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1) (10 pts) Using only the laws of logic, show that the expression below is a tautology.

(  (p ( (p)  (  ( q (  (((q ( (r) )  )  (  (  (p (  (p)  (  (q)
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( (  T  (  ( q (  (((q ( (r) )  )  (  (  T  (  (q)  (using Inverse Laws twice)

( (  q (  (((q ( (r)   )  (  ((q) (using Identity Laws twice)

( (  q (  ((q) ) (  (((q ( (r)  (using commutative and associative)

( T (  (((q ( (r)   (using Inverse Law)

( T  (using Domination Law)

2) (15 pts) Consider the following argument: If the Yankees win the pennant, then they will win the World Series. If the Angels win the pennant, then I will make $1000 on my bet. Either the Yankees or the Angels won the pennant. The Yankees did NOT win the world series, therefore I will make $1000 on my bet. Assign the four variables below to simple statements in the argument above.

p: Yankees win the pennant.

q: Yankees win the world series.

r:  Angels win the pennant.

s:  I will make $1000 on my bet

State the four premises in terms of these variables. What is the conclusion drawn from these premises? Prove that the conclusion is valid using the rules of inference.

Premises:
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s, is the conclusion

1. p ( q 
Premise

2. (q

Premise

3. (p

Modus Tollens (using 1 & 2)

4. p ( r
Premise

5. r

Rule of Disjunctive Syllogism (using 3 & 4)

6. r ( s
Premise

7. s

Rule of Detachment (using 5 and 6)

3) (8 pts) Prove or disprove the following statements. (Note: let the universe of numbers be the real numbers.)

a) (x(y [xy = 0]

This is true. The x that exists is x=0. For all y, 0y = 0.

b) (x(y [xy = 1]

This is false. The one value of x which proves this statement false is x=0. For this 

value of x, there are no values of y such that 0y = 1.

4) (10 pts) Let A, B and C be finite sets. You are given the following information pertaining to the sets’ cardinality: |A|+|B|+|C| = 25, |A(B| = 5, and |(A(B)(C| = 8. What is the value of |A ( B ( C|? Justify your answer. 

Using the inclusion exclusion principle twice , we have

|(A(B)(C| = |A ( B| + |C| - |(A ( B) ( C|, sets A ( B and C.                    

                    = |A| + |B| - |A (B| + |C|- |(A ( B) ( C|, sets A and B

Now, substitute all known information into the equation:

|(A(B)(C|  = (|A| + |B| + |C|) - |A (B| - |(A ( B) ( C|

8 = 25 - 5 - |(A ( B) ( C|

|(A ( B) ( C| = 25 -5 - 8 = 12.

 5) (10 pts) Use a set membership table to prove that for arbitrary sets A, B, and C that

(A ( (B) (  (  (A ( B) ( ((B ( C)  )

Fill in the rest of the table below.

	A
	B
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	(  (A ( B) ( ((B ( C)  )

	0
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	1
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	0
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	1
	0
	1
	1

	0
	1
	0
	0
	0
	1
	1

	0
	1
	1
	0
	0
	0
	0

	1
	0
	0
	1
	0
	1
	1

	1
	0
	1
	1
	0
	1
	1

	1
	1
	0
	1
	1
	1
	1

	1
	1
	1
	1
	1
	0
	1


Argue why this table proves the statement above:

Each element in the universe must be located in one of eight places. For each of these eight places, we find that if the element is located in the set A ( (B then it is also in the set (  (A ( B) ( ((B ( C)  ).  The only time the element isn't in set (  (A ( B) ( ((B ( C)  ), is if it is in the set (A ( B ( C. But in this one case, the element in question is ALSO not in A ( (B.

6) (10 pts) Let A, B and C denote three arbitrary sets from the universe of positive integers. Prove or disprove: If A ( B ( C, then A – C ( A – B.

We must prove that A – C ( A – B. In order to show this, we must show if an arbitrary  x( A – C, then  x ( A – B.

With the given information, we have that x(A and x(C.

We are also given that A ( B ( C. Thus, we can conclude that x( A ( B. (This is because if x were in A ( B, it would HAVE to also be in C, but we know this to be false.)

Thus, either x( A or x( B. The first assertion contradicts given information. Thus it follows that the second is true. If this is the case, then we have that x( A and x(B, showing that x( A – B.

7) (10 pts) For arbitrary sets A, B and C from the universe of positive integers, prove or disprove: If (Power(C) - A) ( Power(B), then C ( B.

This question was thrown out due to possible different interpretations. As it is written, the question is true. The reasoning is as follows: A must be a set containing positive integers whereas Power(C) is a set containing sets. Since none of the elements of A are sets, Power(C)-A is simply equal to the Power(C). So, the question boils down to showing if Power(C) ( Power(B), then C ( B. To prove this, assume you are given sets B and C such that Power(C) ( Power(B). We must show that if x is an arbitrary element of C then it also belongs in B. If x ( C, then we know that {x}( Power(C). But since Power(C) ( Power(B), we can deduce that {x}( Power(B). But remember, Power(B) only contains sets whose elements are members of B. Thus, by definition of a Power Set, it follows that x(B.

The other interpretation is that A does not have to be a set of positive integers. If we assume that A can be a set that contains any sort of elements, then the statement is false. Consider the following counterexample:

A = { {3}, {1,3}, {2,3}, {1,2,3} }

B = {1,2}

C = {1,2,3}

Here we have that Power(C) - A = Power(B), but 3 ( C and 3 ( B, proving that the statement can not always be true.
8) (2 pts) How many miles long is the Indianapolis 500? 500
