Computer Science Foundation Exam

Aug 10, 2012
Section Il A

DISCRETE STRUCTURES

NO books, notes, or calculators may be used,
and you must work entirely on your own.

SOLUTION
Question Max Pts Category Passing Score
1 15 PRF (Induction) 10
2 10 PRF (Logic) 6
3 15 PRF (Sets) 10
ALL 40 - 26

You must do all 3 problems in this section of the exam.

Problems will be graded based on the completeness of the solution steps and
not graded based on the answer alone. Credit cannot be given unless all work
Is shown and is readable. Be complete, yet concise, and above all be neat.

Page 1 of 4



Summer 2012 Discrete Structures Exam, Part A

1) (15 pts) PRF (Induction)

Prove, using mathematical induction, that for all positive integers n, we have

1+4+7+10+...+(3n-2) =

n(3n-1)
2

Solution

Base case: n = 1. The left-hand side of this equation evaluated at n = 1 is 1.
The right hand side of this equation evaluated at n =1 is 1.
Thus, the equation holds for n = 1. (2 pts)

Inductive hypothesis: Assume for an arbitrary positive integer n = k that

k(3k—1)

1+4+"'+(3k—2):T (ZptS)
Inductive step: Prove for n = k + 1 that

1+ 44+ @Bk + 1) — 2) = LEDEEDZD 3 1)

k(3k — 1)

1+4+-+@k+1)-2) =T+(3k+1)
_ k(3k-1)+2(3k+1)

2
_ 3k2+5k+2

_ (3k+22)(k+1)

_ (k+1)(3(k+1)2—1)

> (8 pts)

This completes proving the inductive step. It follows that the original assertion holds for
all positive integers n.
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Summer 2012 Discrete Structures Exam, Part A

2) (10 pts) PRF (Logic)

Show that (p— r) A (q—r) and (p V q)— r are logically equivalent using the laws of logic
equivalence and the definition of the conditional statement only. Show each step and state
which rule is being used.

Solution

(P—>r)A(@-1)

=(CpVr)A(-qVr) Definition of Implication (1 pts)
=((-pVrA-qQV(-pVr)Ar) Distibutive Law (1 pts)
=((_pvrA-Q)VTr Absorption Law (1 pts)
=(-pA-QV(rA-qQ) Vr Distibutive Law (2 pt)
==a(pvqgVv(raA-q) Vr DeMorgan's Law (2 pts)
==(pvqVvr Absorption Law (1 pts)
=(pvq) —r Definition of Implication (2 pts)

Grading: Give positive points for steps in the correct direction, roughly the steps are
outlined above. Students may use more steps and rules. In this case, award points based
on the relative progress of their intermediate steps as compared to what is shown above.

Here is an alternate and quicker solution:

(P—>nA(@-1)

=(CpVvVr)A(-qVr) Definition of Implication (2 pts)
=(-pA-Q)Vr Distributive Law (3 pts)
=-(pvqVr DeMorgan’s Law (2 pts)
=(pvq) —r Definition of Implication (3 pts)
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Summer 2012 Discrete Structures Exam, Part A

3) (15 pts) PRF (Sets)

Let A, B and C be arbitrary sets taken from the universe of integers. Prove the following
assertion using direct proof.

Note: You may not use the “truth table” or “membership” method for the proof.
AN[[(BNC)UC]N[(BNC)UB]]=[An(BUC)]-(BNC)
Solution.

AN[[(BNC)UC]N[(BNC)UBJ]

AN[[(BUC)N(CuUC)]N[(BUB)~(CUB)] by the distributive law (3 pts)
AN[[(BUC)NU]N[UN(CUB)]] by definition of U (the universe) (2 pts)
AN[(BUC)N(CUB)] because UNS =S5 forall sets S (2 pts)
[AN(BUC)]N(CuUB) by the associative law (2 pts)

[AN(BUC)]-(CuUB) by the definition of set difference (and double negation) (3 pts)
=[An(BUC)]-(CnB) byDeMorgan’s Laws (2 pts)

=[An(BUC)]-(BNC) by the commutative law. (1 pt)
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