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Model reference robust control for MIMO systems

H. AMBROSE+t and Z. QU¥

Model reference robust control (MRRC) of single-input single-output (SISO)
systems was introduced as a new means of designing I/O robust control (Qu et al.
1994). This I/O design is an extension of the recursive backstepping design in the
sense that a nonlinear dynamic control (not static) is generated recursively. Back-
stepping entails the design of fictitious controls starting with the output state-space
equation and backstepping until one arrives at the input state-space equation where
the actual control can be designed. At each step the system is transformed and a
fictitious control is designed to stabilize the transformed state (Naik and Kumar
1992). 1t is shown in this paper that MRRC of multiple input multiple output
(MIMO) systems is an extension of model reference control (MRC) of MIMO
systems and MRRC of SISO systems. Unwanted coupling exists in many physical
MIMO systems. It is shown that MRRC decouples MIMO systems using only
input and output measurements rather than state feedback. This is a very desirable
property, because in many instances state information is not available. A diagonal
transfer function matrix is strictly positive real (SPR) if and only if each element on
the diagonal is SPR. The fact that complicates the development of robust control
laws is that the recursive backstepping procedure used in non-SPR SISO systems
cannot be directly applied to diagonal MIMO non-SPR systems without the intro-
duction of the augmented matrix or a pre-compensator. MRC of systems where
one has perfect plant knowledge is reviewed. Assumptions are listed for the appli-
cation of model reference robust control for MIMO systems. Model selection is
presented as the right Hermite normal form of the plant transfer function matrix.
MRRC s derived for MIMO systems that have a right Hermite normal form which
is SPR and diagonal, and then for systems whose right Hermite normal form is
diagonal but not SPR. Robust control laws are generated for achieving stability
using Lyapunov’s second method. Future research will focus on MIMO systems
which are not diagonal.

1. Introduction

Model reference control, also called model following, is a well-documented
method (Chen 1984, Narendra and Annaswamy 1989, Wolovich 1974) which entails
the assignment of controller poles and zeros such that the overall response of a plant
plus controller asymptotically approaches that of a given reference model. One may
apply normal compensator design techniques to find the solution of MRC or utilize
model reference adaptive control (MRAC) techniques for the case that the plant has
unknown constant parameters to automatically adjust compensator parameters to
achieve model following (Landau 1979, Narendra and Annaswamy 1989, Sastry and
Bodson 1989). However, MRAC techniques may have instabilities when the plant
has uncertain bounded disturbances or unmodelled dynamics. In addition, MRAC
requires persistent excitation (PE) for the convergence of the adaptive controller
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parameters to their desired values. Fuzzy logic techniques offer a reduction in devel-
opment time due to the ability of the designer to express knowledge of a process or
system in a manner suitable for fuzzy control. However, robustness properties of
fuzzy systems are not well understood (Driankov et al. 1993). Nonlinear robust
control provides both a reduction in development time and guaranteed stability in
the presence of plant uncertainties and bounded disturbances. Therefore, it is impor-
tant to find robust control laws that guarantee model following and stability for
MIMO systems in the presence of bounded plant uncertainties and bounded dis-
turbances.

Robust control may be classified into nonlinear robust control and linear robust
control. Linear robust controllers include H™ controllers, H? controllers, etc. This
paper discusses nonlinear robust control laws and is an extension of MRRC of SISO
systems. The choice of nonlinear approach is based on the fact that systems under
consideration have nonlinear bounded uncertainties. MRRC of SISO systems was
first proposed by Qu et al. (1994) and the basic technique involves the following:

(a) Determine bounds of plant uncertainties and disturbances.
(b) Find a Lyapunov function candidate V.

(c) Take the derivative of V along the trajectories of the error system between
the plant and model outputs.

(d) Replace terms associated with uncertainties in v by their bounds.

(e) Determine the control law wug(), such that V is negative definite; if the
diagonal reference model were not SPR, the control law would require deri-
vatives of the plant output. To avoid the measurement of plant derivatives, a
backstepping procedure is employed to recursively determine the robust
control law.

The goal of this paper is to combine MRC of MIMO systems with robust control
techniques to achieve asymptotic output tracking using only input and output infor-
mation. The extension of MRRC to MIMO systems is complicated by the following.

MIMO systems have a high frequency gain matrix. As matrices do not commute
this poses a problem in the recursive development of robust control. It will be shown
that the robust control laws are coupled, even though in the design the error system
has been decoupled.

The backstepping procedure used on SISO non-SPR systems cannot be applied
directly to MIMO systems because each element of the diagonal reference model
may have a different relative degree; this will necessitate the introduction of an
augmented matrix.

Section 2 discusses the problem formulation by first considering the basic prob-
lem of MRC of MIMO systems. A block diagram of the MIMO system under
consideration is presented with dimensions of key elements shown on the block
diagram; basic assumptions are listed. MRC control design of perfectly known
plants is reviewed. Section 3 considers the robust design for MIMO systems. The
basic controller developed in §2 is modified to compensate for control parameter
uncertainties. Bounding functions are developed for uncertainties. An augmented
system used to handle the case where the plant’s reference model is not SPR is
presented. Robust control laws are generated and verified by Lyapunov proofs. In
§3.3 simulations are presented to illustrate the concepts and effectiveness of MRRC
on a 2 x 2 system whose reference model is SPR, a 2 x 2 system whose reference
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Figure 1. Basic MIMO plant with disturbance.

model is not SPR and a 2 x 2 system whose reference model is third order and is not
SPR.

