OPTIMAL CONTROL APPLICATIONS AND METHODS
Optim. Control Appl. Meth., 2002; 23:303—-328 (DOI: 10.1002/oca.715)

A new suboptimal control design for cascaded
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SUMMARY

A new suboptimal control design technique is proposed for a class of cascaded non-linear systems. The
design is based on a forward recursive design rather than a backstepping design, and it utilizes a non-linear
tracker derived using the state-dependent algebraic Riccati equation approach. The proposed design has
two distinct features. First, it provides suboptimal performance with respect to a performance index that is
defined in terms of the original state and control variables and thus can be prescribed. Second, the forward
recursive procedure eliminates differentiation of fictitious controls (or their functions), which makes the
design much simpler in applications. Due to the use of the non-linear tracker, the proposed design has the
potential of producing less conservative results than non-linear servo results. Copyright © 2002 John
Wiley & Sons, Ltd.
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tracking control

1. INTRODUCTION

For non-linear systems, there are several popular and successfully tested control laws such as
adaptive control, robust control and L,-gain optimal control [1-4]. Lyapunov’s direct method is
a method commonly used to design these controls. Recently, several recursive design procedures
have been proposed to facilitate Lyapunov-based control design and stability analysis. Among
them, the most notable is the backstepping design [5—8]; others include forward recursive design
and recursive interlacing design [9]. On the other hand, optimal control is desired due to its
performance guarantee [10, 11]. Since optimal controls have to be found by solving a vector
partial differential equation, closed-form suboptimal controls are sought for the purpose of
on-line implementation [12]. One promising technique to design suboptimal control is the
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state-dependent algebraic Riccati equation (SDARE) method [13-15]. It has been shown therein
that SDARE controls have performance very close to (and, in several cases, identical to) that of
the optimal ones. The advantage of the SDARE method is that, if used appropriately, it can
expand the normal LQ problem beyond the scope of the normal Hardy space (stable A matrices)
and frozen-time controllable (and observable) systems. At the same time, the well-posed LQ
problem can be shown to be a subset of the SDARE method as described in this paper.

Recursive designs have been shown to be effective particularly in (but not limited to) handling
cascaded non-linear systems as the cascaded structure provides a unique avenue for developing
a recursion. Many physical systems, especially such electrical-mechanical systems as robotic
manipulators, satisfy the cascaded structure. And, the cascaded structure also ensures
controllability of these systems. In a typical backstepping design, a sequence of state
transformations involving fictitious controls are formed, their dynamics (or the rates of change
of their corresponding sub-Lyapunov functions) are found by differentiation, and the
differentiation operations generate numerous terms that must be compensated for by the
actual control. This differentiation process makes the control derivation mathematically tedious
and often leads to an overly compensating control as the designer tries to cancel a majority of
the transformed dynamics. In the case that an optimal control is designed by backstepping, the
performance index is inversely found in terms of transformed state, and its physical meaning is
often unclear. To overcome these two shortcomings, a new suboptimal control design is
proposed in this paper for a class of cascaded systems. The new method is based on a forward
recursive design in which the SDARE technique is applied to generate fictitious control for each
subsystem. Instead of using the SDARE regulators reported in Reference [15], an SDARE
tracker is developed. By doing so, optimality is achieved for the individual subsystems, sub-
optimality is achieved for the overall system, and recursive mapping of the fictitious controls
into the actual control is accomplished in terms of algebraic equations rather than state
transformation and differentiation.

The paper is organized as follows. In Section 2, optimality conditions and SDARE method
are briefly reviewed. In Section 3, the new design methodology is proposed and compared to the
existing methods. Second order systems are used to illustrate the new design procedure, and
extension to high-order cascaded systems is guaranteed by its recursive nature. An illustrative
example is presented in Section 4. Conclusions are given in Section 5.

2. NON-LINEAR OPTIMAL AND SUBOPTIMAL CONTROLS
Consider the following non-linear, affine system
x = f(x) + G(x)u (1)

where x € R”, u € R”, and functions f(-) and G(-) are continuous. To study a more general class
of LQ problems, one can rewrite system (1) as

X = A(X)x + B(x)u 2)

where B(x) = G(x), and A(x) is a state-dependent parameterization of f(x) (namely,
f(x) = A(x)x). The matrix A(x) is assumed to be well defined for all x € R".
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The control objective studied in this paper is to devise a non-linear and continuous
control

u=¢(x) 3)
such that the closed-loop, autonomous system
x = f(x) + G(x)p(x) “4)

is asymptotically stable. This stabilization problem can be formulated into an optimal control
problem as follows (or into a sub-optimal control problem to be stated later). Let the
performance index be

J(x(to), u, to, /) = %XT(tf)SX(tf) +% / ' x'Q(x)x + u'R(x)u] dz (5)

where ¢/ € [ty, 00] is the time interval of optimization, and S is a given constant positive definite
matrix. Matrices Q and R are positive definite matrix functions of x. The optimal control
problem is to find the optimal control u* that minimizes the performance index, that is, for all
ueR”

J*=J(x(t), u*, 1o, 1) <J(X(t0), u, fo, 1y) and  J(X(fo),u*, t, 17) <00

2.1. Lagrangian method

The necessary conditions for optimality can be found using the calculus of variations. To this
end, we form the Hamiltonian H as

H =1x"Q)x + Ju"R(x)u + 2" [f(x) + B(x)u] (6)
where 1 e R" is the Lagrangian multiplier. Then, the necessary conditions for optimality are
[11]:

,:G_H 8H:0 and 1= oH

o’ “ox )

Condition x = 0H /04 is always satisfied. It follows from condition 6H /du = 0 that a optimal
control candidate in (3) should be of the form

u=—-R'BTPx ®)
provided that, for some matrix function P(x), the Lagrangian multiplier is chosen to be
A =Px )

