FOUNDATION EXAM (DISCRETE STRUCTUREYS)

Work each of the following problems and show the steps of your work carefully. The
problem will be graded based on the completeness of the solution steps and not graded
based on the answer done. NO books, notes, or caculators may be used, and you must
work entirely on your own.

PART A: Work both of the following problems.

1. Let A B, and C beany three sats. Prove the following:
(C- (AEB)E(BCCE(ACC)=C.

(Solution one) We prove the set equality by applying sat-theoreticd laws asfollows.
(C- (AEB)E (BCOE(AGC)
=(CCQO(AEB)EBCC)E (ACC),bythelaw X- Y=XC @Y
=(CC@(AE B) E (BE A) C C), by the distributive law
=(CC @ (AE B)) E (CC (AE B)), by the commutative laws for E and for C
=CC (@ (AE B)E (AE B)), by the distributive law
=C C U, bythelaw @X E X = U, where U stands for the universe
=C,bythelav XC U = X.
(Solution two) We prove the set equdity by proving the following two parts:
(1) Prove(C- (AEB)E (BCCYE(ACC)I C;ad
(2) ProveCl (C- (AEB))E (BC C)E (AC C). (Note: Weusethenotation | to
mean “subset of or equal to”, which sometimesis denoted as | )
Toprove (1), letxi (C- (AE B))E (BC C)E (A C C) ---- (3), we need to prove x
T C---- (4). From (3), we have three cases, by the definition of set union:
(Case1) xI (C- (AE B)). Inthiscase,xl Candxi (AE B). Inparticular,xI C.
(Case2) xi (BC C). Inthiscase,xI Bandxi C. Thus xI Cistrue.
(Case2) xI (AC C). Inthiscase,xi Aandxi C. Thus xI Cistrue.
Therefore, xI Cistruein al three cases, which proves (4).
Toprove (2), letxI C---- (5), weneedtoprovex] (C- (AEB)E(BCC)E (AC
C) ---- (6). Consdering the dement x rdativeto the set (A E B), we have the
following two cases, depending on whether xI (A E B) or not.
(Case 1) Supposexi (A E B)istrue. Thus xI A---- (7) orxI B---- (8).
If (7) istrug, sincexi C from (5), soxI (AC C)
| (C-(AEB)E(BCC)E(ACC)---(9)
If (8) istrue, sincexi C from (5),soxI (BC C)
I (C- (AEB)E(BCC)E (ACC)---(10
(Case 2) Suppose xi (AE B)isfdsg thatis x T (AE B). Sincex] C from (5), so
xI (C- (AE B))---- (11), by the definition of set difference. Since(C - (AE B))
(C- (AEB)E(BCCE (ACC)---- (12),s0(11) and (12) imply xI (C- (AE
B)EBCC)E (ACC)--- (13). X ) ) )
Combining (9), (10), and (13), we proved that xI (C- (AEB)E(BCC)E (AC
C) indl cases, which proves (6).



2. Provetheinduction step in an induction proof for the following summation idertity:

n
2—1n+é2ij:lwherendenot6a1integer adns 1.
j=1

That is, sate the induction hypothess precisaly, then prove the induction step based
on the induction hypothesis.

(Note: The question doesn't ask for the Basis Step of the induction proof, but it is
included in the following for a complete induction proof, for your reference.)
(Basis Step) Consder n = 1. Inthiscasg,
The LHS =% +% =1=RHS, so the Bads Stepiis proved.
(Induction Hypothesis) Consider n = k. Suppose
1 k1

—k+é—.:lforsomek3 1.
2¢  ja2!
(Induction) Consider n =k + 1. We need to prove
1 k11
i "
1 k1 1 _— .
Notetha the LHSof (1) = S + %1—1. +W’ by the definition of summation
1 1 k1 :
=—2k+1 +—2k+1 + a= ?,the commutetiv elaw
2 k1 . .
=F+ a— add fractions of acommon denominato r
=1
1 k1
=—+ a —, cancel acommon factor of 2
2k =12/

=1, by the Induction Hypothess .
Thus, the Induction Step is proved.
By induction, we proved the summation identity of the questionfor dl n3 1.

PART B: Work any two of the following problems.

3. (8 How many functions are there from a st with 3 eementsto a set with 8
eements? (b) How many one-to-one functions are there from a set with 3 dements
to aset with 8 dements? () How many onto functions are there from a st with 3
eementsto aset with 8 dements? EXPLAIN YOUR ANSWER.

