COT 3100 Exam #2 Solutions

11/7/02

Name: ____________

Lecturer: Arup Guha

TA: _______________

(Note: You will have 75 minutes for this exam.  Make sure to read AND follow all the directions. If you need extra room for your work, put it on the last page of the exam and CLEARLY number what problem’s work you are continuing.)

1) Permutations: You must explain your reasoning in order to get full credit on these questions.

a) (3 pts) How many permutations are there of the word HALLOWEEN?

Using the formula for permutations with repetition, since we have 2 Ls and 2 Es, we have 9!/(2!2!) = 90720

b) (3 pts) How many of the permutations in part a start and end with the same letter?

Two groups of mutually exclusive permuations to count: 1) Those that start and end with L, and 2)those that start and end with E. Each of these groups will have an equal number of permutations because to get all the permutations in group 2 from the ones in group one, we could just exchange the Ls and the Es.

The number of permutations in group 1 = 7!/2! since you have 7 letters left to permute with one letter repeated twice.

Thus, the final answer is 2(7!/2!) = 7! = 5040

c) (4 pts) How many of the permutations in part a do not contain any adjacent vowels?

__ C __ C __ C __ C __ C __

Let the 5 consonants be places where the Cs appear the vowels can be placed in any of the blank slots, this ensures that none of them are adjacent. Since the placement of the vowels is independent to the ordering of the consonants, we can multiply the number of orderings of the consonants by the total number of possible placements for the vowels for our final answer. The total number of orderings of the consonants = 5!/2!, since there are 2 Ls. We can choose 6C4 = 15 locations for the vowels and then we can arrange these vowels in 4!/2! = 12 ways. So our final answer is

(5!/2!)*( 6C4)*(4!/2!) = 10800.

d) (4 pts) How many of the permutations in part a contain the substring HALO?

Consider HALO to be a superletter with L, W, E, E, and N to be the other letters. So we have a total of 6 letters with 1 letter (E) repeated. Thus, the total number of permutations is 6!/2! = 360.

2) (10 pts) Find the coefficients to x and x2 in the binomial expansion of (2x - 1/x)8.

(2x - 1/x)8 = 
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Now, we must determine which values of i correspond to the terms x and x2. Setting 2i-8, the exponent to x in the expansion to 1 and 2, we find the solutions i=9/2, and i=5. Note that since i only equals integral values in the expansion above, there is no term in the expansion that is an x term. Thus the coefficient to x is 0. Now, to determine the coefficient of x2, plug in i=5 into the expression in the summation to yield the coefficient 8C5*25(-1)3 = - 8C5*25 = -1792

3) (10 pts) Prove or disprove the following statement: For all positive integers a, b, and c, if the LCM(a,b) > LCM(b,c) then a > c.

The statement is false. Let a=3, b = 7, and c = 14. This is a counter example because in this situation we have the LCM(a,b) = 21, and LCM(b,c) = 14, but a < c.

4) (20 pts) Mike is buying sodas for the class picnic. He has to buy exactly 15 two liters of soda. When he arrives at the grocery store he finds that they sell 6 types of soda: Coke, Pepsi, Sprite, Welch's, Sunkist, and Dr. Pepper. Unfortunately the store only has 3 two liters of Sunkist left. (They have more than 15 two liters of all of the other types of soda.) Also, Mike must buy at least 4 two liters of Coke. How many different combinations of soda can Mike buy under these constraints?

Since he needs to buy 4 two liters of Coke, allocate these initially. So now, the question becomes how many ways can Mike buy 11 two liters from the 6 types of soda, (with only 3 two liters of Sunkist left.)

First let's answer the question without the Sunkist restriction. This is a straight combination with repetition. There are 11 items and 6 types of items. Using the formula given in class, there are a total of 11+6-1C11 = 16C11 ways to do this.

But, of these combinations, we should NOT count the ones with 4 or more Sunkists. Thus, we must subtract out all combinations of 11 items with 4 or more Sunkists. To do this, just count how many DO have 4 or more Sunkists. Just allocate 4 Sunkists, leaving 7 items to pick, choosing out of the 6 types of items. Using the combinations with repetition formula we have that we can do this  7+6-1C7 = 12C7 ways to do this.

Thus the answer to the given question is 16C11 - 12C7.

5) (10 pts) Use induction on n to prove the following inequality for all positive integers n:
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Base case: n=1 LHS = 
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RHS = 31+1/2 = 4.5



  So, LHS < RHS and the base case holds for n=1.

Inductive hypothesis: Assume for an arbitrary integer n=k that
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Inductive Step: Prove for n=k+1 that
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6) (15 pts) Prove that the (3 is irrational.
Assume to the contrary that it is rational. Then it can be represented as a fraction in lowest terms. Let (3 = p/q, where GCD(p,q) = 1.

(3 = p/q

((3)2 = (p/q)2

3 = p2/q2
3q2 = p2, so since 3 | p*p, since 3 is prime, we must have that 3 | p, by the thm. shown 
   in class. Let p = 3p' where p' is an integer.

3q2 = (3p')2

3q2 = 9p'2

q2 = 3p'2, using the same reasoning as a couple steps ago, we have that 3 | q.

But, this is a contradiction. If 3|p and 3|q, then GCD(p,q) ( 3, but this contradicts the assumption that GCD(p,q) = 1. Thus our assumption was incorrect and (3 must be irrational.
7) (20 pts) The Fibonacci numbers are defined as follows: F0 = 0, F1 = 1, Fn = Fn-1 + Fn-2 , for all integers n > 1. Prove the following formula for all positive integers n:
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Base case: n=1 LHS = 
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RHS = 1 - F1+2/21 = 1 - 2/2 = 0

Inductive Hypothesis: Assume for an arbitrary integer n=k that
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Inductive Step: Prove for n=k+1 that
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8) (1 pt)What state lies directly to the north of South Dakota? North Dakota
_1098206294.unknown

_1098212669.unknown

_1098213154.unknown

_1098213233.unknown

_1098213312.unknown

_1098213438.unknown

_1098213437.unknown

_1098213271.unknown

_1098213209.unknown

_1098212922.unknown

_1098212942.unknown

_1098212891.unknown

_1098206353.unknown

_1098206393.unknown

_1098206342.unknown

_1098205848.unknown

_1098206059.unknown

_1098206248.unknown

_1098205869.unknown

_1098186878.unknown

_1098205726.unknown

_1098100675.unknown

_1098101752.unknown

