complexity of the algorithm that solves the unique solution79

promise version to the time complexity of an algorithm for the existential version of the problem.80

The main consequence of the theorem is that when the overlap between solutions is relatively ‘small’,81

efficient algorithms for the unique solution version provide an efficient algorithms for the existential82

version via our reduction.83

We demonstrate our main theorem’s usefulness by giving corollaries. The main corollary, relates84

the existential version of 3-SUM to its unique solution version. The definition of 3-SUM is as follows.85

Problem 3 (3-SUM). Given a set of n integers X determine if there exist x1, x2, x3 ∈ X such that86

x1 + x2 + x3 = 0.87

We define Unique-3-SUM analogously to Unique-k-Satisfiability. Applying Theorem 1 as is done88

in Section 2.5, we obtain the following corollary.89

Corollary 1. If there exists a deterministic or one-sided Monte-Carlo algorithm for Unique-3-SUM90

running in time O(n2−ε) where ε < 1, then there exists a one-sided Monte Carlo algorithm for91

3-SUM running in time Õ(n2−ε) that succeeds with probability 1 when there is no solution to the92

3-SUM instance and w.h.p when there is a solution.393

Due to 3-SUM’s popularity within conditional lower bounds, we obtain many immediate conse-94

quences to the above result. A quick check of the corresponding reductions used for these problem’s95

conditional lower bounds (see Appendix B) indicates that being able to solve the unique versions of96

these problems in time O(n2−ε) would also imply an algorithm for 3-SUM like that described in97

Corollary 1. To name a few such examples,98

3Õ(f(n)) is equivalent to O(polylog(n)f(n))
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• GeomBase [14] with the promise that at most one non-horizontal line contains 3 points.99

• Run-Length-Encoded Wildcard Matching [11] with the promise that at most one match occurs.100

• Deciding if there exists a translation of a polygon P that makes it contained within a second101

polygon Q [9], given the promise that at most one such translation exists.102

Next, we consider Convolution-SUM, which is an essential stepping stone between algebraic103

problems and combinatorial problems [22]. We define the following unique solution version.104

Problem 4 (Unique-Convolution-SUM). Given an array A[1, n] of integers, and the promise that105

there either exists one pair of indices i, j where i < j and A[i] + A[j] = A[i+ j], or no such pair,106

determine whether such a pair i and j exists.107

We can show that if there exists a solution for Unique-Convolution-SUM, or Unique-3-SUM108

running in time O(n2−ε), then there exists a solution for Convolution-SUM running in time Õ(n2−ε).109

The proof of this is given in Appendix A.110

As one example of how this can be used, we consider the Unique-EW-Triangle problem. Given111

a graph G = (V,E) with integer edge weights w(·, ·), the Unique-EW-Triangle problem (from112

Exact Triangle [29] or EW-Triangle [3]) is to determine if there exists a triple a,b,c ∈ V with113

(a, b), (b, c), (a, c) ∈ E such that w(a, b) + w(b, c) + w(a, c) = 0, given the promise at most one114

such triple a,b,c exists. As one consequence of the above result, an O(|V |1+η) time algorithm115

for Unique-EW-Triangle implies an one-sided Monte-Carlo time algorithm for Convolution-SUM116

running in time Õ(n3/2 + n1+η/2). (Proof in Appendix B).117

Examining the analysis given in Section 2, it is not difficult to see that if a Las-Vegas algorithm118

for the unique solution promise version with expected time O(nα) is used instead, then the reduction119

results in an algorithm for the existential version with expected time Õ(nα). This follows from120

the linearity of expectation and the time complexity of the resulting algorithm being dominated121

by either calls to the algorithm for the unique solution promise version or recursive calls. Because122

of this, the same applies to the above examples. A Las-Vegas algorithm for the unique solution123

promise version yields an algorithm for 3-SUM that succeeds w.h.p.124

Besides the corollaries stated above, after describing the reduction, we provide additional125

examples of problems where the theorem can be applied.126

1.3 Related Work127

This work is inspired by Valiant and Vazirani’s seminal work [25]. There, it was established that a128

polynomial-time solution for Unambiguous-SAT, which consists of Boolean satisfiability problems129

where formulas have at most one solution, would provide a randomized polynomial-time solution for130

all problems in NP. More generally, no non-contrived NP-complete problem is known to admit a131

polynomial-time algorithm under the promise of a unique solution. This is a consequence of the fact132

that almost all known reductions between these problems are parsimonious (preserve the number of133

solutions) or can be modified to be parsimonious [15].134

Valiant and Vazirani’s work initiated a line of research related to what are called isolation135

lemmas [5, 6, 17, 19, 21, 23, 24, 27]. Like what is done in this work, developing or applying136

isolation lemmas involves using randomized algorithms to transform problems with many solutions137

to problems with a unique solution. One particularly useful version of an isolation lemma is presented138
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in [24]. It states that over all possible functions from the power set of [1, n] to the set [1,m], the139

probability that a randomly chosen function has a unique minimum element from the power set is140