2. Problem formulation

The class of MIMO systems under consideration is given in Fig. 1 with dimension
explicitly shown. The plant is assumed to have a linear and time-invariant part, and
Gp(s) is of full rank and strictly proper. The linear part is square and it can be
represented by a right matrix fractional description as G,(s) = B,(s) A4, 1(s), where
A,(s) and B,(s) are right coprime polynomial m x m matrices, and 4,(s) is column
proper. For the ease of subsequent discussion, let K, be the m x m high frequency
gain matrix of G,(s) defined as K, = lim,_,0 H,(s)" 1Gp(s) where H,(s) is the right
Hermite normal form of G,(s). For a definition of the right Hermite normal form see
Narendra and Annaswamy (1989). Nonlinearities and uncertainties (except the
unknown parameters in the linear portion) in the system are lumped into d(y,, 7).

In this paper it is sufficient to consider square plants because inputs that corre-
spond to linearly independent columns of Gy(s) can be selected while setting the
remaining inputs to zero. That is, to drive m outputs to arbitrary trajectories it is
sufficient to consider only m control inputs.

2.1. Assumptions and remarks
The following assumptions are introduced for the class of MIMO systems con-
sidered in this paper.

Assumption 1:  The plant high frequency gain matrix K, is invertible. If K, is
unknown, there is a known matrix T such that K,I" + FKPT =Q>0 where ' is a
symmetric positive definite matrix for a symmetric positive definite matrix Q with
Amin(Q) > 1.

Assumption 2:  The right Hermite normal form Hy(s) of the plant transfer function
matrix Gy(s) is known, diagonal and stable.

Assumption 3:  The plant observability index v (Kailath 1980) of Gy(s) is known.
Assumption 4:  The zeros of Gp(s) lie in c” .
Assumption 5:  Plant parameters are elements of a compact set.

Assumption 6: The disturbance E( Vp,t) is bounded by a known, well-defined
Sfunction p(yp, 1) such that
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s, 0l < o3,
where || - || denotes the euclidean norm.
With regard to the assumptions, the following observations can be made.

Remark 1: Assumption 1 is analogous to knowledge of the sign of the plant high
frequency gain in the scalar case in the sense that a properly designed control can
control the system in a definite direction in the output space. This requirement
can be eliminated if K, is known, because the controller can be modified by
['= 05K, Then Q = 1. []

Remark 2: The necessary background on the Hermite normal form is discussed
in the Appendix. Assumption 2 implies that the relative degrees of the elements of
Gy(s) are known. If the right Hermite normal form of Gp(s) is not diagonal, more
information concerning the elements of Gp(s) must be known (Narendra and
Annaswamy 1989) so that a compensator can be designed, say G.(s), which makes
the right Hermite normal form of Gj(s)Ge(s) diagonal. [

Remark 3: Assumption 3 is important in the sense that it determines a lower
bound on the number of fictitious controls needed in a recursive design. []

Remark 4: Assumption 4 ensures there is no unstable cancellation in the design
of perfect tracking control. This is equivalent to the minimum phase condition of
SISO systems. The zeros of the square Gy(s) are the roots of the determinant of
B,(s) and do not include zeros at oo. [

Remark 5:  Assumptions 4-6 ensure that a stable controller can be designed. [ ]

2.2. Selection of reference model

If the relative degree n; of the (i, ;) ™ element of the plant transfer function matrix
G,(s) is known, one can decide whether its right Hermite normal form is diagonal. If
it is not, a precompensator G.(s) can be designed such that G,(s) G.(s) has a diagonal
Hermite normal form reference. As the controller contains no differentiators, any
chosen reference model must have a relative degree greater than or equal to that of
the plant transfer function matrix’s right Hermite normal form (Singh 1985).

The choice of reference model G,,(s) is the one made from the following set
(Narendra and Annaswamy 1989).

G = {Gm(s) | Gin(s) = Hp(s) V(S)}

where V(s) €®,”"(s), Hy(s) is the Hermite normal form of G(s), and H,(s) and
V(s) are asymptotically stable. Specifically, one may choose G,(s) such that
Gin(s) = H,(5)On(s) where O, (s) is a unimodular and asymptotically stable matrix.
We shall assume that Q,,(s) = I, the m x m identity matrix. The Hermite normal
form is unique up to an arbitrary transfer function of relative degree one.

2.3. Control design under perfect plant knowledge

Figure provides an overview of the control system under consideration with
perfect plant knowledge and without the robust control loop. The dimensions of
the matrices are shown in the figure. The structure is equivalent to a Luenberger
observer followed by a state feedback gain matrix and a constant feedforward gain
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Figure 2. MIMO system description.

matrix for an MIMO plant in the state space representation (Wolovich 1974). The
nonlinear disturbance is denoted by the vector d(y,, ). The system under considera-
tion satisfies the generalized matching conditions in the sense that the disturbance
enters into the same summing node as does the control.

