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Abstract

We consider the lossless compression of vertex transitive graphs.
An undirected graph G = (V, E) is called vertex transitive if for every
pair of vertices x, y ∈ V , there is an automorphism σ of G, such that
σ(x) = y. A result due to Sabidussi, guarantees that for every vertex
transitive graph G there exists a graph mG (m is a positive integer)
which is a Cayley graph. We propose as the compressed form of
G a finite presentation (X, R) , where (X, R) presents the group
Γ corresponding to such a Cayley graph mG. On a conjecture, we
demonstrate that for a large subfamily of vertex transitive graphs, the
original graph G can be completely reconstructed from its compressed
representation.

1 Introduction

The complex networks that describe systems in nature and society are typ-
ically very large, often with hundreds of thousands of vertices. Examples
of such networks include the World Wide Web, the Internet, semantic net-
works, social networks, energy transportation networks, the global economy
etc., (see e.g., [16]). Given a graph that represents such a large network,
an important problem is its lossless compression, i.e., obtaining a smaller
size representation of the graph, such that the original graph can be fully
restored from its compressed form. We note that, in general, graphs are
incompressible, i.e., the vast majority of graphs with n vertices require
Ω(n2) bits in any representation. This can be seen by a simple counting
argument. There are 2n·(n−1)/2 labelled, undirected graphs, and at least
2n·(n−1)/2/n! unlabelled, undirected graphs. The denominator n! overesti-
mates the number of isomorphs per labelled graph. Taking the logarithm,
we see that on average at least n · (n−1)/2−n log n bits are needed to rep-
resent a graph. Despite this observation, there are families of graphs that
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can be compressed significantly. For example, the compression of trees is
discussed in [4], [14], [2]; of graphs of bounded genus in [6], [11]; and of
planar graphs and maps in [10], [5], [8]. More recently, the compression
of the web graphs (graphs that model the World Wide Web) has received
considerable attention, e.g., see [1], [15], [3], [18].

In this paper, we investigate the compression of vertex transitive graphs.
A graph G is said to be vertex transitive if for every pair of vertices x, y
there exists an automorphism σ of G such that σ(x) = y. A precise defini-
tion of vertex transitivity in terms of adjacency matrices is given in Section
2. Vertex transitivity is a natural condition required of interconnection
networks (e.g., see [9]), for computing or data communications because the
network ‘looks the same’ from any vertex. In this study, we first want
to explore how much compression is possible for vertex transitive graphs,
without focusing on the computational efficiency of the compression algo-
rithm.

Our starting point in investigating the compressibility of vertex transi-
tive graphs is the observation that a finite group always has finite presen-
tations. We give an elementary proof of this in the appendix. Below we
outline the main steps of our scheme, and the rest of the paper develops
the details.

1. Given a vertex transitive graph G, compute a positive integer m such
that mG is a Cayley graph (a result due to Sabidussi [17]). The
adjacency matrix of the graph mG is Om ⊗ MG, where Om is the
m×m matrix all of whose entries are 1, ⊗ is the Kronecker product,
and MG is the adjacency matrix of G.

2. Compute a ‘small’ finite presentation, (X, R) for the group Γ associ-
ated with mG.

3. Use the pair m, (X,R) as a compressed representation of G.

4. Reconstruct a graph G′ isomorphic to mG from (X, R). This requires
the result that the word problem for a finite presentation of a group
known to be finite is decidable.

5. Using m, solve the Sabidussi ‘division’ problem, i.e., extract a graph
G′′ isomorphic to G from G′. The main result of this paper is that
this problem is well-posed for a large family of graphs G. Whether it
is always well-posed is an open problem.

Referring to Steps 1 and 2 of our scheme, we expect that m and (X,R)
can be computed such that log m plus the size in bits of (X, R) will be very



much smaller than the number of vertices in G.

As mentioned, our objective is an exploration of the extent to which
vertex transitive graphs are compressible. While computational efficiency
is not our focus, we show that all of the steps, except Step 5 (which requires
the Conjecture 1) are computable.