1 − n
m . Although this isolation lemma and its variants for appropriate values of n and m give a141

unique optimal solution to their respective problems w.h.p, it is not clear how to adapt such a set142

weighting scheme to problems like 3-SUM. Instead, we look more directly back at the techniques143

initially employed by Valiant and Vazirani. In doing this we take care to ensure that the time144

complexity of the reduction allows for fine-grained hardness results to be established in many cases.145

Much more recently, the idea of establishing hardness of unique solution promise problems146

in fine-grained complexity appeared in work by Ball et al., [7]. Although their work is primarily147

concerned with establishing equivalences between the average-case-fine-grained complexity and148

worst-case-fine-grained complexity, it also establishes the equivalence of the unique solution promise149

version of the Orthogonal Vectors problem and the existential version of the Orthogonal Vectors150

problem (another popular conjecture for conditional lower bounds [1, 2, 13, 18, 28]). Their reduction151

also takes care to ensure the time complexity is adequate for fine-grained hardness results.152

For 3-SUM, obtaining an efficient reduction is particularly important for establishing meaningful153

conditional hardness results. Recent advancements in Monte-Carlo and Las Vegas algorithms154

for k-SUM have time complexities far smaller than their deterministic counterparts that use the155

same space. In [26], a Monte-Carlo algorithm for k-SUM using linear space and running in time156

O(nk−
√
2k+1) was presented. This was later converted into a Las Vegas algorithm in [16]. For157

3-SUM, this provides roughly a O(n1.55) time algorithm, as opposed to the conjectured hardness of158

there being no strongly subquadratic algorithm that solves 3-SUM deterministically.159

2 Reduction for 1-Set-k-Satisfiability160

Before stating the main theorem, let us clarify what we mean by ‘overlap’ between solution i and161

solution j for 1-Set-k-Satisfiability. We say that a solution i and solution j have an overlap, or162

intersection, of size φi,j if they have φi,j values in common. For example, a solution i equal to163

{−4, 1, 3} and solution j equal to {−5,−4, 9} have an intersection of size φi,j = 1. A modified164

definition of φi,j for k-Set-k-Satisfiability will be given in Section 3. Theorem 1 works for both, with165

the definition of φi,j taken appropriately. After proving Theorem 1, we will show how to apply it to166

examples like 3-SUM.167

Theorem 1. Given an instance (f,X) of 1-Set-k-Satisfiability (or instance (f,X1, ..., Xk) of k-Set-168

k-Satisfiability) where |X| = n, (max1≤i≤k |Xi| = n resp.), and169

• an (deterministic or one-sided Monte-Carlo) algorithm A for the unique solution version170

running in time O(nα) where α ≥ 1,171

• and φM = max{φi,j | 1 ≤ i < j ≤ s} where s is the number of solutions and φi,j the size of172

the intersection of solution i and solution j,173

there exists an algorithm for the existential problem that succeeds with probability 1 when (f,X) has174

no solution and w.h.p when (f,X) has a solution. If α > φM , there exists an algorithm running175

in time O(nα), and if φM ≥ α, there exists an algorithm running in time O(nβ) where β is any176

constant such that β > φM .177
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2.1 Overview of the Reduction178

Our reduction starts with an instance (f,X) of 1-Set-k-Satisfiability and a deterministic algorithm A179

that can solve the 1-Set-Unique-k-Satisfiability in time O(nα). We will consider in Section 2.4.1 the180

case where A is a one-sided Monte-Carlo algorithm. We will assume A returns 0 if the instance has181

no solution and 1 if it has a unique solution. The aim in this section is to use A, in conjunction with182

sampling techniques to design an algorithm for 1-Set-k-Satisfiability. We first introduce parameters183

σ (for sampling) and τ (for threshold), which will later be carefully chosen to optimize the reduction.184

For now, let σ and τ be arbitrary functions of n, such that σ, τ ≤ n, and σ, τ →∞ as n→∞.185

The algorithm consists of two phases designed to handle different possible cases in terms of186

the number of solutions s and the functions σ and τ . In Phase 1, Algorithm 1 handles the case187

where s ≥ τ . This is done by sampling σ elements from X and applying Algorithm 1 recursively.188

This process is then repeated ρ times to ensure a high enough probability of success. In Phase189

2, Algorithm 1 handles the case where s < τ . This is done by further subdividing this case into190

logarithmically many subcases. For i ∈ [1, dlog τe] we consider the subcase 2i−1 ≤ s < 2i. For191

each of these subcases, we again apply sampling by randomly taking elements from X with the192

appropriate probability to construct a set X ′. Algorithm A for the unique solution version of the193

problem is then applied to X ′.194

The pseudo-code is given in Algorithm 1. In the pseudo-code we let Sample(X,m) denote the195

function that takes the set X and returns a set containing m randomly sampled elements from X.196