Referring to Fig. 2, the control law is given by

u(t) = Gi(s)u(t) + Ga(8)yp (1) + Kr(1) (D

where Gi(s) and Gs(s) are transfer function matrices and the other matrices are
defined in Fig. 1. Equation (1) illustrates a common abuse of notation; it may be
rewritten as

u(1) = (Gi(s) + Go(8) Gy()ul 1) + Kr(1)
= (I- Gi(s) - Ga9)Gy(s5)) ' Ki(1)

Therefore, neglecting d( Vp,t) for the moment, we have that y,(7) is given by:

Yl 1) = Gy ()T = Gils) = Go8)Gy()™ ' Kr(1) (2)
By rewriting equation (1) as
u(1) = (I- Gi(5))" ' Gals)y(1) + (I - Gils))” " Kr(1) (3)

a second derivation for y,,(#) reveals

)= [ 1= G - Gl(s>]1Gz(s>}'lG,,(s>(1- Gi(s)"'Ki()  (4)

If r(#) equals zero, a derivation for the plant output due to the disturbance input
d(y,,1), yields

0= (1= GO - G Ga(s))  GlsVly0 (5
Equation (5) may be rewritten as y

i) = [ 1= GO - GO] @9} Gl = Gils) KK (1= Gils) iy,
(6)

Equations (5) and (7) will be used in the robust control design procedure below.
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The total plant output y,(#) due to both the reference and disturbance inputs is
given by

o) = 1= G - Gl(s>]1Gz(s>}'lG,,(s>(1- Gi(9) 'Ke()  (7)

where
80 = (0 + [K (1= Gi(s) Flyp, 1)

From Fig. 1 we see that the controller consists of a gain matrix K €®”*" in the
feedforward path and two transfer functlons Gi(s) and Ga(s) in the feedback
path Wthh may be written as A, Y(s)Bi(s) and A, Y($)By(s) respectively.
Gi(s) = Ay (s)B,(s) i=1,2is in left matrlx fractional description (MFD) form.
The matrlces Bi(s) and Bz(s) are given by

o 1

Bi(s) = z’C,-s"1
-1

By(s) = ZD,-S’

See Narendra and Annaswamy (1989) for details. Using the above relationships, one
may rewrite (8) as

V() = Gols)9(1)
where

Gos) = By() {[Ay(s) - Bi(s) Ypls) - Ba(s)By(s)} "A,9)K (8)

In (9), 4,(s) and B,(s) are right coprime and therefore by the matrix Bezout identity,
matrices A,(s) - Bi(s) and Bs(s) of degree v - 1 exist such that the transfer function
matrix within the brackets can be made equal to any polynomial of column degree
di+ v- 1 where d; is the column degree of A,(s). If this matrix is chosen as
q(s)KH I(s) B,(s), it follows that G,(s) = H,(s) = G,(s). The matrix Bezout iden-
tity only guarantees the existence of a solution.
To recap the Bezout identity, one wishes that

{4,(5) - Bi(5)}A4,(s) = Br(5)By(s) = A,(s)KH; '(5)B,(5) (9)

to achieve model following. 4,(s) can be chosen as 4,(s) = a,(s)I, where a,(s) is a
stable monic polynomial of degree v - 1 and I is the m x m identity matrix. After
substituting the above equations into (10) and rearranging, one obtains

( ZD s) B,(s) + ( ZC*S’ 1) Ap(8) = ay(s)[4p(s) - K G, (S)Bp(s)] (10)

where K" = K

Let Gy(s) = E (s)F(s) be the left MFD, not necessarily coprime, of Gy(s). If
E(s) and F(s) are left coprime with E(s) row reduced and 4,(s) column reduced and
Ocj P?p(s)]< Ocj [4p(s)]where O [Bp(s)]is the degree of the jth column of B,(s) then
the solution is unique. When the above degree relation holds with equality, column
reducedness of either A,(s) or B,(s) will yield a unique solution to the Bezout
identity. See Singh (1985) for details.
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Let
Si-l - v
o(t) :mu(t), w( 1) :myp(z), i=1,...,0o-1,j=v...,20- 1

and let the 2mv vector o and the m x 2mv matrix ® be defined as
o) = Frof ol el o ]
e = P(,C],...,CU_I,D(),...,D,J_l]

where K, C; and D; are m x m matrices fori=1,...,0- landj=0=1,...,0- L
The control input to the plant can be written compactly as

u(t) = @) (11)

Under perfect knowledge ® = ©". A 2 x 2 example in the Appendix will serve to
illustrate these points.

3. Robust control design

If one does not have perfect knowledge of the plant transfer function matrix, (11)
may be rewritten with a robust control term as

ut) = 0 (1) - ®@alt) + ug (12)

where © is an arbitrary estimate of ®", ® = ©® - @ represents the effect of lacking
exact knowledge of plant parameters, and ug is the robust control to be designed. By
expanding the first term, (12) may be rewritten as

~ U-l U-l
)= K0+ K (ug- 0at) ]+ 3 () + ZD}"%(z) (13)

The term (¢) + K~ '(ug - (:)a)(l‘)) can be considered a reference input to a plant
where one has perfect knowledge. The plant output under both reference and dis-
turbance inputs may be written as

(1) = Gl ) {(0) + K [ur- 6aln) + (1= GisDdy,d [} (14)

Figure 3 shows the proposed modification to the plant using a robust control, in
which g(-) is a bounding function to be developed for the unknown terms in (14).