Control (8) is optimal if matrix P(x) can be selected to satisfy the third and the last necessary
condition A = —0H /ox. By direct differentiation using parameterization (9), the third necessary
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condition of optimality can be rewritten (as did in Reference [14]) to be

. 1 o 1 oR
0 =Px+ (PA+A"P — PBR 'B"P + Q)x + = vec xT—Qx +-vecsul —u
2 6x,~ 2 6)(,‘

AT B”

+ vec{ x1 0 Px — x'PBR™! 0 Px (10)
ﬁx,- 6x,-

Since the first two necessary conditions in (7) have been satisfied, Equation (10) is the optimality

condition. Substituting control (8) into (2) yields the optimal closed-loop system

x = (A —BR'BTP)x (11)

2.2. Hamilton—Jacobi theory

In the case that f; = co, an optimal control can be derived by imbedding (5) into the
performance index

V(t,x) = % / - x'Q(x)x + u'R(x)u] dt

which can be optimized using dynamic programming. It can be shown using the principle of
optimality that the necessary condition for optimality is given by the so-called Hamilton—
Jacobi-Bellman equation. That is, if V*(z,x) is the optimal solution, it must be a solution to the
partial differential equation

oVt x)

5 = min H(x,u, A)‘;_ar/;(z,x) (12)
) X

where H(x,u,4) is the Hamiltonian in (6). Since system dynamics (1) and integrant
L(x,u) = 0.5xTQ(x)x + 0.5u"R(x)u do not explicitly depend on ¢ and since the optimal control
problem over the infinite horizon is being studied, V' (¢, x(¢)) = V(x(¢)) and consequently the left-
hand side of the Hamilton—Jacobi equation (12) is zero. That is, if the closed-loop system is
stable, the necessary and sufficient condition for optimality is

min H(X, u, ;») ; ovE(x) — 0 (13)
u =x

which remains a partial differential equation. It is obvious that the minimum of H(x, u, 1) with
respect to u is reached at
oV*(x)

ox

vt = R (x)BT(x)
which, identical to (8), is the optimal control law provided that the following non-linear
parameterization (also equivalent to (9)) is employed: for a matrix function P(x),

oV*(x)
ox

= P(x)x (14)
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Therefore, we can rewrite Hamilton—Jacobi—Bellman equation (13) as the so-called state-
dependent algebraic Riccati equation for unsymmetrical solution (SDARE-US) P(x):

PT(x)A(X) + AT(X)P(x) + Q(x) — P (x)B(x)R™'(x)B' (x)P(x) = 0

n(n+1)
— (15)

Since V*(x) is a scalar function, its Hessian matrix (second-order partial derivatives) must be
symmetrical. In terms of non-linear parameterization (14), this symmetry condition becomes

Py(x )+Z zk( ) (X)+Z asz(X) . n(nz— 1) (16)

The combination of Equations (15) and (16) is equivalent to the original Hamilton—Jacobi—
Bellman equation (13).
The boundary condition for the Hamilton—Jacobi—Bellman equation is

V*(00,x(00)) = 0

which calls for stability of closed-loop system (11). It can be shown further that, if the closed-
loop system is stable, then the Hamilton—Jacobi—Bellman equation is also a sufficient condition
for optimality [16].

2.3. Sufficient conditions for optimality

Two sets of necessary conditions have been derived: optimality condition (10) from the
minimum principle, and Hamilton—Jacobi—Bellman equation (15) in its matrix form and the
corresponding symmetry condition (16). However, satisfying the necessary conditions do not
necessarily ensure optimality and, even in certain cases, stability. Without imposing
controllability, closed-loop stability and optimality can be obtained by requiring sufficient
conditions.

Since 0*H(x,u, A)/ou’* >0, control (8) is the so-called H-minimal control, and hence any
bounded solution to (15) and partial differential equation (16) is optimal.

On the other hand, whether a solution to optimality condition (10) is optimal depends upon
convexity of the performance index. In the general non-linear case, 6>H(x,u,1)/0x> is too
complicated to make general conclusions on convexity. Nonetheless, performance index (5) is
locally convex around the origin, and the stationary point of x = 0 is at least a local optimum.
Thus, the positive definiteness of matrices Q, R and S locally ensure the second-order conditions
associated with the Hamiltonian.

A practical question is whether the optimal control, if exists, can be found and implemented
on-line. If the answer is not (as will be shown in the subsequent section), we need then to
investigate the options of devising suboptimal controls and how to make an appropriate choice
among them. For the suboptimal controls to be introduced, stability is achieved by studying
cascaded systems whose controllability is structurally guaranteed.

2.4. Optimal control versus suboptimal control

The optimal control problem is to find matrix P(x(#), %, ts), the solution to non-linear partial
differential equation (10) or, if ¢, = o0, to algebraic and partial differential equations (15) and
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(16). The solution to (10) is typically found numerically by backward and forward sweeps as it is
a two-point boundary-value problem satisfying

x(t) given, P(x(t),%,t7),= S and 0< [lim P(x(%), to, tr) <00
f =00

Thus, the optimal solution can only be found off-line.

To make real-time implementation possible, one has to avoid solving any two-point
boundary-value problem (or partial differential equation) and hence resorts to sub-optimal
control strategies. A promising method to achieve this goal is the sub-optimal design
technique called SDARE method [13,14]. The essential idea of the technique is to
design a suboptimal control of form (8) by finding a symmetrical solution to the following
SDARE:

PA+A"P—PBR 'B'P+Q=0 (17)

Such a solution avoids solving optimality condition (10) or partial differential equation (16)
needed for unsymmetrical solution in SDARE-US (15). The resulting control can be
implemented very efficiently through on-line numerical computation. Under additional
conditions, the control (SDARE regulator) has been shown in Reference [17] to be globally
asymptotically stable. Furthermore, it will be shown in this paper that SDARE control has
many characteristics of the optimal control. In what follows, we shall study how to develop a
recursive, SDARE-based design for a class of cascaded non-linear systems by first investigating
SDARE control design for first-order systems.