We let SampleWithProb(X, p) denote a function that returns a subset X ′ of X where each element197

of X is added to X ′ with probability p. We choose c to be any constant in the interval (0, 1). We198

also assume (not written explicitly in the pseudo-code) that if n is within some chosen constant the199

problem is solved by Algorithm 1 in constant time.200

We will split the analysis of Algorithm 1 into two lemmas, one concerning the probability of201

success, and the other the run time of Algorithm 1.202

Lemma 1. Algorithm 1 succeeds with constant, non-zero probability c if ρ ≥ − ln(1−c)
cs2

∑
i,j

(
n
σ

)φi,j .203

Lemma 2. Algorithm 1 runs in time T (n) = O
(
T (σ)ρ+ τk−1nα

)
.204

Thanks to Lemma 1, with the appropriate value of ρ, it suffices to repeat Algorithm 1 logarith-205

mically many times to obtain an algorithm that succeeds w.h.p. Later we will see that τ appears206

when upper bounding 1
s2
∑

i,j

(
n
σ

)φi,j , so that it will not necessarily work best to always choose τ to207

be very small (e.g., logarithmic) in n.208

2.2 Proof of Lemma 1209

Recall that s is the number of solutions, i.e., the number of distinct choices of k elements x1,..., xk210

from X such that f(xπ(1), . . . , xπ(k)) = 0 for some permutation π. Note that s ≤
(
n
k

)
, and in the211

case where s = 0, Algorithm 1 succeeds with probability 1. This is since false positives are not212

created in either phase. We will show that for all values of s, Algorithm 1 succeeds with at least213

constant probability c.214
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Algorithm 1: Algorithm for 1-Set-k-Satisfiability

Input : 1-Set-k-Satisfiability instance (f,X), 1-Set-Unique-k-Satisfiability algorithm A
Phase 1

repeat ρ times

X̃ ← Sample(X,σ);

Recursively apply Algorithm 1 to (f, X̃);
if Algorithm 1 returns ‘solution exists’ then

return ‘solution exists’;
end

end
Phase 2

for i = 1 to i = dlog τe do
repeat d− ln(1− c) · 2(i+1)k+1e times

X ′ ← SampleWithProb(X, 1/2i+1);
if A(f,X ′) = 1 then

return ‘solution exists’;
end

end

end
return ‘no solution exists’;

2.2.1 Case. High Number of Solutions. τ ≤ s ≤
(n
k

)
215

Let Yi be the indicator random variable that is 1 if solution i is included in the sample in Phase 1
and 0 otherwise. Let p := P(Yi = 1). Using that σ →∞ as n→∞, we have

p =

(
σ
k

)(
n
k

) =
σ(σ − 1) . . . (σ − k + 1)

n(n− 1) . . . (n− k + 1)
→
(σ
n

)k
.

Next, let Y be the random variable representing the total number of solutions obtained by our216

sample. Then Y =
∑s

i=1 Yi and E[Y ] = E[
∑s

i=1 Yi] =
∑s

i=1 E[Yi] = sp. Recall for the next lemma217

that φi,j is the size of the intersection of solution i and solution j.218

Lemma 3. P(Y ≥ 1) ≥ 1
1
s2

∑
i,j(

n
σ )

φi,j
.219

Proof. By Chung-Erdős Inequality,220

P(Y ≥ 1) ≥ E[Y ]2∑
i,j P(Yi = 1 ∧ Yj = 1)

=
s2p2∑

i,j P(Yi = 1 ∧ Yj = 1)
. (1)

Next, P(Yi = 1 ∧ Yj = 1) = P(Yi = 1 | Yj = 1)P(Yj = 1) and

P(Yi = 1 | Yj = 1) =

(
σ−k
k−φi,j

)(
n−k
k−φi,j

) → (σ
n

)k−φi,j
→ p

(n
σ

)φi,j
.

Hence, P(Yi = 1∧Yj = 1) = p2
(
n
σ

)φi,j . Substituting back into (1), P(Y ≥ 1) ≥ p2

1
s2

∑
i,j p

2(nσ )
φi,j

.221
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Based on Lemma 3, to obtain a constant probability of success at least c, it suffices to use

ρ ≥ − ln(1− c)
cs2

∑
i,j

(n
σ

)φi,j
≥ − ln(1− c)
c · P(Y ≥ 1)

repetitions of Phase 1. This is since the probability of an iteration of Phase 1 succeeding is the222

probability of obtaining a solution in our sample, P(Y ≥ 1), multiplied by the probability that223

Algorithm 1 succeeds on that sample, which is at least c. Thus, the probability of an iteration224

of Phase 1 succeeding is at least c · P(Y ≥ 1). Hence, the probability of an iteration failing is at225

most 1− c · P(Y ≥ 1), and then the probability of at least one success over ρ iterations becomes226

1− (1− c · P(Y ≥ 1))ρ ≥ 1− exp (−ρc · P(Y ≥ 1)) ≥ c.227

2.2.2 Case. Low Number of Solutions. 1 ≤ 2i−1 ≤ s < 2i ≤ τ228

Let Ux1,...,xk be the event that x1, . . . , xk is the unique satisfying assignment in X ′, the subset of X
created in Phase 2. Define SAT as the set of all satisfying subsets of X, i.e.,

SAT = {{x1, . . . , xk} ⊆ X| f(xπ(1), . . . , xπ(k)) = 0 for some permutation π}.