Superposition may be used because although the disturbance input may be an
unknown nonlinear function, the plant transfer function matrix is linear. The dis-
turbance input term can be justified by noting the relationship of (7). The robust
control #z must compensate for plant parameter uncertainties represented by ® and
bounded disturbances represented by (I - Gi(s))d(yy,1). Let e(?) = yu(?) - p,(2).
From (14) one obtains the error system as

A1) = Gu()K™ [0cd1) - ur- (I- Gi()d(1p,0]
= Gu() K, [0 1) = ur~- (I~ Gi(s)d(y,,1)] (15)

Qu et al. (1994) defined a bounding function, BND. In this paper BND is denoted as
|||||| The definition of BND is repeated here for clarity.

Definition: Let Y(y,,7) be a known continuous function. Then ml/,(yp, Z)H‘ is a
continuous nonnegative function that bounds the magnitude (or euclidean norm)



606 H. Ambrose and Z. Qu

mxim
Gim(s)
mx1 mxm mxm mx(1t)
r(t) + Yp +
K ﬂj (s) —Q—»'
+ P -
mxm mx1
+
< Gy(s) o(t
A + mx1 '
' urlt) Robust
- Control
G,(S) | ?
g(yp,ult)
Figure 3. MIMO revised system description.
of Wyp,t). That is
o, Dl < {[ |9, D], 3,1) H

The robust control law must dominate the term
Ko - (I- Gi(s)d(y,0]
which implies that a bounding function must be found for this term. Let

§=[ewln) - (I- Gi(s)d(yp,1)]

Remark 6: A bounding function for K, can be obtained as follows:
K= Klodn) - (I- Gi(s)d(y,0]

< [[|&|[| [[lpett) - (1= Gy, |

v-1 - =
+ Zciwz ZD iy (1 J’pa 1)+ Gi(s))d(yp, 1) ‘

- -1 -1
< [l R Il + 52 1@ Bl + 331 o 3,0

v-1 _
S GG o ] - 2522

aliedll

where {Az,-,Bz,-, Cz,-} is a minimal realization of s~ ' fag(s) fori=1,...,0- 1. Until
now the initial conditions have not been considered. Due to the similarities between
the SISO case and this one, one may assume that the initial conditions are zero. This
simplifies the model following problems in the following sections. []
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3.1. MRRC for SPR systems
The robust control proposed in the case where G, (s) is SPR is

Tu(e,v,u, Olue, you, 0"
|7+ e Lexp(- BT+ 1)1)

UR ) g(ypauaz) (16)

2 e, a0

where u(e,y,u,t) = glyp,u,t)e(t),
0wt = 2 (8]l + [ G0

and I is that given in assumption 1. The terms T, € and B are design parameters. The
design parameter g affects the convergence of the tracking error, € affects the initial
control magnitude and, if 8 = 0, determines the tracking accuracy and T ensures that
the first-order partial derivatives of ug are well defined. This form of nonlinear
robust control is called a saturation control (Qu ef al. 1994) because the magnitude
of the control uy is bounded. This can be seen by an examination of (19). Generating
the control law follows Lyapunov’s second method, and the derivation details are as
follows. The reference model may be chosen as

Gm(s) = 1

s+ a

where a > 0 and 7 is the m x m identity matrix. One may write the dynamics of the
error system as

el?)

- aelt) + K,[0alt) - ug- (I- Gi(s)d(y,,0)] (17)

- ae(t) + K,C- Kyug (18)

where € = [(:)w(z) - (I- Gl(s))g(yp,t)]as before. Let V(¢) = ||e(z)||2 be a Lyapunov
function candidate. This function is positive definite and radially unbounded. Taking
the time derivative of V(¢) along the trajectories of the system yields

V==2dle(n)|* + 20" K,C- 2e(0)" Kyur
<- 2a||e(t)||2 + |le(o)]|g - Ze(Z)TKpuR

e(t) " KTu(e,pyuy Ol le,y,u, 0|
luCe,y,u, 0" + e Texp (- Bl + Do)

=~ dllen|* + lle(n|lg - g(yp, u,1)

ule,yu )" KTu(e, vy u, Olule,yp,u 0|
e, 7y, DI + € L exp (- B+ 1)1)

= - dlle(nll” + llute,y,u,0ll -

”“(eaypaua [)”T[“(eay[’aua [) T(I - KPF)“(eaypaua [)]

||IJ(€,y;:,ML,Z)||T+1 + e lexp(- flr+ D)

=~ dlle(n)||* +

lute,yp,u Dlle™ " exp (- Br + Do)
lute,yp,u, D" + e Lexp (- Bl + 1))
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> ”H(E,yp,u,Z)||T[u(e,yp,u,[)T( I- %\) u(E,yp,u,Z)]
=" a”e([)” + TR +1\ 1
”u(e,J/p,M,l)” + e exp(- é(T + 1)1
||“(eeyl79u9 Z‘)HETJrl exp(' ﬂ(T + 1)[)
e, pyu, D7 + €™V exp (= pr+ 1))

< - dle(n)]* + ||u(e,yp,+blt,z)||a exp(~ pri)
e,y 07"+ e Fexp (= pr+ 1))

< - dlle(d)]|* + eexp(- p1)
= -aV +eexp(- Br).