2.5. SDARE control of scalar systems

Consider the scalar system:
X = a(x)x + b(x)u (18)
where b(x) # 0. Its associated SDARE is, for any ¢(x)>¢ >0 and r(x)>r >0,
2a(x) px) = B*()r ™' () P*(x) + g(x) = 0 (19)
and the SDARE control is
u= —b(x)r!(x) plx)x

It follows that positive solution to (19) is

PO = r(0b*@la) + Va2 (x) + )b x)r ()]
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and that, by direct computation,

L a it 1 ,+1 N 2a%r + qb? ;
== — PR— a e —
P b’ a2+ gb*r! 2 a2+qb2r‘1q b? 2+/a*r? + qb*r
b2 —1 .
YR DYy s ST A | A
Va? + qb*r!
Oa 20b 1 0Oq
_ Va2 + g1 +a|x 2 2 P L
= [ Ttabr }xa b ot V@ g }xax 2" ox
20
~ [a—i— a2+qb2r*1} Pl
da 1 ob 1 6q pzb2 or
== piodo plbro—ox =

Ox ox 27 ox 27 Tox

which, together with SDARE (19), is the scalar version of optimality condition (10).
Substituting solution p(x) and the resulting control into system (18) yields the closed-loop
optimal system

X = —/a@(x) + (b (x)r(x)x

It follows from the Lyapunov function”

V(x) = /0 ) p(r)rdr

that

V= xpoi = —r(0b ) [a) + Va () + geb e 1] Va2 + g@b@r T

is strictly negative and therefore the system is globally asymptotically stable. Hence, the
following lemma can be concluded.

Lemma 1

For scalar systems, the SDARE method always yields the optimal control (or, if ¢, # o0,
inversely optimal with respect to some scalar value of S in performance index (5)) and the
optimal control is globally stabilizing.

It should be mentioned that the solution p(x) is not an explicit function of time. Thus, while

the SDARE control is always optimal for regulating scalar systems over the infinite horizon,! it
is only suboptimal with respect to performance index (5) if the weighting S is given. This is

A simpler Lyapunov function is 7 (x) = x>,
IThis result of optimality is also obvious from HJB equation (15) as symmetry property is not needed for scalar systems.

Copyright © 2002 John Wiley & Sons, Ltd. Optim. Control Appl. Meth. 2002; 23:303-328
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because, while solution p(x) satisfies optimality condition (10), it may not satisfy the boundary
condition p(x(¢7)) = S. The optimal solution p(x(t), fo, ) is generally a function of both x and ¢.

3. SDARE CONTROL FOR CASCADED SYSTEMS

In this section, we shall study the ways to design suboptimal control for cascaded non-linear
systems. It has been shown that various controls such as adaptive control and robust control
can be easily designed for cascaded systems using the backstepping method [7], a backward
recursive design. In an application of the method, a fictitious control is designed first for each
first-order (vector and square) subsystem, and the collection of the fictitious controls form a
recursive mapping from which the actual control can be determined. In principle, SDARE
method could be combined straightforwardly into the backstepping design so that fictitious
controls are made to be suboptimal or even optimal. In what follows, we shall study this
combination and motivate the alternative of using SDARE and a forward design.

3.1. Combinations of SDARE design and recursive designs

In terms of such features as optimality, stability and real-time implementability, Lemma 1 on
SDARE control of scalar systems is the best result that one can hope for. While its extension to
high-order systems is possible as shown by previous work [13,14,17], optimality (or sub-
optimality) and global stability can only be guaranteed under several conditions. Incidentally,
recursive designs (including backstepping, or forward recursive or interlacing design) are also
based on design and stability results for scalar systems. For cascaded systems, the system
structure makes it possible for the designer to choose a fictitious control and to study its impact
on stability and performance, subsystem by subsystem. Combining a recursive design and the
SDARE design would allow the designer to design a control for higher-order systems with
guaranteed stability and performance (measured by certain optimality criteria).

It is straightforward to combine the SDARE method and the backstepping design. For
example, consider the second-order system

X1 =ai(er)xr + bi(x)xa, X2 = as(x2)xz + ba(x2)u (20)

where b;(-) do not assume the value of zero. To design a control recursively, one rewrites the first
subsystem as

X1 = ar(x)xy + bi(x)vy + bi(x1)(x2 — v1) = ar(xp)x1 + bi(x1)or + bi(x1)z2

Now, design v; for the fictitious system
X1 = ai(x)x; + bi(x)vy 2D

in which case the SDARE method can readily be applied to optimize the performance index

1 1 [v
h=5si) 45 [ Lo+ e 22)
4]
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It follows from the result in Section 2.5 that the SDARE control is
v = —biGe)ry (D) pr (e (23)

where

pi(x1) = ri(x1)byA(x1) [al(xl) + \/a%(xl) + q1 ()b e ) o)
Based on fictitious control v, one can derive a dynamic equation for z», i.e.
. ov ov
£ = a2y — 2 a1 (X)X — o by + ba(xa)u
8x1 6x1

Now, letting

bz(Zz)

)+ _ b))
bz(xz) by(x2)

al(xl)x1+ b = paa)

x1 (24)

oy
ax(z2)zy — ax(x2)x2 + —— o

where ps(zy) will be defined shortly, we can rewrite the dynamics of the second subsystem as
2y = ax(22)z2 + ba(z2)v2 — b1 (x1) pr(x1) 3 (22)x1

Again, v, can be designed to optimize performance index

1 1 [
L= Eszzg(ff) +3 [92(22)23 + ra(z)v3] dt (25)
to
for the fictitious system
2y = ax(22)z2 + ba(22)v2 (26)

That is, the SDARE control that optimizes /; is
vy = —ba(22)r5 ' (22) pa(22)z2 (27)

where

P2(22) = r2(z22)b5%(22) [02(21) + \/az(Zz) + q2(22)b3(22)r5 1 (22)

By combining the SDARE design into the backstepping method in the above manner, we have
the following result on stability and performance.

