COT 3100 Fall 2002

Homework #6 Solutions

1) Let f : A ( B and g: B ( C denote two functions. If both f and g are surjective, prove that the composition g ( f: A ( C is a surjection as well.

To prove g ( f is surjective, we need to prove that for all elements c ( C, there exists an element a such that  g ( f (a) = c.

Let c be an arbitrary element from the set C.

Since g is surjective, we know there exists an element b such that g(b) = c.

Similarly, for this element b, since f is surjective, we know there exists an element a such that f(a) = b.

Substituting, we have g(f(a)) = c.

Thus, we have shown that for an arbitrarily chosen element c, we can always find an element a such that g ( f (a) = c.
2) Let g: A ( A be a bijection. For n ( 2, define gn = g ( g ( ... ( g, where g is composed with itself n times. Prove that for n ( 2, that (gn)-1 = (g-1)n. 

Use induction on n.

Base case: n=1. LHS = (g1)-1 = g-1, the inverse of g.



  RHS = (g-1)1 = g-1, also the inverse of g.

Inductive hypothesis: Assume for an arbitrary value of n=k that (gk)-1 = (g-1)k. 

Inductive step: Under this assumption we must show that (gk+1)-1 = (g-1)k+1.

(gk+1)-1 = (g ( gk)-1
            = (gk)-1 ( g-1, by the rule for the inverse of a function composition.


= (g-1)k ( g-1, by the inductive hypothesis


= (g-1)k+1, by the definition of function composition.

This proves the inductive step so we can conclude that (gn)-1 = (g-1)n is true for all n > 0.

3) Prove or disprove: Let R be a relation over A x A. If  R ( R is transitive, then R is transitive as well.

This is false. Let R be defined over A x A, where A = {1,2,3}. Let R = {(1,2), (2,3)}. Now, we have that R(R = {(1,3)}, which is transitive, while R is not.

4) Prove that the following relation is an equivalence relation, and determine how many equivalence classes R partitions the set Z+ into.


R = {(a,b) | a(Z+ ( b(Z+ ( 10 | (a2 - b2)}

R is reflexive because a2 - a2 = 0 for all a and 10 | 0.

To show that R is symmetric, we must show if 10 | (a2 - b2), then 10 | (b2 - a2).

if 10 | (a2 - b2), then if (a2 - b2) = 10c, for some integer c. But then we have that

(b2 - a2) = (-1)(a2 - b2) = (-1)(10c) = 10(-c), since -c is an integer, we must have that

10 | (b2 - a2), as desired.

Finally, to show that R is transitive, we must show if 10 | (a2 - b2) and 10 | (b2 - c2), then 10 | (a2 - c2).

Using the given information, we have that (a2 - b2) = 10d and (b2 - c2) = 10e, for some integers d and e. Adding these equations we get

(a2 - b2) + (b2 - c2) = 10d + 10e

(a2 - c2) = 10(d+e), since d+e is an integer, we can conclude that 10 | (a2 - c2), as desired, so R must be transitive.

Thus, R is an equivalence relation.

R has 6 equivalence classes: [1], [2], [3], [4], [5], [10].

To see this, note that any number of the form 10a+b, where a and b are integers in between 0 and 9 inclusive will be in the same equivalence class and b. Thus, we only need to determine the separate equivalence classes for the integers 1 through 10. We find that (6, 4) ( R, (7, 3) ( R, (8, 2) ( R, and (9, 1) ( R.
5) Define productdigits(a), where a is a positive integer, to be the product of the digits in the decimal representation of the positive integer a. Using this definition of the function productdigits, consider the following relation:


{(a,b) | a(Z+ ( b(Z+ ( (a(b ( productdigits(a) ( productdigits(b)}

Determine if this relation is (i)reflexive, (ii)irreflexive, (iii)symmetric, (iv)antisymmetric, and (v)transitive?

(i) Yes, for all values of a, a ( a.

(ii) No, since (1,1) is an element of the relation above.

(iii) No, since (2,1) is an element of the relation above but (1,2) is not.

(iv) No, since (10, 2) is an element of the relation above as is (2, 10).

(v) No, since (35, 41) and (41, 37) are part of the relation, but (35, 37) is not.

6) Prove that following function is a bijection from the open interval (0,3) to the positive real numbers:
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First, we will show that the function is an injection on the given interval. Let a and b be real numbers in between 0 and 3 such that f(a) = f(b). In order to show that f(x) is an injection, we must prove that a=b in this circumstance:

f(a) = (3-a)/(3a)

f(b) = (3-b)/(3b)

(3-a)/(3a) = (3-b)/(3b)

(3b)(3-a) = (3a)(3-b), since a and b are positive

9b - 3ab = 9a - 3ab

9b = 9a

a = b

Now, we will prove that f(x) is surjective. Let c be an arbitrary positive real number, we must show that there exists a value of a such that f(a) = c.

f(a) = (3-a)/3a = c

3ac = 3-a

3ac+a = 3

a(3c+1) = 3

a = 3/(3c+1)

Thus, we find for any positive real number c, f(3/(3c+1)) = c. Our last step is to show that this value of a lies in between 0 and 3. Since c is positive, the denominator of the expression 3/(3c+1) is greater that 1. Thus, we have a < 3. Furthermore, since both the numerator and denominator are positive, we must have that a > 0 as desired. 
For the last few questions assume that R and T are arbitrary binary relations over ZxZ. Disprove each of the following assertions: (Note: r, s, and t represent the reflexive, symmetric and transitive closures of relations.)

7) If s(R) is transitive, then R  is transitive.

Let R = {(1,2)}, which is transitive. But, then we have that s(R) = {(1,2),(2,1)} which is NOT transitive because (1,1)(s(R), while (1,2)(s(R) AND (2,1)(s(R).

8) If R is transitive and R (  T, then T is transitive.

Let R = (. Then R is a subset of T = {(1,2), (2,3)} which is NOT transitive.

9) For all relations R, t(s(R)) is reflexive.

Let R = (. Then we have that t(s(R) = (. This set is not reflexive because it does not contain (1,1).

10) For all relations R, t(s(R)) = s(t(R)).

Let R = {(1,2)}. Then we have that s(R) = {(1,2),(2,1)} and t(R) = {(1,2)}. So, from here we can calculate t(s(R)) = {(1,2), (2,1), (1,1), (2,2)} and s(t(R)) = {(1,2), (2,1)}.
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