€ exp(— Bi)

Let s(t) = [}+ AV - eexp(- Bt)

where A £ a. Note that s(7) < 0. Solving this differential equation yields.
V(1) = exp | Alz- 1) Jlzo) + I exp [ A(z- o) (1) + eexp(- o) Jir
<exp[A(z- 1) J(a)
. ﬂ;\’%[;"'—(’)(exp[-ﬁ(z- 0] expfAc- 0] ifAazp
(- ty) exp(- Bi) ifA=p
0 if B>0
N { ‘

X if =0

Therefore one has that V() converges to zero exponentially. As V() converges to
zero the output tracking error e(7) converges exponentially to either zero or a residue
set. Because the tracking error is bounded one can conclude that the plant output
¥p(2) is uniformly bounded.

3.2. MRRC for systems with higher relative degree
If G,(s) is not SPR then it is of the form

1 -
() 0
Gm(s) = 0
1
- O TC1”1(S) -

where T(s) = s+ a is a stable polynomial of degree one. This form of G, (s) is not
suitable for the recursive backstepping procedure because each diagonal element is
potentially of different relative degree. The recursive backstepping procedure entails
breaking up a transfer function matrix into n sections each one being SPR where n
represents the relative degree of that transfer function matrix. To utilize the back-
stepping procedure one may modify G, (s) as follows. Let n = maxn;,i = 1, ,m



Model reference robust control for MIMO systems 609

mxm

Wl Gi(s)

+ ¥ olt) ,(;: ; ealt)
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—

Figure 4. MIMO system modification.

and let R
Ga(s) = G(S)Gm(s)
where _ -
1
() 0
A
as=| O
1
O Tﬁ' nm(s)
Figure 4 shows the result of this modification.
After this modification, one has that
o -
() 0
_| o - __ 1
Ga(s) = ) ) (S+ a)nl
1
0 ()

Thus G,(s) is diagonal with equal elements. Although G,(s) is not SPR, it can be
divided into n factors, each of which is SPR. Let the variables af 1), uz(?), and let ofs)
be defined as

The dynamics of the augmented output tracking error can be written as

elt) = GIK™'[0clt) - ur- (I- Gi(s)d(y,,0]

= pr[(:)w(Z) - ug- (I- Gl(S))g(J/p,l)] (19)

If the above analysis is applied to systems with relative degree greater than one,
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the actual control would require derivatives of y, up to / = n- 1, where n is the
relative degree of G,(s). To avoid measuring derivatives of the output, we apply the
recursive backstepping procedure. The first step is to rewrite (19) as

1 ~_ - 1 -
e t) = EKP[QOO(Z) - Up- @(1— Gl(s))d(yp,t)] (20)
Let -
Z1 = UR
Z.l =-az1+2n
Z.l': —aZ,-+Z,-+1, \Vi: 2,"',[— 1
Z.1 = =-az;+ ugr

Secondly, using the state variable z; one rewrites (25) as

60 = - dey + Kp[éaz) - - $(1- Gl(s))a?(y,,,z)] (21)
The next step is to substitute the fictitious control vy into (20), resulting in
e, = - ae, + K,,(f,— Kyvi - K,(z1- 1) (22)

where

- o~ - 1 7
C: Out) - @(1- GI(S))d(yPaZ)

The next step is to design the fictitious control v. Let vi = v, + v,1 where vy, is a
linear control and v, is a nonlinear robust control. Therefore one has that

val =y, + varl + (Kp - I)an
‘We choose the linear control v,; to be
Va1 = (Y- ale,

where ¥ > a > 0. The selection of 7y allows the designer to speed the convergence rate
of the tracking error. The robust control v,; is next to be designed; it must dominate
the uncertainties in (28). Similarly to the SPR case, we design v, to be

| = Ful(eﬂeypeueZ)Hul(eﬂeypeuez)”n
rl —

&1(yp,u,1) (23)

I+7

2 ”I'll(eﬂaypauaz)”nJrl e
where pi(eq,yp,u,t) = et)g1(yy,u,t) and

1t zmw\(mem||axz|| L Gl

R ||m||) & Aol
(24)

Note that (28) contains the term - K,(z; - v;). For (28) to be stable the term z; - v;
must be stable, i.e. must tend to zero. Let w; = z; - v;. Examining the dyamics of w;
yields

Wi=z- 0

~azir+ o= vitwmn=-nm

-azi=vit+tv+w
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where wy = z2 - v, and v, is a fictitious control to be designed. To stablize w;, we
choose v, to be

V2= azy - Ywi + ve (25)
where
ualea, vy, Dl ualeq, yp,u, ||
= asVp | ;Jl’p 1+|T|2 @2 (yp, 11, 1) (26)
2( ”“2(6(19.)/[7) u) Z‘)” + €
and where

g2y, 0) = 2[5+ [[|& ][]+ leat ol

uz(ea,yp,u, = (Vl = Zl)gZ(ypauaz)

= w1823,y 1)