Lemma 2
Consider system (20) under control (24). Then, the closed-loop system has the following stability
properties:

(1) Measured by performance indices (22) and (25), fictitious controls v; and v, in (23) and
(27) are individually optimal (inversely with respect to some values of s; and s;) for
fictitious systems (21) and (26), respectively.

Copyright © 2002 John Wiley & Sons, Ltd. Optim. Control Appl. Meth. 2002; 23:303-328
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(i1) The actual control u defined by (23), (27), and (24) is globally stabilizing.
(iii) The control u is also optimal with respect to performance index /; + [, with ¢, = co.

Proof

Statement (i) follows from Lemma 1. To verify statement (ii), consider Lyapunov function
X1 Z2
Vo = [ npdn+ [ op (28)
0 0

It follows that V(:) is a positive definite function of x; and z; and that, by the dynamics of x;
and z,,

V =xipi(xplai(x)x1 + bi(x1)v1] + z2 pa(z2)[a2(z2)z2 + ba(z2)v2]

= — ri(x1)b; 2(x1) [al(xl) + \/a%(xl) + ql(xl)b%(xl)rl_l(xl)} \/a%(xl) + q1 ()b Ce)ry (e )xg

— r1(z22)b5 %(22) {az(zz) + \/ag(zz) + qz(Zz)bg(Zz)l”zl(Zz)} \/Cl%(zz) + ¢2(22)b3(22)r5 1 (22)23

which is negative definite.
To verify statement (iii), consider again the value function (28). It follows that symmetry
condition holds for V(x;,z,) as

FV(x1,2) PV (x1,z) 0

6x1822 (9226)61

With respect to performance index / =/, + 1> with ¢, = oo, HJB equation (13) reduces to

7 {81/ 61 l ar(e)xy + by(xp)vy + bi(x1)z2 1

Ox1 022} | ay(z2)z2 — b1 (x1) pi(x1) p5 L (z2)x1
24
1 [ovov | 1, 1, 1, 1,
— — 05> +oqix]Fzrnvi+ = + v
rz(Zz)[axl azj [b2(22)1[ 2(22)] ov 2 X1 T 3710+ 5 qa% + 5t

oz
Performing vector products in the above equation yields

b? 1 1 1 1
pixi(arxy + byv) + paziar — r—j P+ qux% + Erlvf + 56122% +§”ZU% =0
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Substituting the expressions of v; and v, into the above equation yields

b? 1 b2 1
pixia; — i pix; + thxﬂ + {Pzzgaz - 2—;2 »o+ 54223 =0

which is obviously valid as the two brackets are the SDAREs for p; and p», respectively. []

Although Lemma 2 is stated and proven for second-order systems, its extension to high-order
cascaded systems is obvious. It is also worth mentioning that feedback linearization is applicable
to cascaded systems and, if applied, the system can be mapped into a linear one of the form

21222 ZQZU/

Then, one can easily design a linear optimal control for the above system to optimize quadratic
performance index

Ly
2pSett) + [ 1T Qa+ vRYdr
to

in which case Lemma 2 reduces to a linear result.

In the above backstepping design, differentiation of fictitious control v; is performed in
the backstepping step. Equivalently, differentiation of a sub-Lyapunov function of form
Va(x1,x2,v1) can be done in the design, which is beneficial for the case that the fictitious control
itself is not differentiable [18]. Such operations produces many additional terms in the
transformed dynamics. In fact, the higher the order of the system, the more terms one must
consider in control design, which makes the design more involved and less accessible to
application engineers.

The main feature of Lemma 2 is that performance index / is inversely determined through a
backstepping design rather than prescribed, and most available results are along this line. One
worth mentioning is the result reported in Reference [19]. It was shown in that paper that, for a
special class of cascade systems, backstepping design can produce a control that is optimal with
respect to a non-linear, inversely determined performance index and is also locally optimal with
respect to a prescribed linear quadratic performance index.

There are three unresolved issues in the above non-linear optimal (or suboptimal) control
design. First, in an optimal or suboptimal control design, can the designer use a quadratic-type
non-linear performance index that is in terms of the original state and original control variables?
Second, is there a recursive design that works for cascaded systems but does not require any
differentiation operation? Finally, can tracking performance be considered in the design? The
new recursive suboptimal design procedure proposed in the paper provide positive answers to
these questions. Specifically, the new design method has the following distinct features:

® The performance index is defined to be quadratic-like and in terms of original state and
control variables.

® The tracking formulation is used to define the control problem.

® The mapping of the fictitious controls into the actual control consists of a sequence of
successive algebraic substitutions so that differentiation of fictitious controls (or their
functions) is completely avoided.

Copyright © 2002 John Wiley & Sons, Ltd. Optim. Control Appl. Meth. 2002; 23:303-328



314 Z. QU AND J. R. CLOUTIER

The proposed technique is based on a forward recursive design and on the so-called SDARE
tracker. To this end, the optimal tracker and the SDARE tracker will be developed first in the
next section.