Then, letting {xi1 , . . . , xik} be any other element in SAT besides {x1, . . . , xk},

P(Ux1,...,xk) ≥ P

(
k∧
t=1

xt ∈ X ′
)
−

∑
{xi1 ,...,xik}∈SAT−{x1,...,xk}

P

(
k∧
t=1

xt ∈ X ′ ∧ xit ∈ X ′
)
.

The probability that any particular element in X is sampled is 1/2i+1 making the probability

that
k∧
t=1

xt ∈ X ′ equal to 1/2(i+1)k. At the same time, each term in the summation can be bound

above by 1/2(i+1)(k+1), the probability when at most one element in xi1 , . . . , xik differs from the
solution x1, . . . , xk. Because of our upper bound of 2i on s, there are at most 2i such terms in the
summation making

P(Ux1,...,xk) ≥ 1

2(i+1)k
− 2i

2(i+1)(k+1)
=

2i+1 − 2i

2(i+1)(k+1)
.

Then because of our lower bound of 2i−1 on s, summing over all elements in SAT , the probability
that there exists exactly one solution is

P (∃{x1, . . . , xk} ∈ SAT : Ux1,...,xk) ≥ 2i−1
2i+1 − 2i

2(i+1)(k+1)
.

Over d− ln(1− c) · 2i(k−1)+k+2e iterations, the probability of at least one successful creation of an
instance with a unique solution becomes

1−
(

1− 2i−1
2i+1 − 2i

2(i+1)(k+1)

)d− ln(1−c)·2i(k−1)+k+2e
≥ 1− exp

(
ln(1− c) · 2i(k−1)+k+2+i−1 · 2i+1 − 2i

2(i+1)(k+1)

)
≥ c.

This completes the proof of Lemma 1.229
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2.3 Proof of Lemma 2230

Recall that T (n) is the run time Algorithm 1 when |X| = n. In Phase 1, the uniform sampling231

can be done in time O(σ(1 + log n/σ)) [20]. The run time of Phase 1 (beyond the linear time of232

scanning the input) is therefore σ(1 + log n/σ) + T (σ) · ρ = O(T (σ)ρ).233

For Phase 2, the run time of an iteration is dominated by the run time of algorithm A, which
runs in time O(nα). Each of these iterations is repeated d− ln(1− c) · 2i(k−1)+k+2e times, making
the total time within a constant factor from

log τ∑
i=1

− ln(1− c) · 2i(k−1)+k+2nα = −22k+1 ln(1− c) · nα
log τ−1∑
i=0

(2k−1)i

= −22k+1 ln(1− c) · nα
(

2(k−1) log τ − 1

2k−1 − 1

)
= O(nατk−1).

This completes the proof of Lemma 2.234

2.4 Completing the Proof of Theorem 1235

Of course, we cannot be expected to know s or the φi,j values for a particular instance (f,X) in236

advance. Instead, over a family of instances F , we will see that based on our knowledge of F the237

value 1
s2
∑

i,j

(
n
σ

)φi,j can be upper bounded. Furthermore, we can adjust the functions σ and τ to238

minimize the sum of the terms appearing in the time complexity of Algorithm 1.239

To complete the proof of Theorem 1, recall that the term T (σ)ρ is from Phase 1, where the aim
is to handle the case where s ≥ τ . In this case,

1

s2

∑
i,j

(n
σ

)φi,j
=

1

s2

∑
i 6=j

(n
σ

)φi,j
+

1

s2

∑
i

(n
σ

)φi,i
≤
(n
σ

)φM
+

1

τ

(n
σ

)k
,

so based on the proof of Lemma 1 we can take ρ = d− ln(1−c)
c

((
n
σ

)φM + 1
τ

(
n
σ

)k)e to ensure a high240

enough probability of success.241

Case: φM ≥ α. We assume inductively that T (σ) ≤ σβ for β > φM and wish to prove T (n) ≤ nβ .
To find σ and τ to make this possible we first consider that,

n+ T (σ) · ρ+ τk−1nα = O

(
σβ
(n
σ

)φM
+
σβ

τ

(n
σ

)k
+ τk−1nα

)
.

Hence, for n ≥ 1 and some positive constant C large enough,

T (n) ≤ C
(
σβ−φMnφM +

σβ−knk

τ
+ τk−1nα

)
.

