COT 3100 Fall 2002

Homework #3 Solutions

1) Each of the following questions deals with permutations of TENNESSEE.

     a) How many permutations are there of the word TENNESSEE?

        Using the permutation formula derived in class, the answer is 9!/(4!2!2!) = 3780  

     b) How many of the permutations of TENNESSEE do not contain any occurences of 

          contiguous vowels?

          Consider one ordering of the consonants:

          T  ,  N  ,  N  ,  S  ,  S

          Now, consider inserting vowels into this ordering. You can ONLY insert one

          vowel per gap. The gaps are illustrated below:

          __  T  __  N  __  N  __  S  __  S  __

          Out of these gaps, you must choose 4 of them to insert Es. 

          This can be done in 6C4 ways. Now, since each vowel is an E, each of

           these ways corresponds to exactly one permutation of letters without

           adjacent Es. But, we only considered the number of permutations for

           one ordering of the consonants. There are actually 5!/(2!2!) possible

           ordering of the consonants using the permutation formula. For each of

           these, we have 6C4 arrangements of vowels. Thus, the final answer is the

           product of these:  ( 6C4 )(5!/(2!2!)) = 450

     c)  How many permutations of TENNESSEE contain the substring EEEE? 

          Treat the four letters EEEE as one single superletter. Then the letters we are

          permuting are T, N, N, S, S, EEEE. Using the permutation formula, there are

          6!/(2!2!) = 180 of these permutations

     d)  How many permutations of TENNESSEE contain all of the consonants in a single 

          block?

          Now, treat the consonants TNNSS as a superletter. So now we are permuting 

          the letters E , E , E , E , TNNSS. There are 5!/4! = 5 ways to do this. BUT, for

          each of these ways, there are 5!/(2!2!) valid permutations of the superletter.

          Thus, the final answer is 5(5!/(2!2!)) = 150 permutations.

2) The local ice cream shop serves 31 different flavors of ice cream. A sundae includes one scoop of any flavor ice cream, along with a syrup and a topping, both of which are optional. There are 5 different types of syrups and 12 different types of toppings.

     a) How many distinct sundaes can be ordered? (Note: a chocolate ice cream sundae 

         without any syrup or topping should be counted separately from a chocolate ice 

         cream sundae with chocolate syrup and no topping.)

         There are 31 ways to choose the ice cream flavor. For your syrup, you have 6

         choices, the sixth being no syrup, and for your topping you have 13 choices,

         the thirteenth being for no topping. Thus, using the multiplication principle,

         there are 31x6x13 = 2418 different possible sundaes.

     b) If a sundae is allowed to have three scoops of ice cream where each scoop must be 

         a different flavor, and either a syrup or topping (but not both) are required, how 

         many sundae orders can be made?

         The answer here depends on the interpretation of the question in a couple 

         ways:

         1) Do all sundaes have exactly 3 scoops? Or are 1, 2 or 3 scoops allowed?

         2) Can a sundae have both a syrup and a toppping?

        My intention was to require the sundae's to have three scoops and allow them

        to have one or two toppings. Using this interpretation we get the following 

        answer:

        You can choose 3 flavors of ice cream in 31C3  ways. From part a, there are

        6x13 = 78 ways to have toppings and syrups. Of these only one (the one with

        no topping and no syrup) should NOT be counted for this question. So there

       are 78-1 = 77 ways to get a topping and/or syrup so that you have at least one

       of the two. Using the multiplication principle, the total number of possible

       sundaes is (31C3)(77) = 346115.

       Another interpretation: one, two or three scoops, both a topping and syrup are

       not permissible. Using the reasoning above: (31C3 + 31C2 + 31C1 )(77) = 384307

       Another interpretation: one, two or three scoops, but both a topping and syrup

       are not permissible: Answer = : (31C3 + 31C2 + 31C1 )(12+5) = 84847

       Last interpretation: three scoops, and both a topping and syrup are not 

       permissible. Answer = : (31C3)(12+5) = 76415

3) A committee of 5 people must be chosen from a group of 7 men and 9 women. If the committee is required to have at least 1 woman, how many different committee choices are possible?