3.2. Non-linear optimal tracker and SDARE tracker

Consider the following non-linear, affine system:
X =AX)X +BXu, y=Cx)x (29)

where x € R", ue R", y € R” and functions A(-), B(-) and C(-) are continuous. The objective is
to devise a non-linear, continuous control so that the output of the system tracks its desired
output y4(7), where y¢ is a smooth time function. This tracking problem can again be recast as
an optimal control problem by introducing the performance index

"y — ¥ Qly — v + u"Ru} df (30)

t

1 1
J(x(t), u,y%, to, 1) = 5 ve) - ySIy(t) — ¥yl + 3

where ¢/ € [ty, o] is the time interval of optimization, and matrices S, Q and R are defined as
before. Formulating the Hamiltonian H as

= 1[Cx)x — y"QIC(x)x — y*] + L u"Ru + AT[A(x)x + B(x)u] (31)
we have
M CTQICx — y] + vec{[ax)x _yi x}
ox 6x,»
+ %Vec{[cmx Vi 22 ey - ]}

T T
+ lvec u’ RX) up+ AAx] J+vecdu’ B yi
2 Gx,» ox 8xi

Since the tracking problem reduces to the regulation problem discussed in Section 2 if y¢ = 0,
the tracking control structure should contain the same feedback mechanism as before but also
have an additive feedforward/feedback part. That is, we can parameterize the Lagrangian
multiplier as

) = Px + w(t)

where w(?) is the feedforward/feedback control part. If the system is linear and the performance
index is quadratic, w(¢) does not depend on x and hence becomes feedforward only, and w(z) = 0
if y4(#) = 0 in addition. Then, by applying the necessary conditions for optimality in (7), we can
conclude that the optimal tracker is

u=—R 'BT[Px + w()] (32)
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NEW SUBOPTIMAL CONTROL DESIGN 315

where the auxiliary signal w(#) and the matrix P are the solution to the optimality condition
A= —0H/0x, i.e.

0= <Px +(PA+ATP — PBR 'B"P + CTQO)x

1
+ vec XTCTQEX + —vec XTCT@CX
8)6,- 2 Gx,-

1 OoR AT oBT
+ 2vec{xTPBR1 aRlBTPX} + vec{xT 3 Px — x'PBR! 5 Px}>

Xi Xi Xi

OAT
ox i

T
+ <w(t) +[AT — PBR'B"Iw(1) + vec{XT w(t)} - ClQy' + Vec{[yd]TQ aa% X}

1 R
— vec{xTCT Q yd} + Evec{[yd]T Z—de} + VGC{XTPBR_] Z—R‘lBTw(t)}
) -

Xi

1 R BT
+ ~vec{ w ()BR™! a—lrlBTw(t) — vec! x'PBR ! 0 w(t)
2 6x,~ 6x,»

T T
—vec{wT(t)BR1 GaB Px} — vec{wTBR1 aan(t)}> (33)
Xi

and where the boundary conditions for w(¢) and P(¢) are

x(ty) given, P(x(t),,t7) = CTSC, w(t;) = C'Sy(t;) and 0< lim P(x(t), 0, tr) <00
. . : lim _

The optimal tracker has to be solved as a two-point boundary value problem as the optimality
condition (33) should be integrated backwards. The optimality condition (33) is the sum of two
parts (as grouped by {-)): the first part contains terms that are associated with the matrix P and
the state x, and the second part includes the terms associated with the command y¢ and the
auxiliary signal w(7).

To avoid the two-point boundary value problem, an SDARE tracker can be formulated in a
similar fashion as the SDARE regulator. The proposed SDARE tracker of form (32) is
generated in three steps. First, matrix P is the symmetrical solution to the output state-
dependent Riccati equation (OSDARE):

PA+A™P - PBR 'B'"P+CTQC =0 (34)

From (34), we know that the matrix P is a function of A, B, C, Q and R. Second,
separate the auxiliary signal from the optimality condition (33) by setting its dynamics
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to be

T

w() =[-AT + PBR'BT|w(¢) — Vec{xT aaA

Xi

T
w(t)} +CTQy! + vec{[yd]TQ %x}

+ vec{ x'CT @y“l e [yd]" Q yd b — vecd xTPBR™! @R’IBTW(I)
Ox; 2 Ox; Ox;

1 R B!
— —vec{ W ()BR™! a—R*IBTW(Z) + vecd X' PBR ™! 8_ w(t)
2 6)61' axi

oB! oB'
+ vecs wl (H)BR™! e Px} + VCC{WTBRl e w(t)}

8Ajk 6)6[ 6Bjk 6x,~

+ Vec{ > xTa—P%BRlBTw(I)} —I—Vec{ > xTa—P%BRlBTw(t)}

V4 n . )4 )4 X
+ vec Z x! P 0Cu BR'BTW(t)} + VGC{Z Z x" P O BR'BTW(t)}

j=1 k=1 acfk axi =1 k=1 6ij axi
N OP ORj;. B
+ vec xI — —ZBR 'BTw( 35
{jzl: ; 8Rjk 6)6[ () ( )

Therefore, under (17) and (35), the optimality condition (33) reduces to

. oC 1 0 1 OR
0=Px+vec{ x"CTQ—x} +=vec x CT —Q Cx 5 +=vecs X PBR' —R 'BTPx
6x,» 2 6xi 2 6x,»

oAT oBT L OP 04
T T —1 T J —1pT
~—— Px - x'PBR P § X' ——LBR'BTw(
+ vec{x o, X — X o, x} 4—vec{jl 2 X 2 ox, w(t)

& oP OBy P& oP oCjy
T J IpT T j 1pT
+ VGC{ E X 3By o BR™'B w(t)} —|—VCC{ E E X 3Cy ox; BR™'B w(?)

