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Abstract

In this paper, a multi-objective optimization model is presented to estimate the practical stability region and maximum endurable disturbance
rejection for a small-signal power system dynamic model with saturation nonlinearities and disturbance rejection. Iterative algorithms are developed
to solve for Pareto optimized solutions (POS) of this optimization. Furthermore, as an application of this approach to power systems, a method to
analyze the impact of saturation nonlinearities and disturbance rejection on power system small-signal stability is introduced based on the estimated
stability region and maximum endurable disturbance rejection. Numerical results of a test power system with detailed saturated PSS controllers

are described, indicating the reliability and simplicity of the method.
© 2007 Elsevier B.V. All rights reserved.
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1. Introduction

To improve the small-signal stability of power systems, much
has relied on power system stabilizers (PSS) [1]. Thus, the issues
of PSS parameter optimization [2,3] and control law design [4,5]
are of interest. However, more often than not, the saturation
nonlinearities, either intentionally designed or resulting from
the limitations of equipments, are ubiquitous in the engineer-
ing fields [6], such as the power systems [7,8]. In general, PSS
controllers are also subject to the saturation nonlinearities and
disturbance rejection, which unavoidably affect the performance
of PSS [9] and even can lead to loss of stability [6].

Therefore, if the saturation exists, the performance of the PSS
control systems designed without considering saturation nonlin-
earities and disturbance rejection may seriously deteriorate [9].
Furthermore, the disturbance rejection may lead to the inexis-
tence of stability region [10,11]. Utility engineers did look at
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the issue, mainly relying on extensive simulation studies [7,8].
Little attention has been paid to investigate the impact of such
factors on system stability from analytical perspective.

The aim of this paper is to provide analytical methods to
analyze the impact of saturation nonlinearities on power system
small-signal stability when disturbance rejection exists, based on
our recent work [9], where saturation nonlinearities are consid-
ered but the disturbance rejection is ignored. PSS performance
study is taken as an example. The key is to characterize the
stability region and maximum endurable disturbance rejection.

However, it is very difficult to handle the above-mentioned
task today [6,10], since saturation nonlinearities make a sim-
ple linear system become a complex nonlinear system [10-12].
Therefore, many researches focus on the study of estimating
stability region in recent years, e.g. [6,12] and the references
therein, in which Hu derives a promising method to obtain an
ellipsoid inside stability region by a quadratic Lyapunov func-
tion based on a convex LMI optimization [6]. This idea has been
used in our recent work [9], and good results are obtained. Nev-
ertheless, the disturbance rejection issue is not considered. In
order to conquer this limitation, in some references, say [6,13],
an invariant ellipse is derived as the practical stability region
estimation, but an efficient algorithm is still lacking. In fact, in
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these papers, an auxiliary parameter is searched by a grid search
mechanism, and the maximum endurable disturbance rejection
is obtained by enumeration, so it unavoidably requires extensive
computation burden.

To overcome this problem, we propose a multi-objective opti-
mization model [14] to estimate the practical stability region and
the maximum endurable disturbance rejection on the basis of
[6,13]. Iterative algorithms are provided to solve for Pareto opti-
mized solutions (POS) of this optimization, and some properties
of these algorithms are proved also. Moreover, the procedures
of the iterative algorithms are very simple and can be handled
efficiently by the toolbox in Matlab.

The structure of the paper is as follows. In Section 2,
the model of power systems with saturation nonlinearities
and disturbance rejection is presented. Section 3 provides a
multi-objective optimization model for estimating the practical
stability region and maximum endurable disturbance rejection.
The algorithms for solving for POS of the multi-object opti-
mization problem are developed in Section 4. Based on the
POS, a method to analyze the performance of PSS in power
systems is provided in Section 5. In Section 6, a numerical exam-
ple is described, indicating the reliability and simplicity of this
approach. Section 7 draws the main conclusions of this work.

2. Power system model with saturation nonlinearities
and disturbance rejection

Within a neighborhood around a given operating point, the
ideal linear state space model of a power system can be expressed
as [1,11]:

x(t) = A'x(t) + Bu(t) + Ew(t); xo€ Xo, w(itH)e W €))

where x € R" is the state; u € R™ is the control; A’ € R"*" is the
system matrix; xo denotes the initial states; Xy is the set of all
initial states under consideration, w(¢) denotes the disturbance
rejection; W C R! is the set of all disturbance rejection under
consideration and matrix E is the corresponding disturbance
rejection matrix, respectively.

Due to actuator saturation which is considered to be a anti-
windup function in this paper, a more realistic model is [6]:

X = A'x + Bsat(u) + Ew )

where sat(-) is a saturation function which is symmetric with
respect to the origin, i.e.:

sat(u) = [saty (u1), satr(u2), . . . , saty ()17,
iilui| > u;

sati(u;) = _ 3)
uilu;| < u;

Thus, under a linear feedback control of form u =Gx, the
closed loop system becomes

% = A'x + Bsat(Gx) + Ew 4

where pair {A’,B} is assumed to be controllable [11], G € R™*"
is the feedback gain matrix such that Re(A;) <0 for all eigen-

values A; of matrix A’ + BG, and Re();) denotes the real part of
Ai.