We now set σ = n/D, where we will choose D momentarily. Note that the value of C needed for
the first term will not increase as we increase D, since as we decrease σ, a smaller sample is taken
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in Phase 1, which can only decrease the time complexity of Phase 1. At the same time, we will see
that we can make the other two terms of a lower order than the first. With our choice of σ,

T (n) ≤ C
(

nβ

Dβ−φM
+

nβ

τDβ−k + τk−1nα
)
.

Since β > φM , we can take D large enough that C/Dβ−φM < 1. However, because we wish for
β < k, we must use τ to decrease the size of second two terms and prevent the constant CDk−β

from making the expression too large for the induction step to follow. To find a minimizing τ we set

the second two terms equal and solve for τ . We obtain τ = n
β−α
k /D

β−k
k , which when substituted

back in gives

T (n) ≤ C

(
nβ

Dα−φM
+

2n(
k−1
k

)β+(1− k−1
k

)α

D( k−1
k

)(β−k)

)
.

Because β > α, the exponent on n in the second term is strictly less than β and we have that for n242

large enough that T (n) ≤ nβ as desired.243

Case α > φM . We inductively assume instead now that T (σ) ≤ Eσα for a constant E we will
choose. Then,

n+ T (σ) · ρ+ τk−1nα = O

(
Eσα

(n
σ

)φM
+
Eσα

τ

(n
σ

)k
+ τk−1nα

)
.

Hence, for some C large enough, by setting σ = n/D and then τ =
(
CE
Dα−k

)1/k
we obtain

T (n) ≤ C
(
Eσα−φMnφM +

Eσα−knk

τ
+ τk−1nα

)
=

(
CE

Dα−φM
+

CE

τDα−k + τk−1
)
nα

=

(
CE

Dα−φM
+ 2

(
CE

Dα−k

) k−1
k

)
nα.

Finally, for D = (2C)
1

α−φM and E ≥ 2k+1D(k−φM )(k+1) we have

CE

Dα−φM
+ 2

(
CE

Dα−k

) k−1
k

≤ E.

Note that we chose D, E, and τ based on C, where C is a constant that depends on the computation244

model, the chosen probability c, etc.245

2.4.1 Extending to One-Sided Monte-Carlo Unique Solution Algorithm246

Here we also have to take into account the probability of algorithm A failing in some call to it
in Phase 2. Suppose the probability of A succeeding on an instance with a unique solution is pA.
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Starting from the end of the proof of Lemma 1, the probability of success on a given application of
A then becomes

pA · P(∃{x1, . . . , xk} ∈ SAT : Ux1,...,xk) ≥ pA · 2i−1
2i+1 − 2i

2(i+1)(k+1)
.

We modify the number of repetitions that are made toA during iteration i to now be
⌈
− ln(1−c)·2i(k−1)+k+2

pA

⌉
.

With this the probability of at least one successful repetition becomes

1−
(

1− pA · 2i−1
2i+1 − 2i

2(i+1)(k+1)

)d− ln(1−c)·2i(k−1)+k+2

pA
e
≥ 1− exp

(
ln(1− c) · 2i(k−1)+k+i−1

(
pA
pA

)
2i+1 − 2i

2(i+1)(k+1)

)
≥ c.

Assuming pA is constant, this adds at most a constant factor to the time complexity contributed by247

Phase 2 in the proof of Lemma 2.248

2.5 Applications249

We will apply Theorem 1 to two specific problems, 3-SUM and Induced Subgraph. We analyze their250

time complexity and show that efficient solutions for the unique solutions promise problem allow for251

efficient probabilistic solutions for the existential problem.252

• 3-SUM. Here φi,j ∈ {0, 1} for i 6= j making φM = 1. Through an application of Theorem 1,253

if a deterministic or one-sided Monte-Carlo algorithm for Unique-3-SUM runs in time O(nα)254

where α ≥ 1, we obtain a one-sided Monte Carlo algorithm for 3-SUM that runs in time255

Õ(nα+δ). This completes the proof of Corollary 1.256

• Induced Subgraphs of size k with bounded overlap. Consider the problem of deter-257

mining whether a graph contains a particular induced subgraph H of size k. For certain258

types of subgraphs, we can bound the values of φi,j . That is, we can quantify how much259

two instances of an induced subgraph H can overlap within any other graph G. As a simple260

example, let k be an even number and let H be two cycles of length k/2 that share a single261

vertex and are otherwise vertex disjoint. One can easily check that within any graph G, two262

induced instances of H can share at most k/2 vertex. Thus, φi.j ≤ k/2 for all i 6= j and263

φM ≤ k/2. Hence, an algorithm for the unique promise version of this problem that runs in264

time O(nα) where α ≥ k/2 would also provide a one-sided Monte Carlo algorithm for the265

existential problem running in time Õ(nα).266

3 Reduction for k-Set-k-Satisfiability267

Here we present Algorithm 2, the modified version of Algorithm 1 that allows for different or268

repeated domains for each variable in the satisfiability problem. We also modify the definition of269

the intersection of solution i and solution j so that order matters. For example, a solution i that270

is (1, 3, 5) and a solution j that is (3, 5, 6) would have an intersection of size φi,j = 0. However a271

solution i′ that is (2, 3, 8) and a solution j′ that is (2, 3, 9) would have φi′,j′ = 2.272

11



Algorithm 2: Algorithm for k-Set-k-Satisfiability

Input : k-Set-k-Satisfiability instance (f,X1 . . . Xk),
k-Set-Unique-k-Satisfiability algorithm A.