J=1 k=1 =1 k=1

bo2 P 0. no ML oP Ry
+ VGC{ZI kzl xT 20x a%k BR 1BTW(I)} —|—Vec{.z1 2 XT@TJ;{ 6;; BR 1BTW(t)} (36)
j= = E J= =
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Third, to overcome the two-point boundary value problem, we will reverse the time in (35) so
that the auxiliary signal is generated forward in time by

T
} oyt - VeC{[yd]TQ £x}

ox i

R
— vecd x'CT Qy + vec! [y]" Qy + vec xTPBR”a—R”BTw(r)
ox; 2 ox; ox;

|

w(t) =[AT — PBR'BTw(¢) + Vec{xT

1 aR oBT
+ —vecd wI(HBR ' —R 'BTw(r) } — vec{ x ' PBR!
2 ax, 0ox;

oBT oBT
— vec{ wI(H)BR"' —Px t — vecs W BR™! —w(?)
6x,» 6x,«

< oP 04 7 oP 0B
_ xT “Ajk —1RpT _ T b jk “1pT
vec{ E E P P BR™'B w(t)} vec{ E E X 8Bjk o, BR™'B w(t)}

=1 k=1

- oP oC - oP 00,
T YV jk pp-1RpT T Jk ~1pT
— E E BR™'B — E E ———"—BR'B
vec { BC,k » R w(?) } vec { X 305 o w(?) }

J=1 k=1

B oP ORj;
- § § T_— —ZBR BT
vec{ X 3Ry o w(?) 37

J=1 k=1

with initial condition w(t) properly chosen (and w(fy) = 0 if y4(r) = 0). The above derivation
leads naturally to the following lemma.

Lemma 3

The non-linear tracker defined by (32) together with (34) and (37) yields the optimal control
(provided that the initial condition w(z) is properly generated from the boundary conditions
and that the value of S is inversely determined).

The SDARE tracker is only suboptimal since the optimality condition (36) is not guaranteed
in general. Stability analysis of the closed-loop system under the non-linear tracker or SDARE
tracker can be pursued in the similar fashion as that in Reference [17]. It is worth noting that,
for internal stability, some multiple-input and multiple-output systems may not be able to track
an arbitrary continuous function y9(¢z) asymptotically.

3.3. SDARE tracker for scalar systems

To implement the new SDARE design for cascaded systems, let us reconsider scalar system (18)
with y = ¢(x)x, where c(x) = ¢ > 0. Its associated OSDARE is, for g(x)>¢ >0 and r(x)=>r >0,

2a(x) p(x) = b*(0)r ' () p*(x) + A(x)g(x) = 0 (3%)
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and the resulting SDARE control is
u = —b(x)r~ ' (x) p(x)x — bEx)r ' (x)w (39)

where w(¢) is generated by (37), i.e.

W =[a— pb>r'w +xg—zw —cqy! - ydq%x = xC%yd + %%[yd]2
or 1 or ob ob
2 20" Lo 20F 5 190, 100 5
+ xpb°r axw+2br " 2xpbr el br "
Opba Opdb 0pdc Opdq Cpor\ _i,»
B i NI i e R T 40
x<6a8x+6b6x acox (ogax Tarax) U (40)
with initial condition w(zy) given. The positive solution to OSDARE (38) is
Pe) = b2 [ ax) + V@) + g ()
under which the closed-loop system becomes
¥ = —/a(x) + Ax)q)b2 ()1 (x)x — b x)r (w (41)

Stability and performance of the closed-loop system is summarized in the following lemma.

Lemma 4
The scalar system (18) under the SDARE control (39) has the following properties:

(1) The closed-loop system (41) is input-to-state stable with respect to w(¢) if
b2

Var? + 2gb’r

(42)

is radially bounded.

(i)) The SDARE tracker, defined by (39) and (40), yields the optimal control (provided that
the initial condition w(#) is properly generated from the boundary conditions and that
the value of S is inversely determined).

(iii) The closed-loop system under the SDARE tracker is globally uniformly bounded if
b*(x)/r(x) and g(x) are constant and that

0 0
@+ Fgb*rt + 2a % + 2¢qb*r! % x=0 (43)
ox ox
If in addition c(x) is a constant and ¢ is uniformly continuous, |y — »| can be made

arbitrarily small by increasing ¢.**

**t follows from the proof that the requirement of g(x) being constant can be relaxed and that, if b*(x)/r(x) is not
constant but its partial derivative has a small magnitude, local stability can be concluded.
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Proof

To show input-to-state stability for system (41), consider the Lyapunov function V(x) = 0.5x7.
Then,

V(x) = =@+ 2gbr1x* — b4 lwx

which is negative definite outside an interval around the origin for any bounded w(¢) if condition
(42) holds.
It follows from solution p(x) that

tpoa opdb opdc opdq opor
Oadx 0OboOx OcoOx 0OqoOx Orox

2
_r/ad+ g’ +ada [a—i— a2+cqu2’rl} ob

B 2 tegpr ! o B /% + 2qbr! o

2
oc 1 & oq 1P+ f+&Wfq&

cq
+ /a2 + 2qb2r—1ox + 2./ ¥ b1 Ox T 2h2 /a? + 2qb2r] Ox

Therefore,

,— |opda  Opdb  Opdc  Oplq  Opor|.
~ |Gadx Obox  Ocox dqox  OrOx

_ [2pda  opob  opoc  opdq  Opor]h?
Oadx 0ObOx 0Ocox 0Ogqox Orox

r

which, together with OSDARE (38), is the scalar version of optimality condition (36).
Therefore, statement (ii) can be concluded based on Lemma 3.
To show stability of global uniform boundedness, consider the Lyapunov function

and note that the dynamic equation (40) can be rewritten as

CJw AP 5 g o 10900
=T w YT & ) e (59
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where
J) = a(0x — p)b* () /r(x) = —/a> + 2qbPrTx

By making 5?(x)/r(x) be a constant, the term w? will be removed from dynamic equation of W,
which makes global stability possible. It follows that, if inequality (43) holds

of 0 d d
yx) = — \/az—kTqbZﬂ - al 2a—a + ZCqbzf1 o + 2! X
Ox ox ox

Ox 2+/a? + c2qb*r!
1
S -5V a? + c2qb*r~!