1.1 Groups and presentations

We review some results from group theory. For more details see, e.g., [12].
Our approach is closer to formal language theory than [12], but is equivalent
to the material there. All groups in this paper are finite, although some of
our results can also be applied to infinite groups. Γ denotes a group, g · g′
denotes the group product of g and g′, g−1 is the inverse of g, and ι is the
group identity element. A set X of elements of a group Γ is said to generate
Γ if every element of Γ can be expressed as a finite product of elements of
X. For example, a cyclic group can be generated by a single element. The
Klein group of functions x,−x, 1/x,−1/x under composition can not be
generated by any single one of its elements (however, it can be generated
by the two elements {−x, 1/x}). As another example, the symmetric group
Sn of permutations on numbers {1, 2, . . . , n} can be generated by the set of
transpositions on {1, 2, . . . , n}. If X generates Γ, it is convenient (though
not necessary), to require that for any g ∈ X, g−1 ∈ X too. We remark in
passing that this requirement is not superfluous for an infinite group some
of whose elements do not have finite order.

A finitely generated presentation (X,R) consists of a finite set of sym-
bols X called abstract generators and R ⊆ X+ called relators. In analogy
with generators of a group, X is a set of the form: {x1, . . . , xa, x−1

1 , . . . , x−1
a },

and R always contains xix
−1
i and x−1

i xi for i = 1, . . . , a. If R is also finite,
the presentation is said to be finite. The next theorem shows that every
finitely generated presentation corresponds to a group.

Theorem 1 Every finitely generated presentation defines a unique group
up to isomorphism.

Proof : Let (X, R) be a finitely generated presentation. The set of relators,
R, induces a congruence 'R on X∗ as follows (recall that a congruence '
on X∗ is a an equivalence relation such that w ' w′ and v ' v′ imply that
wv ' w′v′). Define a symmetric binary relation ∼R on X∗ by w ∼R v if
w = w′rw′′ and v = w′w′′, where r ∈ R. Note that for any r ∈ R, r ∼R λ,
where λ is the empty string. Define 'R to be the reflexive, transitive clo-
sure of ∼R. It is straightforward to show that, indeed, 'R is a congruence.



Furthermore, it can be shown that the set of equivalence classes X∗/ 'R

forms a group under concatenation. Indeed, if [w] denotes the 'R-class con-
taining w, then [w][v] = [wv], which implies that X∗/ 'R is closed under
concatenation. The equivalence class [λ] represents the identity element.
Finally, for any element w = p1p2...pk ∈ X+, the inverse of [w] is the class
[w−1] where w−1 = pk

−1pk−1
−1...p1

−1 and for i = 1, ..., k, pi
−1 is equal to

xi or xi
−1 if pi is equal to xi

−1 or xi, respectively. 2

Any group isomorphic to X∗/ 'R is said to be presented by (X, R).
Note that the set P = {[p] : p ∈ X} generates X∗/ 'R. Furthermore if Γ is
presented by (X, R) and τ : X∗/ 'R → Γ is an isomorphism, then the set
τ(P ) generates Γ. As an example, consider the presentation (X, R) with
X = {a, b} and R = {a3, b2, aba−1b−1}. It can be shown (see [12]) that

X∗/ 'R = {[λ], [a], [a2], [b], [ab], [a2b]} ,

i.e., any group presented by (X,R) has order six.

The next theorem, whose proof is given in the Appendix, states a result
which is, in some sense, the converse of Theorem 1.

Theorem 2 Every finite group has a finite presentation.

We turn now to the discussion of the word problem for a presentation
(X,R) which is defined as follows: given w, v ∈ X∗, decide whether w 'R v.
The word problem is undecidable even for finite presentations. However, if
a finite presentation is known to correspond to a finite group, the situation
changes. It is interesting to note that an upper bound on the order of the
group is not needed. A sketch of the main idea of the following proof is
given in Problem 8 on page 30 of [12].

Theorem 3 If X∗/ 'R is known to be finite for a finite presentation
(X,R), then the associated word problem is decidable.

Proof : We begin by showing that the set of words w 'R λ can be com-
putably listed. We describe the listing algorithm in stages.
Stage 0: List the set {λ} ∪R.
Stage (k+1): For each b listed at Stage k, list all words b′zb′′, where z ∈ R
and b = b′b′′. Also, list all strings cc′ where b = czc′ and z ∈ R.

The algorithm clearly lists only w 'R λ, and every such element will be
listed by the definition of 'R.

We turn to the word problem. Given w, v ∈ X∗, we want to determine
whether wv−1 'R λ. Let f be a computable bijection from ordered pairs



of nonnegative integers to the nonnegative integers. For example,

f(a, b) =
(a + b)2 + a + 3b

2
,

the Cantor mapping, will do. See [13]. The algorithm proceeds in stages,
indexed by the nonnegative integers. It is not intended to be efficient.