Phase 1

repeat ρ times

X̃i = Sample(Xi, σ) for i ∈ [1, k];

Recursively apply Algorithm 2 to (f, X̃1, . . . , X̃k) ;
if Algorithm 2 returns ‘solution exists’ then

return ‘solution exists’
end

end
Phase 2

for i = 1 to i = dlog τe do
repeat d− ln(1− c) · 2(i+1)k+1e times

X ′j ← SampleWithProb(Xj , 1/2
i+1) for j ∈ [1, k];

if A(f,X ′1, . . . , X
′
k) = 1 then

return ‘solution exists’;
end

end

end
return ‘no solution exists’;

The modified definitions simplify the analysis given in Section 2 during the proofs of Lemma 1273

and Lemma 2. In the case where τ ≤ s ≤ nk, we have (without any limits), p := P(Yi = 1) = σk/nk274

and P (Yi = 1 | Yj = 1) = σk−φi,j

nk−φi,j
= p

(
n
σ

)φi,j . For the case where 2i−1 ≤ s < 2i ≤ τ , we consider275

solutions to be from the set SAT = {(x1, . . . , xk) ∈ X1 × . . . × Xk | f(x1, . . . , xk) = 0}, but the276

remaining arguments are identical. We assume that algorithm A, runs in time O(nα), where now277

n = max1≤i≤k |Xi|. Then the analysis differs only in a factor of k that is contributed because each278

sampling occurs k times.279

Application. As an application of Algorithm 2, consider an implicit graph that is a k + 2 level280

DAG, a directed acyclic graph with k + 2 levels of vertices and edges only between adjacent levels.281

By being implicit, we mean the that adjacencies between vertices are represented implicitly, that is,282

we can query whether two vertices are adjacent in constant time, but determining all the neighbors283

of a particular vertex can take O(n) time. At one end of this DAG is a source vertex s and at the284

other a sink vertex t, with k levels of vertices between them. The problem is to determine whether285

there exists a path from s to t. This problem can be solved in time O(n2) by explicitly constructing286

the graph. Our reduction works by removing vertex in each set through sampling. In the case where287

we know based on the problem definition that any two paths between s and t are edge-disjoint288

we have that φM = 0 and we find a close relationship between the existential version and unique289

solution promise version through our reduction. A solution running in time O(nα) where α < 2 for290

the unique solution promise problem provides a one-sided Monte-Carlo algorithm for the existential291

version running in Õ(nα).292
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4 Discussion293

The value φM , seems to be the key to determining the effectiveness of our reduction. Smaller values294

for φM (less maximum overlap between solutions) lead to tighter reductions from the existential295

to the unique solution promise version. More generally, one could instead consider the sum of296

1
s2
∑

i 6=j x
φi,j for some range of x values as being a more refined parameter. In this paper, we only297

used an upper bound on this obtained using φM . It would be an interesting next step to analyze the298

sum 1
s2
∑

i 6=j x
φi,j explicitly for some family of problems and relate it to the reduction given here.299
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A Convolution-SUM380

Restatement: If there exists a solution for Unique-Convolution-SUM, or Unique-3-SUM running in381

time O(n2−ε), then there exists a solution for Convolution-SUM running in time O(n2−ε+δ).382

Proof. Convolution-SUM can be reduced to Unique-3-SUM by first reducing it to an instance 3-SUM,383

then using the reduction given in Section 2 from 3-SUM to Unique-3-SUM.384

• Convolution-SUM → 3-SUM: This is standard. Given an array S[1, n] as an instance of385

Convolution-SUM, create a new array T [i] = 2nS[i] + i to create an instance of 3-SUM. One386

can easily show the resulting instance of 3-SUM has a solution if and only if the original387

instance of Convolution-SUM had one.388

• 3-SUM → Unique-3-SUM: Section 2.389

Convolution-SUM can be reduced to Unique-Convolution-SUM, by first reducing it to Unique-3-390

SUM, and then reducing the instance of Unique-3-SUM to Unique-Convolution-SUM.391

