COT 3100 Fall 2002

Homework #4 Solutions

1) Use induction on n ( 1 to prove the following summation formula:
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Base case: n=1 LHS = 
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  RHS =  
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  Thus, the formula is true for n=1.

Inductive hypothesis: Assume for an arbitrary n=k that
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Inductive Step: Under that assumption prove for n=k+1 that
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which, proves the assertion for all positive integers n.

2) Consider a sequence of numbers defined as follows:

    t(0) = 1, t(1) = 4, t(n) = 5t(n-1)-6t(n-2), for all integers n > 1.

     Prove for all non-negative integers n that t(n) = -2n + 2(3)n.

Use strong induction on n.

Base cases: n=0 LHS = t(0) = 1, RHS = -20+2(3)0 = 1

                    n=1 LHS = t(1) = 4, RHS = -21+2(3)1 = 4

                    Thus the formula is true for n=0 and n=1.

Inductive hypothesis: For all values of n such that 0 ( n ( k, where k is an arbitrary integer greater than 1, assume that t(n) = -2n + 2(3)n.

Inductive Step: For n = k+1, prove that t(k+1) = -2k+1 + 2(3)k+1.

t(k+1) = 5t(k) - 6t(k-1), using def'n of t.

           = 5(-2k + 2(3)k) - 6(-2k-1 + 2(3)k-1)

           = (-5)2k + (10)3k + (6)2k-1 - (12)3k-1
           = (-5)2k + (10)3k + (3)(2)2k-1 - (4)(3)3k-1
           = (-5)2k + (10)3k + (3)2k - (4)(3)3k-1
           = (-2)2k + (10)3k  - (4)3k
           = -2k+1 + (6)3k 

           = -2k+1 + (2)(3)3k
           = -2k+1 + (2)3k+1
3)  Given two 2x2 matrices, mutliplication of these matrices is defined as follows:

[  a
b  ]
X
[  e
f  ]
=
[  ae+bg
af+bh  ]

[  c 
d  ]

[  g
h ] 

[  ce+dg
cf+dh  ]

Using this information, make a conjecture about the value of the expression below (ie. determine a, b, c, and d in the expression below, in terms of n) and prove your conjecture for all positive values of n using induction.


        n

[  1   
0  ]

= 
[  a
b  ]

[  1
1  ]


[  c
d  ]

(Note: this simply is asking you to find the matrix on the left raised to the nth power. Exponentiation with matrices is also repeated multiplication.)


        2

[  1   
0  ]

= 
[  1
0  ]

[  1
1  ]


[  2
1  ]


        3

[  1   
0  ]

= 
[  1
0  ]

[  1
1  ]


[  3
1  ]


        4

[  1   
0  ]

= 
[  1
0  ]

[  1
1  ]


[  4
1  ]

So, it looks like we have a pattern! A natural guess after these computations is:

   
         n

[  1   
0  ]

= 
[  1
0  ]

[  1
1  ]


[  n
1  ]

We'll prove this by using induction on n for all non-negative integers n.

Base Case: n=0.



        0

LHS =
[  1   
0  ]

= 
[  1
0  ]

[  1
1  ]


[  0
1  ]

RHS = [   1      0   ]

            [   0      1  ]

Thus, the formula is true for n=0.

Assume for an arbitrary integer n=k, k ( 0 that


        k

[  1   
0  ]

= 
[  1
0  ]

[  1
1  ]


[  k
1  ]

Prove for n=k+1 that


        k+1

[  1   
0  ]

= 
[  1
0  ]

[  1
1  ]


[  k+1
1  ]


        k+1


       k

[  1   
0  ]

= 
[  1
0  ]
[  1       0  ]

[  1
1  ]


[  1
1  ]       [  1       0  ]



= 
[  1
0  ]
[  1       0  ]




[  k
1  ]       [  1       0  ], using the inductive hypothesis



=
[  1       0  ]





[  k+1   1  ]

4) Use induction to prove for all positive integers n that 
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Use induction on n.

Base case: n=1. LHS = 
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  RHS = 21+1 = 4, so the inequality is true for n=1.

Inductive hypothesis: For an arbitrary value of n=k, assume that
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Inductive Step: Prove for n=k+1 that
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, using the inductive hypothesis


= 2(2)k+1


= 2k+2.
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