Stage f(i, j): If j = 0, go to Stage f(i′, j′) = 1 + f(i, j). Else, run the
listing algorithm described above to stage i. If wv−1 appears, exit with
wv−1 'R λ. If not, construct a permutation representation of Sj (any
concrete representation will do, provided that the group product is com-
putable). Construct each mapping φ of X into Sj . Such a mapping φ
can be tested for the homomorphism property by checking that for each
r1 · · · rs ∈ R, φ(r1) ◦ · · · ◦ φ(rs) is the Sj identity. Note also, that if φ
is a homomorphism, φ(wv−1) can be computed in Sj . For each φ that is
a homomorphism, test whether φ(wv−1) is not the Sj identity. If such a
homomorphism is found, exit with wv−1 6'R λ.

If exit is reached, the result is clearly correct. We argue that the process
terminates. If wv−1 'R λ this will eventually be discovered in the listing.
Otherwise, since G is finite, at some stage f(i, j), G will be isomorphic to a
subgraph of Sj (Cayley’s Theorem) and so some φ will be an isomorphism,
hence φ(wv−1) cannot be the Sj identity. 2

The size |(X,R)| of a finite presentation (X, R) is defined as the number
of bits required to store the list of symbols in X and words in R, i.e.,
(|X| + ∑

w∈R |w|) log |X|. In many cases, |(X, R)| is much smaller than
the order of the group it presents. For example, the presentation (X,R)
with X = {x, y} and R = {x4y−3, x−2y−1x−1y−1xyxyxy−1xy} presents a
finite group of order 21039 (see [7]) whereas, according to our definition,
|(X, R)| = 22. This suggests that finite presentations may be useful
as a way of achieving data compression for finite groups. The maximum
data compression achievable for a finite group by using one of its finite
presentations (X,R) is attained when |(X,R)| is the minimum. If one
has the Cayley table (or an equivalent explicit representation) of a finite
group, then one can compute its minimum presentation size. The following
algorithm demonstrates this. Enumerate by size all finite presentations.
For each one, list as strings over the generators all elements of the group
by solving the word problem. Since the group order is known, we can
reject a presentation if there are too few or too many elements. If the
presentation presents a group of the correct order, note that we have, in
effect constructed its Cayley table. Now, it is straightforward by exhaustion
to test whether two groups, given by their Cayley tables are isomorphic.



2 Vertex transitive graphs

An isomorphism from a graph G = (V,E) to a graph G′ = (V ′, E′) is a
bijection σ : V → V ′ such that (i, j) ∈ E iff (σ(i), σ(j)) ∈ E′. Two graphs
are said to be isomorphic if there exists an isomorphism taking one graph to
the other. Graph isomorphism can be characterized in terms of adjacency
matrices. Two graphs G and G′ are isomorphic iff there exists a permu-
tation matrix P such that P−1MGP = MG′ , where MG and M ′

G are the
adjacency matrices of G and G′, respectively. An automorphism of a graph
G is an isomorphism such that P−1MGP = MG for a certain permutation
matrix P . The set AUT(G) of automorphisms of G forms a group under
composition. A graph is said to be vertex transitive (VT) if for every pair
i, j of vertices there exists σ ∈ AUT(G) such that σ(i) = j.

Let Γ be a group, and X a set of generators for Γ. We describe a labelled
graph C(Γ, X) = (Γ, E, `). The edge set E consists exactly of those (g, g′)
such that either g′ = g · x or g = g′ · x, where x ∈ X (in that case x is used
as the label of the edge (g, g′)). A graph is said to be a Cayley graph if
it is isomorphic to C(Γ, X) for some Γ and X. A Cayley graph is regular,
with degree |X|. Also note that every Cayley graph is vertex transitive
whereas the converse is not true (the Petersen graph is probably the best
known example of a vertex transitive non-Cayley graph). A path g1, . . . , gr

in C(Γ, X) can be interpreted as the equation g1 · xσ1
1 · · ·xσr−1

r−1 = gr, where
σi = 1 if (gi, gi+1 · xi) ∈ E, otherwise σi = −1, i.e., (gi, gi+1 · x−1

i ) ∈ E.
This observation suggests a simple method of constructing the operation
table for Γ from C(Γ, X). Indeed, letting w(g1, gr) = xσ1

1 · · ·xσr−1
r−1 , we have

that gi · gj = ι · w(ι, gi) · ι · w(ι, gj) = w(ι, gi) · w(ι, gj).

We show how to construct C(Γ, X) from a finite presentation (X, R) of
Γ. The analysis is left to the reader.

