Course: COT4020 - Programming Languages 

Professor: Dr. Toroslu

Teaching Assistant: Zoran Nikoloski

Assignment: Homework #1

Problem 4 (pg. 149) 

Using the grammar in Example 3.4, show a parse tree and a leftmost derivation for each of the following statements:

(a) A=(A+B)*C

(b) A=B+C+A

(c) A=A*(B+C)

(d) A=B*(C*(A+B))

Solution:

(a)
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Leftmost derivation

<assign> => <id>=<expr>

· A=<expr>

· A=<term>

· A=<term>*<factor>

· A=<factor>*<factor>

· A=(<expr>)*<factor>

· A=(<expr>+<term>)*<factor>

· A=(<term>+<term>)*<factor>

· A=(<factor>+<term>)*<factor>

· A=(<id>+<term>)*<factor>

· A=(A+<term>)*<factor>

· A=(A+<factor>)*<factor>

· A=(A+<id>)*<factor>

· A=(A+B)*<factor>

· A=(A+B)*<id>

· A=(A+B)*C

(b)
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Leftmost derivation 

<assign> => <id>=<expr>

· A=<expr>

· A=<expr>+<term>

· A=<expr>+<term>+<term>

· A=<term>+<term>+<term>

· A=<factor>+<term>+<term>

· A=<id>+<term>+<term>

· A=A+<term>+<term>

· A=A+<factor>+<term>

· A=A+<id>+<term>

· A=A+C+<term>

· A=A+C+<factor>

· A=A+C+<id>

· A=A+C+A

(c)
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Leftmost derivation

<assign> => <id>=<expr>

· A=<expr>

· A=<term>

· A=<term>*<factor>

· A=<factor>*<factor>

· A=<id>*<factor>

· A=A*<factor>

· A=A*(<expr>)

· A=A*(<expr>+<term>)

· A=A*(<term>+<term>)

· A=A*(<factor>+<term>)

· A=A*(<id>+<term>)

· A=A*(B+<term>)

· A=A*(B+<factor>)

· A=A*(B+<id>)

· A=A*(B+C)

(d)
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Leftmost derivation

<assign> => <id>=<expr>

· A=<term>

· A=<term>*<factor>

· A=<factor>*<factor>

· A=<id>*<factor>

· A=B*<factor>

· A=B*(<expr>)

· A=B*(<term>)

· A=B*(<term>*<factor>)

· A=B*(<factor>*<factor>)

· A=B*(<id>*<factor>)

· A=B*(C*<factor>)

· A=B*(C*(<expr>))

· A=B*(C*(<expr>+<term>))

· A=B*(C*(<term>+<term>))

· A=B*(C*(<factor>+<term>))

· A=B*(C*(<id>+<term>))

· A=B*(C*(A+<term>))

· A=B*(C*(A+<factor>))

· A=B*(C*(A+<id>))

· A=B*(C*(A+B))

Problem 5 (pg. 149)

Prove that the following grammar is ambiguous 

<S>-><A>

<A>-><A>+<A>|<id>

<id>->a|b|c

Solution: 

A grammar is ambiguous if there are two different trees for derivation of same expression. Expressed in more formal way, a grammar is ambiguous if fr(T)=fr(T’) implies T <> T’. fr(T) means a frontier of a tree, which specifies the leaves of a tree. Therefore, if two trees have same frontiers and the grammar is ambiguous, the trees will be structurally different.

Moreover, two trees for a derivation of an expression are structurally different if the grammar allows both left and right growing of the tree. 

For the grammar of this problem and the expression a=a+b+c there are two different leftmost derivations:

<S>-><A>

-><A>+<A>

-><A>+<A>+<A>

-><id>+<A>+<A>

->a+<A>+<A>

->a+<id>+<A>

->a+b+<A>

->a+b+<id>

->a+b+c 

<S>-><A>

-><A>+<A>

-><id>+<A>

->a+<A>

->a+<A>+<A>

->a+<id>+<A>

->a+b+<A>

->a+b+<id>

->a+b+c

Problem 6 (pg.149)

Modify the grammar of Example 3.4 to add a unary minus operator that has higher precedence than either + or *.

Solution:

<assign> => <id>=<expr>

<id> => A|B|C

<expr> => <expr>+<term> | <term> | - <factor>

<term> => <term>*<factor> | <factor>

<factor> => (<expr>) | <id>

Problem 

Prove the correctness of the following algorithm by using

   axiomatic semantics program verification technique.

  INPUT: N, A[1], A[2], ..., A[N]

  PRECONDITION: N>0

  ALGORITHM:

  =========

  T=A[1];

  C=2;

  WHILE (C<=N) DO BEGIN

    IF (A[C]>T) THEN T=A[C];

    C=C+1;

  END;

  POSTCONDITION: T>=A[1],A[2],..., A[N]

Solution:

The loop finds the maximum in the array A. So the loop ‘computes:’

T >= A[1], A[2], …, A[C-1]

Also, we have to ensure that C does not go above the allowed range of subscripts for the array A. Hence, the loop invariant becomes:

T >= A[1], A[2], …, A[C-1] and C <= N+1

I: T >= A[1], A[2], …, A[C-1] and  C <= N+1

B: C <= N

Q: T >= A[1], A[2], …, A[N]

We must show that {I and B} IF (A[C]>T) THEN T=A[C]; C=C+1 ; {I}. 

Working out the weakest precondition for C = C+1 we get

{T >= A[1], A[2], …, A[C] and C+1 <= N+1} which simplifies to

{T >= A[1], A[2], …, A[C] and C <= N}

Now we work out the weakest precondition for IF (A[C]>T) THEN T=A[C];

B: A[C]>T

S1: T=A[C];

S2:  nothing

{P} S1 {T>=A[1],…}

We determine: {P} = {A[C]>=A[1],…}

Strengthen: {P} = {A[C]>=A[1], T>=A[1],…} 

{B and P} = {A[C]>T, A[C]>=A[1], T>=A[1],…}

T>=A[1] and A[C]>T => A[C]>A[1] => A[C]>=A[1]

So we can drop: A[C]>=A[I] for all I

New: {P and B}={A[C]>T, A[C]>=A[1],…}

{P} S2 { T>=A[1],…}

{~B and P} = {A[C]<=T,T>=A[1],…}

{P}if B then S1 else S2; {T>=A[1],…}

Use common {P} from preconditions of S1 and S2 dropping B and ~B

{P}={T>=A[1],…}

IF (A[C]>T) THEN T=A[C];    does not change the postcondition

The first two lines:

T=A[1];

{?}

C=2;

{I}={T >= A[1], A[2], …, A[C-1] and  C <= N+1}

{ ? }

T=A[1];

{T>=A[1] and 2<=N+1} = {T>=A[1] and N>0}

Precondition of T=A[1];   {T>=T and N>0} = {N>0}

Now {T >= A[1], A[2], …, A[C] and C <= N} can be rewritten as 

{{T >= A[1], A[2], …, A[C-1] and C <= N+1} and C <= N} which is exactly {I and B}

Now we have to prove that {I and {not B}} => Q

{T >= A[1], A[2], …, A[C-1] and  C <= N+1} and NOT{ C <= N} =>

{T >= A[1], A[2], …, A[C-1] and  C <= N+1} and {C > N} =>

{T >= A[1], A[2], …, A[C-1] and {C = N+1}} =>

{T >= A[1], A[2], …, A[N+1-1]} (by substitution)
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