COT 3100 Fall 2002

Homework #5 Solutions
1) a) Use Euclid's Algorithm to find the greatest common divisor of 962 and 629.


962 = 1*629 + 333

 
629 = 1*333 + 296

            333 = 1*296 + 37

            296 = 8*37


GCD(962, 629) = 37

    b) Use the Extended Euclidean Algorithm to find integers x and y such that

         962x+629y = gcd(962, 629).


333 - 296 = 37


629 - 333 = 296


962 - 629 = 333


( (962 - 629) - (629 - 333) = 37


962 + 333 - 2*629 = 37


962 + (962 - 629) - 2*629 = 37


2*962 - 3*629 = 37


x = 2, y=-3 is a solution.

2) Let x and y be integers. If 13 | (2x+5y), prove there are no integer solutions to 3x+y = 2003.


Since 13 | (2x+5y), let 2x+5y = 13a, where a ( Z.


3x + y = 13(x+2y) - 5(2x+5y)



= 13(x+2y) - 5(13a)



= 13(x + 2y - 5a)


Thus, we can conclude, since x,y and a are integers, that 13 | (3x + y).


But, we see that 13 | 2003 is false. Thus, it is impossible for any integer 


solutions to exist to the given equation.

3) Given the prime factorization of n is paqb, where p and q are prime and a and b are positive integers, determine the number of factors of n. (Hint: Note that each factor of n MUST only contain p and q in its prime factorization, and can not contain more than a p's or b q's.) As an example, find the total number of factors of 108 and list each of these. This is a counting question...)


Each factor of n must be of the form pxqy, where x and y are non-negative 


integers with x ( a, and y ( b. Imagine making a table of all factors. Each


row could be labelled by a value of x, and each column by a value of y.


There are a+1 possible values of x (0, 1, 2, ..., a) and b+1 possible values


of y. Thus, there are a total of (a+1)(b+1) locations in the table, each of


which corresponds to a distinct factor of n. Thus, n has (a+1)(b+1)


positive integer factors. Consider the example below:


n = 108 = 2233, has (2+1)(3+1) = 12 factors.

	a                     b
	0
	1
	2
	3

	0
	1
	3
	9
	27

	1
	2
	6
	18
	54

	2
	4
	12
	36
	108


4) Prove that for all integers a, 16 | ((2a+1)8 - 1). Do NOT use induction for this proof. Instead, use the binomial theorem and any mod rules you deem necessary.

((2a+1)8 - 1) ( (2a)8 + 8C7(2a)7 + 8C6(2a)6 +8C5(2a)5 +8C4(2a)4 + 8C3(2a)3 + 8C2(2a)2 + 8C1(2a)1 + 1 -1 (mod 16)



( 8C3(2a)3 + 8C2(2a)2 + 8C1(2a)1 (mod 16)

The reason for this is as follows: Each term with a factor of (2a)4 has a factor of 16. Each of these terms is equivalent to 0 (mod 16). Thus, each of these terms drops of out the expression above.



( 448a3 + 112a2 + 16a1 (mod 16)



( 16(28a3 + 7a2 + a) (mod 16)



( 0 (mod 16), as desired, proving that the expression above is divisible 





by 16 for all integers a.
5) If A ={1, 2, 3, 4, 5, 6, 7, 8}, determine the number of relations on A that are (a) reflexive; (b) symmetric; (c) reflexive and symmetric; (d) reflexive and contain (1, 2); (e) symmetric and contain (1, 2); (f) anti-symmetric; (g) anti-symmetric and contain (1, 2); (h) symmetric and anti-symmetric; (i) reflexive, symmetric and anti-symmetric. 

a) Each of these relations must contain the eight elements (1,1), (2,2), ... (8,8). All of the possible 56 elements are free to either be chosen or not chosen in the relation. Using the multiplication principle, we have the number of possible reflexive relations equalling 256.

b) Group the possible elements of R into 36 groups. For each ordered pair of the form (a,b) with a(b, group (a,b) with (b,a). This gives rise to 28 groups. The last 8 groups will each contain one element: either (1,1), (2,2), (3, 3), etc. or (8,8). For each possible symmetric relation, you are either free to choose the contents of a group or not in the relation. Using the multiplication principle, there are 236 ways to do this.

c) Using the logic from above, we don't have the choice with 8 of the groups, so our count would now be 228, for the 28 groups we are free to choose or not choose.

d) Here we have one less free choice than in part a. So, the answer is 255.

e) Here we have one less free choice of groups than in part b. So, the anwer is 235.

f) Use the same groupings as in part b. But now, for each of the 8 single element groupings, we can either choose the value or not. But for the other 28 groupings, we have three choices: choose none, the first element, or the second element. The only choice we can't make is both. So we have 8 options of 2 choices each, and 28 options of 3 options each. Using the multiplication principle, we have a total of 28328 anti-symmetric relations.

g)  Since the relation contains (1,2), that is the only option from that one group we can exercise. All other remaining options are unaffected. Thus, we have a total of 28327 anti-symmetric relations containing {1,2).

h) Use the same groups as part b. Only one choice is viable from each of the 28 groups with two elements. (This is not choosing either element.) Thus, we are left with our 8 elements each of which can be in or out of the relation. This is a total of 28 possible relations.

i) Just one =) {(1,1), (2,2), (3,3), (4,4), (5,5), (6,6), (7,7), and (8,8)}

6) Prove or disprove: Let R be a relation over A x A. If  R ( R is transitive, then R is transitive as well.

NOT GRADED!!! Will be given on last assignment.

7) Consider the following relation R defined over the set of positive integers:

R = {(x,y) | x/y = 4 ( y/x = 4}

Determine if the relation R is (i)reflexive, (ii)irreflexive, (iii)symmetric, (iv)anti-symmetric, and (v)transitive.

(i) No, because (1,1)(R.

(ii) Yes, It is impossible for (a,a)(R since we know that a/a ( 4.

(iii) Yes, this relation is symmetric. We must prove:

if (a,b)(R, then (b,a)(R.

If (a,b)(R, then we know that either a/b = 4, or b/a = 4.

In the first case we have a/b = 4 which means b/a = 1/4, but we will still have (b,a)(R, since a/b =4.

In the second case we have b/a = 4, which means that a/b = 1/4, but we will still have (b,a)(R, since b/a =4.

(iv) The relation is NOT anti-symmetric since both (1,4)(R and (4,1)(R.

(v) The relation is NOT transitive. We have (1,4)(R, (4,1)(R, but (1,1)(R.

