Merge Sort

In CS1, you probably spent a fair amount of time on several
straightforward sorting algorithms such as Insertion Sort and
Bubble sort. In both of these algorithms, we end up making a
significant number of possible comparisons and swaps between
elements. Perhaps it's possible to use information from certain
comparisonsto reduce the number of future comparisons.

S0, one might ask if thereisa more clever, quicker way to sort
numbers that does not require looking at most possible pair of
numbers. (Perhaps we can gather extra information from a
comparison that renders other comparison’s that could have
been done usdless.) In this class we will utilize the concept of
recursion to come up with a couple mor e efficient algorithms,

One of the more clever sorting algorithmsis merge sort. Merge
sort utilizes recursion and a clever idea in sorting two
separ ately sorted arrays.



TheMerge

The merging problem is one that is more simple than sorting
an unsorted array, and one that will be a tool we can use in
Merge Sort.

The problem isthat you are given two arrays, each of which is
already sorted. Now, your job is to efficiently combine the two
arrays into one larger one which contains all of the values of
thetwo smaller arraysin sorted order.

The essential ideaisthis:

1) Keep track of the smallest value in each array that hasn’t
been placed in order in thelarger array yet.

2) Compar e these two smallest values from each array. One of
these must be the smallest of all the values in both arrays
that areleft. Placed the smallest of the two valuesin the next
location in the larger array.

3) Adjust the smallest value for the appropriate array.

4) Continuethis process until all values have been placed in the
large array.

This should look amazingly similar to the Sorted List Matching
Algorithm we looked at last time. The same principleisin use
here: because we are dealing with two sorted lists, we can
streamline our job. This saves us comparisons.



|llustration of Merge Algorithm

Here is an illustration of an algorithm to do a merge. (It’s
easier to understand with picturesinstead of pseudocode.)

2 7 16 44 55 89
1 6 9 13 15 49
Hereiswhat happens after thefirst step:
1
2 7 16 44 55 89
min A
6 9 13 15 49
min B
Hereiswhat happens after the second step:
1 |2
7 16 44 55 89
min A
6 9 13 15 49
min B
Hereiswhat happens after thethird step:
1 |2 |6
7 16 44 55 89
min A
9 13 15 49

min B




As you can see, when we are done, our large array will be in
sorted order, like so:

1 |2 |6 |7 |9 113 |15 |16 |44 [49 |55 |89

Now, the big question is how can we use thisto sort an entire
array, since thiswould only sort a specific type of array, where
the first half and second half of the array were already in
sorted order.

Hereisthemain idea for merge sort:

1) Sort thefirst half of the array, using merge sort.

2) Sort the second half of the array, using merge sort.

3) Now, we do have a situation to use the Merge algorithm!
Simply mergethefirst half of the array with the second half.

S0, this pointsto arecursive solution.

You might ask, “But how do we know that Merge Sort is going
to work on both halves of the array?” The answer is that in
each call to merge sort, you must run the Merge method on
some two parts of the array. All of the actual sorting gets done
in the Merge method.

L et’s demonstrate how this algorithm is going to work before
looking at the code to implement it.




/l Thisisamethod used to perform a merge sort. Thetwo

/[ arraysthat are parameters must be already sorted. The

/l method then returnsan array the size of the sum of the two
Il parameter sizes, filled with the values from both arrays,

/I sorted.

public static int[] Merge(int[] first, int[] second) {

int totallength = first.length + second.length;
int[] answer = new int[totallength];

int firstcounter = 0;

Int secondcounter = 0;

for (int i=0;i<answer .length;i++) {

I/ Deciding whether to take next smallest number from
/[ first array or second.
if ( (secondcounter == second.length) ||
( (firstcounter < first.length) & &
(first[firstcounter] < second[secondcounter])) ) {
answer [i] = first[firstcounter];
firstcounter ++;

}

else{
answer [i] = second[secondcounter];
secondcounter ++,

}

}

return answer;

}



/l Performsarecursive mergesort. It takesin areferenceto
/[ thearray to be sorted and returnsareferenceto the sorted