1. Initialize the vertex set V = {ι} ∪ X. Recall that ι is the group
identity. Initialize the labelled edge set E = {(ι, x) | x ∈ X}.

2. For each vertex v ∈ V and each x ∈ X, if neither (v, v · x) nor
(v, v · x−1) belong to E, put (v, v · x) in E and v · x in V . Notice
that we need the computability of the word problem to make these
determinations.

3. Repeat Step 2 until no change occurs in E and V .

Note that by construction, one can read the edge label from the strings
denoting the vertices.



As an example of a Cayley graph, we describe a family of Cayley graphs
Gn = C(Sn, X) where Sn is the symmetric group on {1, 2, ..., n} and X =
{(1, 2), (1, 2, ..., n)}. Each vertex of Gn has degree 2. The edge labels are
the permutations (1, 2) and (1, 2, . . . n). The next theorem shows that the
diameter of Gn is very small relative to the number of vertices, which is n!.

Theorem 4 Gn has diameter O(n3).

Proof : First, we state some facts that can be easily verified:

1. For the distinct numbers k1, k2, . . . , km ∈ {2, . . . , n},

(1, k1, . . . , km) = (1, k1) · · · (1, km) .

2. Furthermore,

(k1, . . . , km) = (1, k1) · · · (1, km)(1, k1) .

3. Next, for 1 < i ≤ n,

(1, i) = (1, 2)(2, 3) · · · (i− 1, i)(i− 2, i− 1) · · · (2, 3)(1, 2) .

4. Finally, for 0 < i < n,

(i, i + 1) = (1, 2, . . . , n)−i+1(1, 2)(1, 2, . . . , n)i−1 .

These facts show that (i) any permutation can be expressed as a product
of O(n2) transpositions, and (ii) any transposition can be expressed as a
product of O(n) occurrences of (1, 2) and (1, 2, . . . , n). The theorem follows
at once from (i) and (ii). 2

3 The Sabidussi division problem

Let G = (V, E) and m be a positive integer. The graph mG = (V ′, E′) is
defined by V ′ = V × {1, . . . , m}, and ((i, p), (j, q)) ∈ E′ iff (i, j) ∈ E. It is
easy to see that MmG is the m×m block matrix, with each block being a
copy of MG. This justifies the description of mG in Step 1 of our scheme.
The next result is due to G. Sabidussi [17].

Theorem 5 If G is vertex transitive, there exists m dividing |AUT(G)|
such that mG is a Cayley graph.



Let 〈G〉 denote the minimum compressed size of a graph G. Clearly,
for a Cayley graph G, 〈G〉 is certainly no larger than the minimum over
all |(X,R)| such that Γ(G) is isomorphic to X∗/ 'R. It follows from The-
orem 5 that 〈G〉 of a vertex transitive graph is no larger than the min-
imum value of log(m) + 〈G′〉, where G′ is a Cayley graph isomorphic to
mG. If G is a Cayley graph, we can take m = 1, so log(m) = 0. There
is the possibility that m′G is also a Cayley graph for m′ > 1, and that
〈m′G〉+ log(m′) < 〈G〉. We conjecture that this cannot happen. Recover-
ing G up to isomorphism from a graph isomorphic to mG (by knowing m)
will be called the Sabidussi division problem because one is ‘dividing’ by m.

It may happen that the Sabidussi division problem is ill posed in some
cases. That is, there might exist non-isomorphic graphs G, G′ such that
mG and mG′ are isomorphic for certain m. We conjecture that this does
not happen. We come to our principal result.

Theorem 6 If MG is nonsingular, or excludes either 1 or −1 as an eigen-
value, then, up to isomorphism G can be recovered from m and a graph
isomorphic to mG.

Define G̃ to be the graph whose adjacency matrix is the 2n× 2n matrix
(

MG I
I MG

)
,

where I is the n× n identity matrix.

Conjecture 1 Given P−1MG̃P , where P is a permutation matrix, G can
be recovered up to isomorphism.

This conjecture amounts to the assertion that if for some permutation ma-
trix Q,

Q−1MG̃Q =
(

A I
I A

)
,

then G is isomorphic with the graph having adjacency matrix A. In the
appendix we give a proof of this claim in the case when G is doubly vertex
transitive (see Lemma 3 in the appendix). Assuming the Conjecture 1
holds we state and prove a couple of lemmas before turning to the proof of
Theorem 6.