Continuing the backstepping procedure, the next / mappings are defined as

Vi = = Wiataziog = Ywi1t v (27)
where
pileayyp tt, || 1ileay Vo, u, D]|"
= L ﬂeype ) || L ﬂ.eype ) || gi(yp,u,[) (28)
T+l I+
2 ”“i(eﬂ)y[?)ujz)” + 6i
Vi+l = = W1t azi = Ywr + vi(+1)
it
His1(eay Vo tty |1 1 (g yp, u, O™
Vr(I+1) = aon 'r/+1a+,lp, ,1+Tz+1 ng(yp’u’z) (29)
2 ”I"Hl(ea,yp,u,[) + €4 )

for i=3,---,[ with .
gily,u,1) = 2|[vi- ]|

HileayVpyty 1) = = Wi 18H(Vp, Uy 1)
g 1(y,u, ) = 2|||vi]|
tiv1(ea, yp,ty ) = = wige 1(yp,u, 1)

where for the latter two equations i= 3,--- /. As in the SPR case, the ¢; are
design parameters that control magnitude and perhaps tracking accuracy, and the
T; are constants chosen such that the first-order partial derivatives of v; are well
defined.

In the backstepping or parameter projection procedure one wishes that z; should
track v;. The procedure proceeds by back-stepping through 1 /o(s).

The Lyapunov proof follows with V = V; + Zle wi wi, where

Vi(0) = eseq = |ledl

Taking the time derivative of V' along the trajectories of the system yields
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. 1
V= 2elé,+ ZZWI'TM'H

V= 2el(- Yeq + K,,E_,+ Kyvm = v - Ky - Kywi)

T .
+ 2w (= Yywi = v+ o+ wa)

-1
T .
+2 2 Wi (= Ywi= Vit Ve = Wio1 + wis1)

+ 2w/ (- VWi = Vi ¥ Vi) = Wi-1)
2 ! 2
= - 2led|” - 2YZ||W1‘||

+ 265(&&"' Igzvnl = Vnl = varl)

+ 2w (- kaea - v+ )

-1
T .
+2 2 wi (Ywi = vi + Vs )

+ 2w (= Ywi= Vi + vas )
We know from the previous proof that
20 (K,C+ Kyvpt = vt - Kyvp) < €
Similarly, one may show that
2wi(-kje,- v+ va) < e
2w,-T(Yw,-— Vit vien) < €10 €2, 1= 1
2wi (- Ywi= v+ vasn) < €1

Therefore one obtains the result
+1

. !
V< - 2led’- ZYZIIWI-II2 + Zej = - AV + A

where
+1

1
A= 2e=730e

s()= V+AV = Ae

Similarly to before, define

Note that s(#) < 0. Solving the differential equation yields
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= exp [— Az - to)]V(zo) + I exp [— Az - T):[S'(T) + Ae]iT

<exp [ A= 1) J(zo) + eI exp [ A(z- ) pdr

= exp [ A1 - 1) /(1) + (1= exp |- A(z- 1))
—>¢€,as 1 —> 0.

V(¢

~

Therefore V is uniformly ultimately bounded by e. All the variables in V are globally
and uniformly ultimately bounded including the augmented tracking error e,(z). As
the states z; are globally uniformly ultimately bounded, e(¢) is globally uniformly
ultimately bounded.

Remark 7: To simplify the understanding of the Lyapunov proof, the parameter
Y was chosen to be the same in all the fictitious control equations. That restriction
is not necessary, however. The designer is free to choose different convergence
parameters in the design of the fictitious controls, say 71, Y2, etc. In addition, the
Y and the € can be made time varying to reduce the magnitude of the control law
to initial conditions while maintaining overall tracking accuracy. []

Remark 8: Bounding functions must be found for vi,. .., v.
One knows that

V= @é " o
1 de, g1 &1
v = v, e Lo
i ael_ i- 1 agigz
fori=2,...,/ where ¢; = vi.1 - zi1. For v1 we have that
o %"
Oe, Oean
R .
Oe, : Lo
O O
aeal aeanJ
%"
8g1
o _
Og1 :
Oy
0gy

As an example of finding a bounding function for v; let 7y = 1. After taking the
derivative of v;, one obtains

2
glleir+ ( Tl g%nean] aiTee!

[+ giled?

V1
=1 _ y

o o ledPet + )
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o |34+ ledPel) ledgire,

% o edPei+ ]
A bounding function for e,(7) may be found as
lédl < alledll + || |&, |[l=:1l + |]1% || 1G]

= lleall

_ ~_ 1 -
¢= [@a)(l) "ol Gl(s))d(yp,t)]

where

[]

Remark 9: Instead of using an augmented error matrix, one may achieve
nonlinear robust control of non-SPR systems by post multiplying Gp(s) by a
known transfer function matrix, say Gc(s), such that G,(s)Gc(s) has a Hermite
normal form which is diagonal and has equal elements. The reference model
Gn(s) is this Hermite normal form. []

as before.