I/l array.
public static int[] MergeSort(int[] numbers) {

If (numbers.length > 1) {
int[] firsthalf = new int[numbers.length/2];
for (int i=0;i<firsthalf.length;i++)
firsthalf[i] = numberd[i];
int[] secondhalf = new int[numbers.length -
firsthalf.length];

for (int i=0;i<secondhalf.length;i++)
secondhalf[i] = number g[firsthalf.length + i];

firsthalf = MergeSort(fir sthalf);

secondhalf = M er geSor t(secondhalf);

numbers = Mer ge(fir sthalf,secondhalf);
}

return numbers;

}

Note: This implementation can be more efficient with respect
to its use of space. You'll notice that | use two new arrays in
the MergeSort method itself. This isn't necessary. | did this
simply to make the code a bit easier to follow.



Merge Sort Analysis

Herearethe stepsof Merge Sort:

1) Merge Sort thefirst half of thelist
2) Merge Sort the second half of thelist
3) Merge both halvestogether .

Let T(n) be the running time of Merge Sort on input of size n.
Then we have

T(n)=(Timeinstep 1) + (Timein step 2) + (Timein step 3)

Noticing that step 1 and step 2 are sorting problems also, but of
size n/2, and that the last step runs in O(n) time, we get the
following equation for T(n):

T(n) =T(n/2) + T(n/2) + O(n)
= 2T(n/2) + O(n)

This is known as a recurrence relation since the function T(n)
Is defined in terms of another value of the function T. Now,
let's seeif we can try to figure out what T(n) is, just in terms of
n, (for thetime being, let's simplify O(n) to n):

T(n) =2T(n/2) + n

T(n) =2[2T(n/4)+n/2] + n
=4T(n/4) + 2n
= 4[2T (n/8)+n/4] + 2n
=8T(n/8) + 3n

Hopefully, by this point you can see a pattern and realize that
after the kth application of the formula you will find that

T(n) = 2°T(n/2") + kn



Eventually, when applying this recurrence, we should stop. In
particular, we can assume that T(1) = 1. Then, we can solve for
T(n) directly by plugging in k = log,n. To see why this works,
note that we know what T(1) is. Also, we have T(n/2") in our
formula. So it would be niceif n = 2. But this occurs when k =
log,n. Plugging in the value for k we find:

T(n) =nT(1) + nlog,n
= O(nlogyn)
Another way to derivethisresult isthe following:

Take our original equation,
T(n) = 2T(n/2) + n and divide through by n:

T(n)/n=2T(n/2)/n + n/n, sO
T(N)/Nn=T(Nn/2)/(n/2) +1

Now, we can use the equation directly above and plug in n, n/2,
n/4, etc. and see what we get:

T(n)/n =T(n/2)/(n/2) + 1
T(n/2)/(n/2) = T(n/4)/(n/4) + 1
T(n/4)/(n/4) =T (n/8)/(n/8) + 1

TR — =TA)A+1

Now, add all of these equations together, to create a new large
equation. Notice how most of the right hand side and left hand
sides are nearly identical. Virtually everything crosses out.
When we ssimplify that equation, we get

T(N)/N=T(Q)/1+1+1..+1
T(n)/n=1+logyn



T(n) =n(1 + log,n)
Thus, T(n) = O(nlog,n).

For recurrences like the one above, there is a general plug-n-
chug formula. It isasfollows. For therecurrencerelation

T(n) = AT(n/B) + O(n*), where A, B and k are constants, we
have

O(n"(loggA)), if A > BX
T(n)=  O(n*(logn)), if A = B
o(n“), if A <B*.

Here are some examples wor ked out:

Recurrence Rel. Case Answer
T(n) = 3T(n/2) + O(n? 3 o(n%)

T(n) = 4T(n/2) + O(n%) 2 O(n“log n)
T(n) = 9T(n/2) + O(n°) 1 O(n” (10g,9))
T(n) = 6T(n/3) + O(n? 3 o(n?

T(n) =5T(n/5) + O(n) 2 O(nlog n)

All the recursive code covered will be included under code
samples.