Therefore, along every trajectory of system (41) under the control (39) and (40), the time
derivative of the Lyapunov function is

V'(ix,w) < — \/a® + 2qh>r1x* — szr_lx%

< 1 a2+cqu2r*1x2+L4\/a2+cqu2r*‘w72
2 Vi 2¢ Vi q

8 V4 AT\’ ap
dJarag\ a )l

which is negative definite outside a ball around the origin of the plane {x,w/ \/c}}. In addition,
the radius of the ball does not increase as ¢ increases. Therefore, by Theorem 2.14 in Reference
[9], the state variables x and w/ \/Z] are uniformly bounded (with respect to both ¢ and ¢) and
uniformly continuous. It follows from (41) that

r(x) f f b2(x) V@ + qbr T4 \/2gb2r T

By uniform boundedness of x and w/\f, we know that, for any [1, 5] < [t, /],

b (x) w B 7(x) l n a’x

15 2
lim b w

g- r(x) \/_

Similarly, we can show using Equation (44) that, if ¢(x) is a constant,

dt=0

n br(x) w r

r(x) \/'+

dr=0

lim
q—=>0 t
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Subtracting the above two equations yields
5}

lim [y—1%dr=0

9= Jy

Since both y and y¢ are uniformly continuous, the above equation implies that |y — y9| can be
made arbitrarily small by increasing g. O

Conditions in Lemma 4 can be satisfied through choices of ¢(x) and r(x). In some cases (as
cascaded design in the next section), ¢(x) can also be selected. It is worth noting that inequality
(43) implies that the function

[a%(x) + 2 (x)gb* (x) /r(x) e

is non-decreasing with respect to x.

3.4. Forward recursive control design using SDARE tracker

The development of SDARE tracker makes it possible to design recursively a new control for
cascaded systems while optimizing a performance index defined in terms of the original state
variables and the original control. The recursive design will be based on a forward recursion
rather than backstepping. To illustrate the basic idea, reconsider the second-order system in (20)
with y = ¢jx;. The design begins with the second subsystem

Xy = az(xz)xg + bz(XQ)u

and its output equation can be chosen to be y, = x,. No matter how yg is chosen for y; to track,
the SDARE tracker can be applied to the above system and to optimize performance index

h = %SZ[xz(tf) —WaF + %/ f [92002 = 19)* + a2’ it

to

By the discussions in the previous section, such an SDARE tracker is given by
u = —by(x2)r; ' (x2) pr(x2)x2 — ba(x2)r ! (x2)ws (45)

where

Pa(x2) = ra(x2)by 2(x2) [az(xz) +y/a3(x2) + qzbé(xz)rz_l(xz)}

o[\ 36 + @230y (2

Wy = e Wy — g2 (46)

and ¢, and r5(x,) are chosen such that the ratio b3(x,)/r2(x2) is a constant and that the quantity
[a3(x2) + g2b3(x2) /r2(x2)]x2 is a non-decreasing function of x,.
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Obviously, the choice of yg(t) determines the trajectory of state variable x,. By the virtue of
recursive design, it is natural to choose yg to be the fictitious control for the following fictitious
system that corresponds to the first subsystem, i.e.

X1 = a1 (e)xy + bi(x1)ys

It follows that, for any uniformly continuous function y{(¢) and for any ¢, > 0, fictitious control
4 that optimizes performance index

1 1 [
I = Esl[clxl(tf) — WP+ 5/ [q1(c1xr — y)? + ri(xn)(05)*] dt
to

is
35 = —biGe)ry e pr ey — by ey Gewy (47)

where ¢, and ri(x) are chosen such that b3(x;)/ri(x;) is a constant and that [a}(x))+
cq1b3(x1)/r1(x1)}x; is a non-decreasing function of x;, with

pi(x1) = ri(e)by 2 (x1) [al(xl) + \/a%(xl) + C%‘]lb%(xl)”ll(xl)}

and

) 5{\/0%()61)+C%q1b%(x1)rl_l(x1)x1} .
Wi = - Wi — c1q1 (48)

The two controls, »§ and u, are two successive algebraic equations from which u is defined, their
designs do not involve any operation of differentiation, and the overall control u can easily be
calculated for real-time implementation by integrating differential equations of w; and by
algebraic substitution of yg. The performance index intended to be optimized by u is

I=1+5L=05 / [q1(cixr — ¥ 4+ 1O + 2062 — 38 + ru®] de (49)

fo

and the following result on stability and performance can be concluded.

Theorem

For second-order systems of form (20), the SDARE tracker defined by (48), (47), (46) and (45) is
suboptimal with respect to performance index (49). Furthermore, there exist (sufficiently large)
values of ¢, and ¢, such that the closed-loop system is semi-globally stable in the sense of
uniform boundedness and that tracking errors |x; — y9| are made (sufficiently) small.

Proof
The SDARE tracker is designed based on the SDARE method and on a forward recursion.
According to statement (ii)) of Lemma 4, the choice of u optimizes /;. On the other hand,
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dynamics of the first subsystem can be rewritten as
X1 = a4 bixn)ys + biGa)b — 3]

The choice of yg optimizes /; under the condition that the term b;(x;)[x; — yg] is ignored, thus
the overall control is merely suboptimal with respect to 7.

