COT 3100 Fall 2002 Homework #2 Solutions

1) a) {0, 1, 4, 9, 16, 25, 36, 49, 64, 81}

    b) {4,5}

    c) {0, 6, 24}

2) a) |U – ((A ( B) ( C)| = |U| - |((A ( B) ( C)| = 50 - 40 = 10

    b) |U – (A ( (B ( C))| = |U| - |(A ( (B ( C))| = 50 - 7 = 43

    c) Can't be determined. Consider the two following situations described in the table 

        below:

	A
	B
	C
	Example #1
	Example #2

	0
	0
	0
	10
	10

	0
	0
	1
	8
	8

	0
	1
	0
	3
	4

	0
	1
	1
	5
	4

	1
	0
	0
	4
	3

	1
	0
	1
	4
	5

	1
	1
	0
	9
	9

	1
	1
	1
	7
	7


        To read this, each row on the table corresponds to the intersection of three sets.

        For example, the row corresponding to 0, 1, 1 corresponds to the set (A ( B ( C.

        Each entry in the example columns signifies the number of elements in the set

        designated by the row. These two examples show that |A ( C| could be 11 and could

        be 12. Since both of these are possible, a definite answer can not be determined.

      d) |A ( B| = |A| + |B| - |A ( B| = 24 + 24 - 16 = 32

      e) |(C – A) – B| = |((A ( B) ( C)| - |A ( B| = 40 - 32 = 8

3) A ( ( (A ( C) ( B ( (((A ( C) ) = A

	A
	B
	C
	A ( C
	(A ( C) ( B
	(((A ( C)
	A ( ( (A ( C) ( B ( (((A ( C) )

	0
	0
	0
	0
	0
	1
	0

	0
	0
	1
	1
	0
	0
	0

	0
	1
	0
	0
	0
	1
	0

	0
	1
	1
	1
	1
	0
	0

	1
	0
	0
	1
	0
	1
	1

	1
	0
	1
	1
	0
	1
	1

	1
	1
	0
	1
	1
	1
	1

	1
	1
	1
	1
	1
	1
	1


A ( ( (A ( C) ( B ( (((A ( C) ) 

= A ( ( (A ( C) ( B ( (((A ( (C) ), DeMorgan's Law

= A ( ( (A ( C) ( B ( (A ( (C) ), Double Negation

= A ( ( (A ( C) ( (A ( (C) ( B), Commutative

= A ( ( (A ( (C ( (C)) ( B), Distributive 

= A ( ( (A ( () ( B), Inverse 

= A ( (A ( B), Identity

= A, Absorption

4) Here is a proof using a set membership table:

 A ( (( (A ( B) ( (A ( C) ) ( ((B ( C))

	A
	B
	C
	A ( B
	A ( C
	(B ( C
	(( (A ( B) ( (A ( C) ) ( ((B ( C))

	0
	0
	0
	0
	0
	1
	1

	0
	0
	1
	0
	1
	1
	1

	0
	1
	0
	1
	0
	0
	0

	0
	1
	1
	1
	1
	1
	1

	1
	0
	0
	1
	1
	1
	1

	1
	0
	1
	1
	1
	1
	1

	1
	1
	0
	1
	1
	0
	1

	1
	1
	1
	1
	1
	1
	1


From this membership table we can see that for all cases of elements x(A, the particular element x((( (A ( B) ( (A ( C) ) ( ((B ( C)). This is verified by looking at the last four rows in the last column. Thus, by definition, A ((( (A ( B) ( (A ( C) ) ( ((B ( C)).

Here is a proof without the use of a membership table:

(( (A ( B) ( (A ( C) ) ( ((B ( C)) 

= ( (A ( (B ( C)) ( ((B ( C)), Distributive 

=  A ( (B ( C) ( (B ( C

Thus, all we have to show is that  A ( A ( (B ( C) ( (B ( C. But clearly, for an arbitrary element x ( A, we definitely have x( A ( (B ( C) ( (B ( C. This is because by defintion of union, x(A ( (B ( C) ( (B ( C if x(A or x( B ( C, or x((B or x(C, and it will always hold that the first condition is true.

5) a) (B ( C) ( (B – A) ( (C – A).

          Proof was done in set lecture from 9/5.

     b) ((A ( B) ( (B ( C)) ( (A ( C).

          This statement is true. We must show that for an arbitrary x(A that x(C and that

           there exists some element y such that y(A but y(C.

           First, let's consider an arbitrary x(A. Since A ( B, by the definition of proper

           subset we can conclude that x(B. Similarly, using the given information again,

           since B ( C, we can conclude that x(C. This proves the first part of what we

           need to show.

           Now, since we know that A ( B, in follows that there exists an element y such

           that y(A but y(B. But, if y(B, since B ( C, it follows that y(C. Thus, we have

           shown that there exists an element y such that y(A but y(C as desired.

     c) ((A ( C) ( (B ( C)) ( A ( B ( C.

            This statement is false. Consider the following counter example:

             A = {1}, B = {2}, C={1,2}. Clearly we have that (A ( C) ( (B ( C). But, in

             this example we have that A ( B = C, thus it is false that A ( B ( C.

d) ((A ( B) ( (A ( C)) ( ((B ( C) ( (C ( B)).

      This statement is false as well. Consider the following counter example:

      A = (, B = {1}, C={2}

      Here clearly, (A ( B) ( (A ( C) since the empty set is a proper subset of all

      non-empty sets. But both of (B ( C) and (C ( B) are false here.