Remark 10: Using the method of Remark 9, one may choose the reference
model as

! 0
(s+a)(s+a) - (s+ a)
Gm(s) = 0
(') |
i (s+a)(s+a) (s+a)

where the relative degree of G, (s) is I. The above reference model allows the designer
flexibility to choose distinct pole locations ai,a,...,a;. In this case, the fictitious
control signals must be modified appropriately. []

3.3. Simulation examples

Example 1—Simulation of SPR MIMO system using Matlab/Simulink©: The
reference model chosen for this example is given by

Lo
Gm(s): § '

1
0
s+ IJ
The plant to be simulated is given by

0-5(s + 1) 05 "
(s= D(s+ 1-5) (s- 2)(s+ 05

Gols) = 1 s+ 1 '
(s= D(s+ 1-5) (s- 2)(s+ 0-5) J
_[O05(s+1) 05 (s= D(s+ 1.5 0 )
- 1 s+ 1 “ 0 (s- 2)(s+ 05 ]

= B(9)4;(5)
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The plant has considerable coupling. The minimum relative degree of each row is
one. After multiplying each row by s and letting s — 00, one obtains

05 0
0 1
Because this matrix is non-singular, the Hermite normal form of the plant is diag-
onal, with elements equal to the minimum relative degree of each row of G,(s).
The observability index v of the plant is two. The polynomial a,(s) of degree

v- 1 was chosen as a,(s) = s+ 3. The disturbance and reference inputs for this
simulation were

g(J’pa[) = l

0-5sin () + 0-2cos (yp1 (1) + ypal 1) cos (1)
0-5cos (£) + 0-4sin (y,1(1)) + ypi (1) sin (1) + y,z,z(l)]

_ [ cos(2)
o) = sin (3¢)
respectively. The bound p on the disturbance is given by

> 2 221/2
p:[o+bm»+1+muw)]

and € and B were both chosen as 0-2. The bounding function g(y,,u, ?) is given by

i) = 2 1P+ ol + llnl” =l + 67 5 + 1)

The simulation step size was selected as 0-001 and the error tolerance was selected as
1-0e - 6. The tracking error and control law plots are shown in Figs 5 and 6,
respectively. As one can see, the tracking error converges to zero very rapidly.

The control law and auxiliary signal generator was coded in C code and
embedded into the Matlab simulation.

05 ! ; T T T ! T T "

osHl . S S S L S S S T

g z

& :

w N
_1'5 s T . .............................................................................. -4
IPY O SUUUUUUUR UUUUUSUUN SOUOPU SOPORUOOS SOTUUOOE USROS SRS SO .
285F ......... _ ......... ......... .......... .......... \, ........ .

3 i H i i ; ; i i i
0 05 1 15 2 25 3 35 4 45 5
Time (sec)

Figure 5. Tracking error plot.
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Controis

-100 }

1] 0.5 1 1.5 2 25 3 3.5 4 45 5
Time (sec)

Figure 6. Control law plot.

Example 2—Simulation of non-SPR MIMO system using Matlab/Simulink©: The
reference model chosen for this example is

1 1

0

Gm(s = (s+ 1) 1
(s+ 1)2J

and the plant to be simulated is given by

] ] "
s+2  (s-3)(s+2)

1 1
(s+2)7 (5= 3)(s+ Z)J

The right coprime factorization of G,(s) is given by

s+2 1 (s+2)° 0
1 1 0 (s- 3)(s+2)

= Bp(s)A,',l(s)
To obtain the observability index one determines the left coprime factorization of
Gp(s). It is given by

(s- 3)(s+2)
| JL5 0]
0 s+2 (s- s-3 s+2

Gy(s) =
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Using the right coprime factorization of G,(s) one obtains the controllable canonical

form as _
0 10 01 001
.|l -4 -4 00 10
X = x+ u
0 0 0 1 0 0
| 0 06 1J 01J
2 1 1 0
= X
P 0 0]

The minimum relative degree of the first row of G,(s) is one, and the minimum
relative degree of the second row of Gy(s) is two. After multiplying each row by s
raised to the minimum relative degree of that row and letting s — 0O one obtains

X = 1 0
N R
where K, is the plant high frequency gain matrix. Because this matrix is non-
singular, the Hermite normal form of the plant is diagonal with elements equal to
the minimum relative degree of each row of G,(s). Note that the Hermite normal
form is not SPR. The observability index v of the plant is three as determined by
observing the highest degree in the denominator of the left coprime factorization of
G,(s). The polynomjal ay(s) of degree v - 1 was chosen as a,(s) = s>+ 10s + 25. The
augmented matrix G,,(s) is

ém(s) = (S+ 1)
0 1

The disturbance was the same as the previous example and ¢; = e; = 5.0. The
bounding functions are given as

&=MM“W&W+Wﬁ“W@W+WM“W@W+E+@+HO

2= 075(z1 + g1)

where p; = [1 [(s+ 1)]3. The gain matrix I" was chosen as
-5 -075
=
-075 225
The simulation step size was selected as 0-001 and the error tolerance was selected as
1.0e - 6. Simulation results are shown in Figs 7 and 8.