Note that 4 is locally uniformly continuous, therefore by statement (iii) of Lemma 4, there exists g2
such that x; is locally uniformly bounded and that |x, — »§| is small. On the other hand, according to
statements (i) and (iii) of Lemma 4, the first subsystem is input-to-state stable with respect to the bias
term by (xp)[xy — yg] and, without the bias term, yg is globally stabilizing and a large value of ¢
makes ¢;x; track y?. Hence, semi-global stability and tracking performance can be concluded. []

As in the case of Lemma 2, extension of the theorem to higher-order cascaded systems is
obvious. Unlike the optimal control obtained via the backstepping design and stated in Lemma
2, the forward recursive design always yields a suboptimal control as the coupling term such as
bi(x;)[xiv1 — ny] is considered not in optimization but only in the analysis of stability and
tracking accuracy.

In case that ¢/ = 0 and ty = 00, choosing w(ty) = 0 implies wi () = 0, the ratio ¥ /x1 is always
well defined, and the overall performance index (49) can then be rewritten as

#\’ )

N Eqi+ (m + qz)(—z) —qr =2

1= 0.5/ x! o X + mu
to yg

2

—-q q2
X1

which is in the standard form and in terms of the original state and control variables. As a
result, one can prescribe the performance index and see how it affects stability and tracking
performance.

4. ILLUSTRATIVE EXAMPLE
Consider the second-order system
X1 =x —x%+x2, X2 :x‘2‘+xz+u
Its non-linear parameterization is

% = A(X)X + Bu

0 ) v [)4 )
= an = =
0 ax) 1 by

It is obvious that the pair {A, B} is controllable.

where
1— x% 1

0 x%Jrl

| >

A(x) = [
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To optimize performance index
1 1 [y
J= 3 XT(tf)SX(tf) + 5/ [xTQ(X)x + uR(x)u] dt
0

the optimal control is

u=—R"'BT)

where

. 0H 1o 1 )T
h=——n H=3x'Qx + S uRu+ A'[(x) + B(x)u]

and boundary conditions are x(0) and A(ty) = Sx(¢;). When ¢, is chosen to be sufficiently large,
the optimal control with S = P reduces to the SDARE control given by

u=—R'"BTPx

where PA + ATP — PBR'B"P + Q = 0.

System variables ( x1 — solid, x2 — dashed)
2 T T

-0.5

-1.5

2.5

N
— == = =F = =T = =T
|

|
0 5 10 15
Time — seconds

Figure 1. System response under the optimal control.
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On the other hand, an SDARE tracker can be designed as proposed for subsystem 2 and then
for subsystem 1. It follows that SDARE tracking control for subsystem 2 is

1 . ar(x))x Oar(x
u=— r—(szz +waWy = — | \/a3(x2) + q2/r2 + 2x)x2 62)5 2) w2 — g2
2 V) +qr/ry 2

and that SDARE tracking control for subsystem 1 is

1 . ai(x))x Oay(x
yf = —r—(pm +wwr = — [/ aj(x) +q1/m + 1o (;)E L wi _QIJ’?
! ajx)) +qi/m M

where

px2) =1 [az(xz) +y/a3(x2) + Clz/rz} and pi(x)) =r |:al(xl) +y/ai(x) + ql/h}

Phase portrait
2 T T

x2

-0.5 -

-1.5

x1

Figure 2. Phase portrait of the closed-loop, optimal system.
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If y‘f‘ = 0, one can choose w(¢) = 0. Therefore, the overall performance index is

1

o0
1= —/ [xTQx + uRu] dt
2 /4

where R = ry, and

2
q1+ (1 +q2) {al(xl) + 4 /a(x) + ‘h/"l} —q2 {al(xl) +\/ai(x) + lh/i’l]
—q» [al(xl)+ \/a%(xl)-Fql/rl 42

The optimal control and the newly proposed SDARE-tracker-based suboptimal control are
simulated with the following choices:

tr =15, ri=r =250, ¢ =200, ¢»=500, and x(0)=/[1 2]"

Results of the simulation are shown in Figures 1-4. Figures 1 and 2 shows that the second-order
system is very well stabilized. Figures 3 and 4 illustrate how much performance is lost due to

System variables ( x1 — solid, x2 — dashed)
2 T T

2.5 : ‘
0 5 10 15
Time — seconds

Figure 3. System response under the proposed suboptimal control.
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Phase portrait
2 T T

1.5 -

0.5

2+

0.2 0 0.2 0.4 0.6 0.8 1 1.2
x1

Figure 4. Phase portrait of the closed-loop, suboptimal system.

sub-optimality. In particular, the sub-optimal system takes longer to settle, and its damping is
not sufficient to avoid oscillation. This conclusion can be observed by comparing either time
responses in Figures 2 and 4 or phase portraits in Figures 1 and 3.

5. CONCLUSION

A non-linear (sub)optimal tracker is developed using the SDARE method. This SDARE tracker
is then used as the seed controller to generate fictitious controls and the actual control in a new
forward recursive design procedure for cascaded non-linear systems. State transformation and
differentiation of fictitious controls are no longer needed; analysis and control design are done
in terms of the original state and control variables; each fictitious control is designed to be
optimal with respect to the dynamics of the associated subsystem; and the controls generated for
each subsystem form a set of successive algebraic equations that are readily implementable as
they are.

Semi-global stability and tracking performance are established for the overall, closed-loop
system. The current analytical proof calls for large values of some of the control gains. Further
research is needed to explicitly consider the coupling terms in the suboptimal design and hence
to eliminate the need of using any large gain.
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