(@ Each dement of the first set can be mapped to any of the 8 dementsin the second
set. Thus, the answer is8°. (b) Thefirst element of the domain set can be mapped to
any of 8 dementsin the co-domain. The second element can be mapped to any of the
remaining 7. The third can be mapped to any of the remaining 6. The answer is (8)(7)(6)



or 336. (¢) Itisnot possible to map 3 dementsonto 8. (Think of trying tofill 8
mailboxes with 3 letters) The answer is none.

4. Tom has 15 ping-pong bals each uniquely numbered with a number between 1 and
15. He dso hasared box, ablue box, and agreen box. (&) How many ways can
Tom place the 15 digtinct balsinto the three boxes? (b) Suppose now that Tom has
placed 5 ping-pong balsin each box. How many ways can he choose 5 bdls from
the three boxes so that he chooses at |least one from each box? EXPLAIN YOUR
ANSWER.

(8) Each solution isafunction that maps 15 dementsinto 3. Thus, the answer is3'°. (b)
The 5 balls can be chosen either as 1,1,3 (1 from abox, 1 from another box, 3 from
remaining box) or as1,2,2. There are 3 waysto sdect as 1,1,3 (take the 3 balsfrom red
or 3from blue or 3 from green). There are 3 waysto sdect as1,2,2. Thus, recdling that
the balls are uniquely numbered, the answer is

3*C(5,1)*C(5,1)*C(5,3) + 3*C(5,1)*C(5,2)* C(5,2) = 2250.

5. Let A denote an arbitrary set, and let R denote a trangtive rdation over A, that is,
RI A" A adfordl x,y,z1 A if(x,y)T Rand(y,2T Rthen(x,21 R Prove
that the composition rlation R = Ro Ristransitive.

By the definition of the transitive property, to prove R istransitive we need to prove
thefollowing: If (x, y) T RE--—- (D) and (y, 2T R ---- (2), then(x, )1 RE---- (3).
From (1) and the definition of R, thereexistspi A suchthat (x, p)T Rand (p, y) 1
R---- (4). Since Ristranstive by assumption, o (4) implies(x, y) T R---- (5).
Similarly, from (2) and the definition of R, thereexistsqi A suchthat (y, ) | Rand
(0,21 R---- (6). Since Ristrangitive by assumption, so (6) implies(y, 2T R---(7).
Combining (5) and (7), we have (x, 2) T R by the definition of RZ; thus, (3) is proved.

6. Letp, q, r denote three propositions (i.e. statements). Prove that the logical
expresson (pand q)P r isequivaent to the expresson (pb r) or (P ), but isnot
equivaent to theexpresson (pb  r) and (gb ).

(Solution one) We uselogic rules and laws to prove the identity. (Note: The notation
° means “equivalent to”.)
(pandg)p r ° D(pandq)orr,bytheruexp y° @xory

° (Qp or Aq) or r, DeMorgan’s law

° (@p or Aq) or (r or r), idempotent law, i.e,, x or X © X

° (@porr)or(Dqorr), asociative law and commutative law

° (P ror(gh r),bytheruexp y° @xory

To show that the expression (p and @) r isnot equivaent to the expresson (pb 1)
and (gP r), consder thecasewhenp=T,q=r =F. Thus,



(pandq)Pp r=(TandF) P F=FP F=T. However,
(PP Nand(@p rN=(TPkP FHand(FP F)=FandT=F.

(Solution two) We use the truth table method to prove logicd equivaence norn+
equivaence of the expressons.

plafr padq (padgp r [ ppr | gpr | (pP r)or(@k r) (pp_r)and (@b 1)
FIF[F F T T T T T
FIE]T F T T T T T
FIT|F F T T F T F
FIT]T F T T T T T
T|F[|F F T F T T F
T|F[T F T T T T T
T|T[|F T F F F F F
TlT]T T T T T T T

Note that the column for the expresson (p and gq)P r (i.e, column 5) hasthe
identicd truth values as those in the column for the expresson (pb r)or (gb 1) (i.e.
column 8), which proves the equivaence between the two expressons. However, the
column for the expresson (pb  r) and (gP ) (i.e. thelast column) is different,
which proves the non-equivaence of this expresson from the first two.