Example 3—Simulation of non-SPR MIMO system using Matlab/Simulink©: The
reference model chosen for this example is

1
—_— 0
(s+1)° 1

Gm(s) = 1
(s+ 1>2J
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Figure 7. Tracking error plot.
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Figure 8. Control law plot.
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and the plant to be simulated is given by

1 1
(s- 3)(s+2)> (s+2fw

Gy(s) = (31)

1 1
(s- 3)(s+2)’ (s+2fj
This example displays results for a system whose reference after multiplication by the
augmented matrix is of third order. The augmented matrix is given by
1 0
G,(s) = 1 (32)
(s+1)
The right coprime factorization of G,(s) is given by

1 1 (s- 3)(s+2)> 0
o[ |
1 s+2 0 (s+ 2)

-1

= Bp(s)A,',l(s)
and the left coprime factorization of Gy(s) is given by
-1
(s- 3)(s+2)° 0 1T [s+2 s-3
0 (s- 3)(s+2) 1 s-3
Using the right coprime factorization of G,(s) one obtains the controllable canonical
form as
01 0o o o o ] [o o]
0 0 1 0 0 0 00
. 12 8 -1 0 0 0 1 0
xX= x+ u
00 0 O 1 0 00
00 0 0 0 1 00
00 0 -8 -12 -6 0 1
1 0 01 0 O
= X
7100 21 0]

The observability index v = 4. The bounding functions are given as

g = (1P + lleanll® + Nell® + Nasll + Nleaall® + Nleosll® + leaell” + Nanll* + 20 + B + [lea(2)]])
@ = 07g + 07g1 + 0.7||e(0)|)

g3 = 100z

where Ef = [1/(s+ 1)2]/3. To reduce control law magnitude while maintaining
tracking error, the ¢ and A parameters were made time varying. The parameters
€1, €5 and e3 were selected as 100-0 + [100-0/(1 + 10~Oz)] 100-0 + [100-0/(1 + 10-0:)]
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and 100-0 + [100-0/(1 + 10~Oz)2] respectively and the parameters A;, A, and A3 were
selected as 100-0(1 - exp (- 0-27)), 150-0(1 - exp(- 0-2¢)) and 200-0(1 - exp(- 0-27))
respectively. The simulation step size was selected as 0-0005 and the error tolerance
was selected as 1.0e - 6.

4. Conclusions

Model reference robust control of MIMO plants has been examined. The method
was shown to be an extension of model reference robust control for SISO systems.
Control laws for SPR and non-SPR systems were derived. A development was given
which introduced the augmented matrix so that a backstepping procedure for the
situation where the plant’s reference model is not SPR could be used. AsympTotic
stability was proven for SPR systems, and uniform ultimate boundedness was
proven for non-SPR systems. Simulations were performed on SPR and non-SPR
systems, which illustrated the principles of MRRC for MIMO systems.
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Appendix
Hermite normal forms

A non-singular m x m matrix Gp(s) can be transformed into a lower triangular
form H,(s) known as the right Hermite normal form, by performing elementary
column operations. This operation is equivalent to multiplying G,(s) on the right
by an appropriate unimodular matrix. H,(s) has the form

1
() 0
HP(S) — hZI(S)
Bt (S) ﬂf?ml( S)

The procedure for determining H,(s) is as follows. Let 7;(s) denote the ijth element
of Gy(s).

(a) By the interchange of columns, move the element with lowest relative degree
in the first row to the (1,1) position.

(b) Subtract a multiple of the first column from the second, third, . .. etc. column
to ensure r(z;) <r(t;) forj = 2,...,m where r(t;) is the relative degree of the
ijth element of H,(s).

(¢) If one or more of the ¢/ for j = 2,...,m is nonzero, go to (a). Else proceed.
(d) Temporarily delete the first row and column.

(e) Repeat the procedure of steps (a)d) (m - 1) times, each time on the remain-
ing matrix. This leaves the temporarily deleted rows and columns unchanged.
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(f) Subtract a multiple of column 2 from column 1, multiples of column 3 for
columns 2 and 1, and so on, ensuring that n(¢;) >r(t;), for j < 1. The mul-
tiples in steps () and (d) are the quotients chosen according to the division
algorithm.

For further details see Hung and Anderson (1979) and Singh (1985).

Bezout identity example
Let

0-5(s+ 1) 0-5 "

Gy(s) = (s= D(s+5) (s-2)(s+ 05

1 s+ 1
(s= D(s+35 (s-2)(s+ O~5)J

The right coprime factorization of G,(s) is given by

_[05(s+ 1) (s- 1(s+ 5) 0
G”(S)"[ 1 (s+1 ][ (s-2 )(s+05)]

The A, B, C and D matrices of the plant are determined from the right coprime
factorization as

-1

0 100"
5 -40 0
A=
0 00 1
0 011-5J
0 0]
10
B:
0 0
0 1
_[05 05 05 0
[ O | S
0 07
D:
[00

The observability index v = 2. Thls is determined by the knowledge of the 4 and C
matrices determined above. Let 4; I(s) be given by

1
ay(s) 0 -‘

1
0 aq(S)J

where a,(s) = s+ 3. By using (11), one obtains

A;'(9) =

Dis+ DU + Cudyls) 25" - 18 -5 - ds-3
18 0 N 1 s) =
! ! l—s2—4s—3 355 - 12~5s—6]
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After matching coefficients, one obtains

(05 0505 0 0 0
1 1 0 1 0 O
]l -5 0 4 0 1 0 -18 -3 0 -4 2 -1
[P0 G D =
4 0 -1 0 -15 0 1 -3 -6 -4 -125 -1 35
0O 005 05 050
0 0 1 1 0 1
Therefore
- 3-8571  4-2857
C =
0-7619 6-8095
r- 165714  9:5714
Do =
- 39524 27857
D= r- 37143 - 52857
" -3s238 - 33095
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