Lemma 1 If G is vertex transitive, then the graph G̃ with adjacency matrix
MG̃ is vertex transitive.

Proof : Label the vertices of G̃ in the obvious way as 1, . . . , n, n+1, . . . , 2n.
If either 1 ≤ i < j ≤ n, or n+1 ≤ i < j ≤ 2n, let σ be the automorphism of



G such that σ(i) = j (or σ(i− n) = j − n). Then, let σ′ = σ on {1, . . . , n}
and the identity on n + 1, . . . , 2n (or, σ′ is the identity on 1, . . . , n and
σ′(k + n) = σ(k), for k = 1, . . . , n). If i ≤ n and n + 1 ≤ j, let σ be the
automorphism of G such that σ(i) = j − n. Let τ be the automorphism of
G̃ (it is clearly an automorphism) such that τ swaps j and j−n. Then the
required automorphism is τ · σ′, where σ′ = σ on 1, . . . , n and the identity
on n + 1, . . . , 2n. 2

Lemma 2 MG̃ is nonsingular iff at least one of numbers 1 and −1 is not
an eigenvalue of MG.

Proof : MG̃ is singular iff there exists a vector x such that MG̃x = 0.
Write xT = (y, z), where y and z are n-dimensional. Singularity holds iff
MGx = −y and MGy = −x, i.e., (MG)2x = x, i.e., 1 and −1 are eigenval-
ues of MG. 2

Proof : [Theorem 6] Assume MG is nonsingular. First, we argue that if
P−1Om ⊗ MGP = Om ⊗ B, and B is nonsingular, then B = Q−1MGQ,
where Q is a permutation matrix.

Write P as an m×m block matrix with n×n blocks Ri,j for 1 ≤ i, j ≤ m.
Note that P−1 is the m ×m block matrix RT

i,j . Now, P−1Om ⊗MGP is
also an m×m block matrix with block Si,j being

(
m∑

k=1

Rk,i)T MG

m∑

h=1

Rh,j .

We must have B = Si,j , so both (
∑m

k=1 Rk,i)T and
∑m

h=1 Rh,j must be
nonsingular. It is easy to see that this implies both must be permuta-
tion matrices. In particular, for B = S1,1 we have that (

∑m
k=1 Rk,1)T

and
∑m

h=1 Rh,1 must be permutation matrices, but these two matrices are
transposes of one another, and so inverses. That is, B = X−1MGX, where
X =

∑m
h=1 Rh,j , which means B is the adjacency matrix of a graph iso-

morphic to G.

If MG is singular, but excludes at least one of 1,−1 as an eigenvalue, by
Lemma 2, MG̃ is nonsingular, and by Lemma 1, it is vertex transitive. We
carry out the argument of the previous paragraph using MG̃ in place of MG.
Thus, if P−1Om ⊗MG̃P = Om ⊗B, we can recover G up to isomorphism.

It remains to describe the overall algorithm. Let G′ be either G or G̃,
as appropriate. Given m and a finite presentation of Γ(mG′), (and the
information as to whether G or G̃ was used in the compression), construct



mG′ up to isomorphism (as explained in Section 2). That is, we actually
have P−1MmG′P for some permutation matrix P . Using m, loop through
all permutation matrices Q of dimensions mn × mn, if G was used, or
2mn×2mn if G̃ was used (note that n is now known), and if Q−1MmG′Q =
Om⊗B, check whether B is nonsingular. If B is nonsingular, then it is the
adjacency matrix of a graph isomorphic to either G of G̃ and we are done.
Such a permutation matrix Q and matrix B must occur since we can take
Q = P . 2

4 Conclusion

In this paper we report an initial investigation of the compression of vertex
transitive graphs using algebraic methods. Numerous problems remain to
be solved several of which we mention here:

1. In the appendix we have shown that Conjecture 1 holds for doubly
vertex transitive graphs. Does it also hold in the case of vertex tran-
sitive graphs?

2. How small is the minimum size presentation of an arbitrary vertex
transitive graph? In other words, is it possible to quantify the com-
pression efficiency of the proposed method?

3. Can each of the proposed steps be computed efficiently?
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Appendix

Proof : [Theorem 2] Let X be a generating set for the finite group Γ, and
let R consist of all nonempty strings w over X of length at most |Γ| such
that

∏
w = ι. We claim (X, R) is a presentation of Γ. We prove this claim

by showing that Γ is isomorphic to X∗/ 'R. Let w, v be two strings over
X. The group product of the generators comprising w is denoted by

∏
w.