• Convolution-SUM → Unique-3-SUM: Previous paragraph.392

• Unique-3-SUM→ Unique-Convolution-SUM: To prove this, it suffices to examine the reduction393

from 3-SUM to Convolution-SUM presented in [10] and see that it preserves uniqueness. If394

there is no solution for the original instance of Unique-3-SUM, there is no solution in the395

resulting instance of Convolution-SUM. On the other hand, if there exists one solution to the396

original instance of Unique-3-SUM, then there exists exactly one set of indices i, j, k such397

that A[i] +A[j] = A[k]. Then there clearly cannot be two distinct sets of hashed indices i′, j′,398

k′ and i′′, j′′, k′′ where A[i′] + A[j′] = A[i′ + j′] where A[i′′] + A[j′′] = A[i′′ + j′′]. Applying399

15



the techniques from [10] for breaking these buckets into subproblems. This creates instances400

from subsets of elements that are from some subsets of buckets, again resulting in the unique401

solution being mapped onto at most one solution in each instance. This contributes only a402

(log log n)O(1) factor slow down in time complexity.403

404

B Proofs of Corollaries in Section 1.2405

It is sufficient to reduce from k-Set-Unique-k-SUM or 1-Set-Unique-k-Linear-Satisfiability to the406

following problems in order to achieve the stated reductions of Section 1.2. In all of the following407

cases, the standard version of a problem already has a known reduction from k-SUM or Convolution-408

SUM, we simply need to verify that this reduction preserves the uniqueness of solutions, and that409

the time complexity of the reduction is adequate to obtain the stated result.410

• Unique GeomBase: The reduction to Unique-GeomBase from 3-Set-Unique-3-SUM is immedi-411

ate from the reduction given in [14]. Specifically, if there exists a unique tuple (x1, x2, x3) ∈412

X1 ×X2 ×X3 such that x1 + x2 = x3, then there exists a unique set of three points (x1, 0),413

(x3/2, 1), (x2, 2) that are colinear. This reduction runs in linear time.414

• Unique Polygon Containment: The reduction to Unique-PolyCont from 3-Set-Unique-3-SUM
follows from the chain of reductions given in [8]. More specifically, the authors use an
intermediate problem called SegContPnt, where you are given a set P of n rational numbers
and a set Q of m = O(n) disjoint intervals of real numbers with rational boundaries, and you
are asked to find a rational number translation v such that P + v ∈ Q. They show that an
instance of 3-Set-3-SUM with sets X1, X2, X3 of size n each, where X1 ∪X2 ∪X3 ∈ (0, 1), has
a solution if and only if there exists a solution to SegContPnt on sets

P = {100i, 100i+ 3 + xi | xi ∈ X1, i ∈ [1, n]},
Q = [−100(n− 1),−94] ∪X2 ∪ {3− x | x ∈ X3} ∪ [100, 100(n− 1) + 6].

Note that this version of 3-Set-3-SUM is equivalent to the standard version, as X1, X2, X3 can415

be shifted and scaled with a linear transformation. If translation v is a solution to SegContPnt416

on P and Q, then by the structure of P and Q there must exist i ∈ [1, n], b ∈ X2, and c ∈ X3417

such that 100i+ v = b and 100i+ 3 + xi + v = 3− c. Then xi ∈ X1, b ∈ X2, and c ∈ X3 is a418

solution to the original 3-Set-3-SUM instance. Observe that v is uniquely determined by xi, b,419

and c, so the reduction to SegContPnt preserves uniqueness.420

The authors then reduce SegContPnt to PolyCont by converting each set of intervals into421

a two-dimensional ’comb’ whose ’teeth’ correspond to the intervals in the set. Specifically422

they map a set of intervals S to the simple polygon COMB(S) = S × [0, 1] ∪ I(S) ∪ [−1, 0]423

where I(S) denotes the smallest interval of real numbers that covers the entire set S. It can424

be easily seen that if v is the unique solution to a SegContPnt instance on sets P and Q, then425

there is exactly one translation so that COMB(P ) is contained within COMB(Q), namely the426

translation (v, 0) in the plane. The reduction to Unique-PolyCont is complete.427
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• Unique Run-Length-Encoded Wildcard Matching: The reduction to Unique-RLE-Wildcard428

from 3-Set-Unique-3-SUM follows from the chain of reductions given in [12]. The authors429

use as an intermediate step the SegContPnt problem restricted to the integer domain. All430

numbers in the earlier reduction to SegContPnt were rational, so it follows that this version is431

3SUM hard and preserves uniqueness as well.432

We can then reduce this problem directly to RLE-Wildcard as follows. Let P = p1, . . . , pm433

be a list of sorted integers (i.e. pi < pj if i < j), and let Q = [q1, r1], . . . , [qm, rm] be a list434

of sorted integer-bounded intervals (i.e. qi ≤ ri < qi+1 ≤ ri+1). Then we may define strings435