The total possible number of committee choices without the restriction is have 16C5 since, you must choose 5 people out of a group of 16. Of these, we can NOT have a committee of all men. There are 7C5 of these committees that only have men. Subtract this from 16C5   to get the final answer: 16C5 - 7C5 = 4347.
4) The following questions deal with counting the number of five card poker hands that  fulfill particular requirements.

     a) How many different five card hands contain exactly three cards of one suit? 

         You can pick the suit with three cards in exactly 4C1 = 4 ways. Within the suit,

          you can pick 13C3 different combinations of cards. Finally, you have to pick 2

          more cards that are NOT from the suit with three cards. Thus, you have to

          choose 2 cards out of the remaining 39. Multiply all of these since each of these

          choices are independent to get the answer (4C1)(13C3)(39C2) = 847704.

     b) How many different five card hands contain exactly three cards of a kind?

         You can pick the kind with three cards in exactly 13C1 = 13 ways. Within the 

         kind you can pick 4C3 different combinations of cards. Finally, you have to 

         pick 2 more cards that are NOT from the kind with three cards. Thus, you 

         have to choose 2 cards out of the remaining 48. Multiply all of these since each 

         of these choices are independent to get the answer (13C1)(4C3)(48C2) = 58656.

5) Given 20 points in a plane, with no three collinear, how many different triangles can be formed by using the 20 points as vertices?

Since no three points are collinear, any choice of three points out of twenty forms an unique triangle. There are exactly  20C3 , or 1140 triangles.
6) The Taco Plaza menu has 10 items, two of which are chicken tacos and chimichangas.

     a) How many orders can be placed if we are buying a total of 20 items? (You may 

          buy more than one of the same item.)

          There are 10 items to choose from, and we are buying 20. This is a straight

          forward combination with repetition question. n = 20 and r = 10. Using the

          formula derived in class, we have 20+10-1C10-1 = 29C9 possible orders.

     b) How many orders can be placed given that at least two chicken tacos have to be 

          ordered an no more than five chimichangas can be ordered? (Chicken tacos and 

          chimichangas are two of the ten distinct items on the Taco Plaza menu.) 

          The original question (in part a), has the same answer as the question

          "How many non-negative integer solutions are there to the equation

          x1 + x2 + x3 + x4+ x5 + x6 + x7+ x8 + x9 + x10 = 20 are there?"

          Let x1 stand for the total number of chicken tacos and x2 stand for the total

          number of chimichangas ordered. Then, our goal is to find the number of

          solutions to the equation above with the following restrictions:

          x1 ( 2 and x2 ( 5.

          We can deal with the restriction x1 ( 2 by creating a new variable y and

          setting it to x1 - 2. Since x1 ( 2, the restriction on y is that it is non-negative.

          Solving for x1 in the equation, we find that x1 = y + 2. Now substitute this

          into the original equation and simplify:

            y + 2 + x2 + x3 + x4+ x5 + x6 + x7+ x8 + x9 + x10 = 20

            y + x2 + x3 + x4+ x5 + x6 + x7+ x8 + x9 + x10 = 18

          So now, we can find the number of nonnegative integer solutions to the

          above question and that will deal with the restriction that at least 2

          chicken tacos have to be ordered. This number will be have 18+10-1C10-1 = 27C9,

          using the combination with repetition formula. Finally, of these orders

          we do NOT want to count the ones with more than 5 chimichangas. So,

          what we can do is count the number of orders with 5 chimichangas, and

          subtract this out from the answer above.

          So, I want to count the number of orders with the restriction x2 > 5. Let

          z =  x2 - 6. Since x2 ( 6, then z is a nonnegative integer. Substitute into the

          equation again:

          y + (z+6) + x3 + x4+ x5 + x6 + x7+ x8 + x9 + x10 = 18
          y + z + x3 + x4+ x5 + x6 + x7+ x8 + x9 + x10 = 12

          The number of nonnegative solutions to this equation is 12+10-1C10-1 = 21C9,

          which is the number of orders of the 27C9, that we DON'T want to count.

          Thus, the final answer is 27C9 - 21C9.