The group identity is denoted by ι, and the substring from i to j in w is
denoted by w[i, j].

First, we show that if w ∈ X∗ and |w| > |Γ|, then we can write w = uzv
where z ∈ R. By the pigeon hole principle, there exist i < j, with j−i ≤ |Γ|
such that

∏
w[1, i] =

∏
w[1, j]. This implies that

∏
w[i + 1, j] = ι i.e.,

w[i + 1, j] ∈ R.

Next, we show that the mapping τ : X∗/ 'R → Γ sending [w] to
∏

w
is well-defined. Assume that w 'R v, and show that

∏
w =

∏
v. We

induct on |wv|. The case w = v = λ is trivial, since
∏

λ = ι. Assume
|w| > 0. It again suffices to show that wv−1 'R λ implies

∏
wv−1 = ι.

If 0 < |wv| ≤ |Γ|, then wv−1 ∈ R, so
∏

wv−1 = ι. If |wv| > |Γ|,
then we employ our observation to get wv−1 = x′zx′′, where z ∈ R, so
wv−1 'R x′x′′ 'R λ. Again, we proceed by induction since |x′x′′| < |wv|.

Next, we prove that τ is injective. Assume
∏

w =
∏

v, and show
that w 'R v. It suffices to show that wv−1 'R λ. If

∏
w =

∏
v,

then
∏

wv−1 = ι. If |wv−1| ≤ |Γ|, then wv−1 ∈ R, so wv−1 'R λ, i.e.,
w 'R v. Now, suppose that |wv−1| > |Γ|. By the observation we made,
wv−1 = x′zx′′ such that z ∈ R. Now

∏
wv−1 =

∏
x′x′′ = ι. We can now

proceed by induction since |x′x′′| < |wv−1|, i.e., we have x′x′′ 'R λ.

Finally, it is straightforward to show that τ is a surjection and a homo-
morphism. 2

Next, we prove a lemma which implies that the Conjecture 1 is true in
the case when G is doubly vertex transitive.

Lemma 3 Let G be a doubly vertex transitive graph with adjacency matrix
M and let

MG̃ =
(

M I
I M

)

If there is a permutation matrix Q such that

Q−1MG̃Q =
(

A I
I A

)



where A is the adjacency matrix of a doubly vertex transitive graph G1 of
degree at least 3, then G is isomorphic with G1.

Proof : Recall that a graph is doubly vertex transitive if for any two pairs
of vertices (u, v), (w, x) there exists an automorphism f such that f(u) = v
and f(w) = x. Let

U = Q−1

(
0 I
I 0

)
Q

and

V = Q−1

(
M 0
0 M

)
Q

Note that U is a permutation matrix and V is the adjacency matrix of a
two component graph, with each component being isomorphic to G. Also
note that

U + V =
(

A I
I A

)

We prove now that

V =
(

A 0
0 A

)

Assume by contradiction that this is not true. Let [n] be the vertex set
of G and the matrices U, V are to be regarded as adjacency matrices of
graphs with vertex set [2n]. The set of unordered pairs of elements of a
set S is denoted by S(2). Let N1 ∪ N2 be the partition of [2n] such that
one component of V has its edges in N

(2)
1 and the other has its edges in

N
(2)
2 . Note that A is the adjacency matrix of the subgraph of the graph

corresponding to U + V induced by the vertices in [n]. Let A1, A2 be the
subgraphs of A induced by the N1 ∩ [n] and N2 ∩ [n], respectively. Then
any edge (x, y) with x ∈ A1 and y ∈ A2 must be from U . Note that we can
treat these edges of U as undirected, since if (x, y) is in U , then so must
(y, x) because A is the adjacency matrix of an undirected graph. If (x, y)
and (x, y′) are any edges of U , then y = y′ because U is a permutation
matrix. This implies that there exist 2r distinct vertices x1, x2, ..., xr ∈ A1

and y1, y2, ..., yr ∈ A2 such that (xi, yi) ∈ U for all i = 1, ..., r and these
are the only edges between A1 and A2. Since A is 3-connected, it follows
r ≥ 3 (we only need r ≥ 2 here). We argue that A can not be doubly vertex
transitive. Since A is at least 3-regular, there exists w 6= y2 in A2 such that
(y1, w) is an edge of A2. Let f be an automorphism such that f(x1) = x2

and f(y1) = w. Then the edge (x1, y1) goes to (x2, w) under f , but this is
impossible since w 6= y2. 2