P ′ = 11 ∗p2−p1−1 11 . . . 11 ∗pm−pm−1−1 11 and Q′ = 1r1−q1+10q2−r1−1 . . . 0qn−rn−1−11rn−qn+1
436

where ∗ denotes a wildcard symbol. Every match of P ′ in Q′ corresponds to exactly one437

solution v such that P + v ∈ Q, so uniqueness is preserved.438

• Exact Triangle: The fine-grained reduction from Convolution-SUM to Exact-Triangle presented439

in [30] involves solving Exact-Triangle on
√
n different graphs with O(

√
n) nodes each. In440

order to achieve the corresponding reduction from Unique-Convolution-SUM to Unique-Exact-441

Triangle it suffices to prove that each instance of the Exact-Triangle problem generated has a442

unique solution if the original Convolution-SUM input has a unique solution. First we define443

the graphs Gi for i ∈ [0,
√
n− 1] that are used in the reduction.444

Given a list X of length n corresponding to an instance of Convolution-SUM, the (undirected)445

graph Gi is a tripartite graph with nodes in partite sets Ui = {t | t ∈ [0,
√
n− 1]}, Vi = {q |446

q ∈ [0, 2
√
n− 2]},Wi = {s | s ∈ [0,

√
n− 1]}. The edges of Gi are defined as follows:447

– For every t ∈ Ui, s ∈ Wi, if s − t ∈ [0,
√
n − 1], then add edge (t, s) with weight448

X[i
√
n+ s− t] to Gi.449

– For every t ∈ Ui, q ∈ Vi, add an edge (t, q) with weight X[q
√
n+ t].450

– For every q ∈ Vi, s ∈Wi, add an edge (q, s) with weight −X[(q + i)
√
n+ s].451

If Exact-Triangle has a solution on Gi, then there exists t ∈ Ui, q ∈ Vi, and s ∈Wi such that452

X[i
√
n+(s− t)]+X[q

√
n+ t]−X[(q+ i)

√
n+s] = 0, implying a solution to Convolution-SUM.453

This mapping from Exact-Triangle solutions to Convolution-SUM solutions can be generalized454

to a linear transformation f : R3 7→ R3, where f(t, q, s) = 〈i
√
n+s− t, q

√
n+ t, (q+ i)

√
n+s〉,455

so that if t, q, s is a solution to Exact-Triangle with t ∈ Ui, q ∈ Vi, and s ∈ Wi, then456

f(t, q, s) is a solution to Convolution-SUM. The nullspace of f (i.e. the set of inputs t, q, s457

such that f(t, q, s) = f(0, 0, 0)) is precisely the values of t, q, s satisfying t = −
√
nq = s.458

Now suppose there exists t, t′ ∈ Ui, q, q
′ ∈ Vi, and s, s′ ∈ Wi such that t, q, s and t′, q′, s′459

are two distinct solutions to Exact-Triangle on Gi that correspond to a single solution460

of Convolution-SUM. Then f(t, q, s) = f(t′, q′, s′), and since f(t, q, s) − f(t′, q′, s′) = 0, it461

follows that (t − t′, q − q′, s − s′) belongs to the nullspace of f . Then we must have that462

t − t′ = −
√
n(q − q′) = s − s′. Now note that the smallest absolute difference between q463

and q′ is one since q and q′ are distinct integers. It follows that |t − t′| ≥
√
n. However,464

by our definition of Ui, we have that t, t′ ∈ [0,
√
n − 1], which implies that |t − t′| <

√
n, a465

contradiction. We conclude that if a Convolution-SUM instance has exactly one solution, then466

all Exact-Triangle instances on graphs Gi have at most one solution. The reduction from467

Unique-Convolution-SUM to Unique-Exact-Triangle is complete.468
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The reduction requires O(n3/2) time. Under the assumption that we can solve an instance469

of Unique-Exact-Triangle in time |V |1+η, we can then solve Convolution-SUM in time n3/2 +470 √
n · |V |1+η = O(n3/2 + n1+η/2+δ).471

C 1-Set-k-Satisfiability to k-Set-k-Satisfiability472

Here we provide the folklore deterministic reduction from 1-Set-k-Satisfiability without duplicates473

to k-Set-k-Satisfiability. Given a set X of size n and a linear function f , suppose we constructed an474

ordered partition of X composed of k sets X1, . . . , Xk and solved k-Set-k-Satisfiability with this475

partition and function f as input. This instance of k-Set-k-Satisfiability will have a solution if and476

only if there exists x1, . . . , xk ∈ X such that f(x1, . . . , xk) = 0 and each xi is an element of Xi. It477

follows that if we constructed a list L of ordered partitions of X such that for every permutation478

x1, . . . , xk of k elements of X, there exists a partition X1, . . . , Xk in L where each xi is an element479

of Xi, then we could solve 1-Set-k-Satisfiability by solving k-Set-k-Satisfiability on every partition in480

L. It was shown in [4] that a list of length kO(k) log n satisfying this condition can be constructed in481

time kO(k)n log n. Then for constant k, if k-Set-k-Satisfiabilitycan be solved in time T (n), it follows482

1-Set-k-Satisfiability can be solved in time O(T (n) log n+ n log n).483
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