A couple more axiomatic semantic proofs

Problem 1

Prove that the following code ALWAYS produces the listed post-condition:

if (x > y)

    max = x;

else

    max = y;

{max >= x and max >= y}

Let B= x>y, S1= max=x, S2=max=y and Q={max >= x and max >= y}.

Consider each statement in the if separately:

max = y;{max>=x and max>=y}

Substitute y for max in the post-condition to get

{y >=x and y>=y} => {y>=x}.

Thus we have:

{y >= x}max=y;{max>=x and max>=y}

Similarly for the other statement we find:

{x >=y}max=x;{max>=x and max>=y}

Let B'=(x>=y). We have that B => B'. Symbolically, we can list the following:

{B'}S1{Q}, {not B}S2{Q}, B=>B'

Using our laws of logic, these three assertions imply

{B}S1{Q}, {not B}S2{Q}. Now, set P=true and then we have

{P and B}S1{Q}, {P and (not B)}S2{Q}. Axiomatic semantics tells us that we can conclude:

{P}if (B) then S1 else S2{Q}.

Since P=true, we have proved that the desired post-condition occurs under all circumstances.

Problem 2

sum = 0;

i = 0;

while (i <= n) do

    sum = sum + i;

    i = i+1;

end

{sum = n(n+1)/2}

I: sum = (i-1)i/2 and i<=n+1

B: (i <= n)

Q: sum = n(n+1)/2

We must show that {I and B}sum=sum+1; i=i+1; {I}.

Working out the weakest precondition for i=i+1; we find:

{sum=i(i+1)/2 and i+1<=n+1} which simplifies to

{sum=i(i+1)/2 and i<=n}

Now work out the weakest precondition for sum=sum+i:

{sum+i=i(i+1)/2 and i<=n} which eventually simplifies to

{sum=(i-1)i/2 and i<=n}

This is the precondition, which we can rewrite as follows:

{(sum=(i-1)i/2 and i<=n+1) and i<=n}

This is EXACTLY {I and B} as desired.

Now, we must show that (I and (not B)) => Q.

(sum=(i-1)i/2 and i<=n+1)) and NOT(i<=n) =>

(sum=(i-1)i/2 and i<=n+1) and (i>n) =>

sum=(i-1)i/2 and i=n+1 => (since n and i are ints, the only possible value for i is..._

sum=(n+1-1)(n+1)/2 (by substitution)

= Q.

Problem 3

c=n;

x=1;

while (n > 0) do

    x = x*p;

    n = n-1;

end

{x = pc}

I: {x=pc-n and n>=0}

B: n>0

Q: {x = pc}

We must show that {I and B} x = x*p; n = n-1; {I}.

Work out the weakest precondition for n = n-1:

{x=pc-(n-1) and n-1>=0} Simplifying, we get:

{x=pc-n+1 and n>=1}, which, because n is an int is equivalent to

{x=pc-n+1 and n>0}.

Now, work out the weakest precondition for x = x*p:

{x*p= pc-n+1 and n>0} =>

{x= pc-n and n>0}

This is the precondition which we can rewrite as follows:

{x= pc-n and n>=0} and {n>0}

Once again, this is exactly {I and B} as desired.

Now, we must show that (I and (not B)) => Q.

((x=pc-n and n>=0) and (not n>0)) =>

((x=pc-n and n>=0) and (n<=0)) =>

(x=pc-n and n=0) => 

x=pc 

= Q, by substitution. 