In our recent work [9], we did not consider the impact of
disturbance rejection w(¢) on the dynamic behaviors of the sat-
urated system. In system (4), should disturbance rejection w be
persistent, the origin is no longer an equilibrium point nor is
it Lyapunov stable [10]. In this case, robust stability concepts
such as uniform ultimate boundedness [10,15], also referred to
as practical stability [11,16], can be applied to system (4). In
particular, system (4) is said to be uniformly ultimately bounded
(UUB) with respect to X and W if, for all xo € X( and for every
w € W, solution x(f) to Eq. (9) converges to a specified neigh-
borhood around the origin. As such, the following region of
practical stability is introduced for the subsequent investigation
of system (4):

2 = {xg € Xolp:(x9, w)is UUB for every choice of w € W}
(5)

where ¢;(xo, w) denotes the trajectory of system (4) starting
from the initial state xo. For simplicity, we make no differ-
ence between the terms “practical stability region” and “stability
region” later.

From the definition of the stability region, the saturation non-
linearities result in that only the states in £2 can be considered to
be stable. Furthermore, in order to analyze the impact of distur-
bance rejection on the dynamic behaviors of (4), we introduce
a parameter, say «, for measuring the magnitude of disturbance
rejection, i.e., we suppose that the disturbance rejection set W
can be expressed as

W={weRww<a (6)
Clearly, the relationship between W and « is
o = max {w'w)} @)
weW

To analyze the dynamic performance of system (4) later,
we further consider set X of expected initial states is a high-
dimension ellipse defined as

Xo = {x e R"x" Pox < %) ®)

where >0 is a variable to be decided later and Py € R"™*" is a
given and nonnegative definite symmetric matrix which is con-
sidered to be an identify matrix in the simulation. Namely, we
assume that the expected initial states can be contained by an
ellipse with fixed shape and variable size.

So from the previous analysis, the closed loop and asymptot-
ically stable linear model:

x=(A"+ BG)x + Ew:=Ax + Ew 9)

is valid only for the states inside the polyhedron F, defined in
the state space as

F={xeR' —u<Gx<i) (10)

where the inequalities are based on “elements by elements”, i.e.,
F={x|—u; <gx<u;,i=1,2,..,m}and g is the ith line
of feedback gain matrix G.
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Outside set F in which a power system of form (4) behaves
as a linear system, however, the dynamic behaviors of system
(4) are difficult to analyze directly. Thus, a power system of
form (4) is not globally UUB usually. Clearly, practical sta-
bility region £2 depends upon property of matrix pair {A’,B},
saturation threshold #, and disturbance rejection set W. In par-
ticular, once magnitude of the disturbance rejection is allowed
to exceed certain value, the maximum endurable value and
denoted by amax, the saturated control can no longer compen-
sate for its destabilizing effort. Therefore, both the stability
region and the maximum endurable disturbance rejection should
be determined for power system applications and, since they
are mutually dependent, their solutions can be found through
a multiple-objective optimization to be formulated in the next
section.

3. Estimation of stability region and maximum
disturbance rejection set

In this section, an algorithm is proposed to estimate both
stability region §2 and maximum endurable disturbance rejection
set W under the following assumption.

Assumption 1. In system (4), matrix A =A’ + BG is a Hurwitz
matrix, i.e., all the eigenvalues of A satisfy Re();) <0; set W is
uniformly bounded, and the threshold values it; > O foralli=1,
2,. .., m.

Remark 1. Matrix A being Hurwitz can always be ensured
if pair {A’,B} is controllable. If any of the threshold values
it; is zero, there will be no control through the corresponding
channel, and equivalently matrix B is degenerate. It is obvious
that Assumption 1 is necessary for stabilization of system (1)
and its robustness against disturbance rejection.

For system (2), if the expected initial states and expected dis-
turbance rejection can be stabilized by control u = Gx, then the
control is called to be effective [11]. Clearly, the analysis of the
impact of saturation nonlinearities on the stability of system (4)
is equal to the analysis of the saturated control performance,
thus we will provide a method in Section 5 for analyze the
effectiveness of saturated controls by the analysis of the system
stability.

Assumption 1 implies that the trajectory ¢;(xg, w) of system
(4) is UUB globally if we ignore the saturation nonlinearities,
and control u = Gx is effective consequently. However, the input
saturations in general reduce the stability region to a bounded
set, and only the initial states in the stability region can be sta-
bilized from the definition of the stability region in expression
(5). Therefore, to analyze the effectiveness of the saturated con-
trol or to analyze the impact of the saturation nonlinearities on
the performance of system (4), one only needs to calculate the
stability region and the corresponding disturbance rejection set
W of system (4). Unfortunately, it is very difficult to handle the
work mentioned above since system (4) becomes nonlinear due
to saturation function sat(-). In this paper, §2 and W are estimated
by the Lyapunov direct method.

3.1. Theoretical results for stability region and disturbance
rejection set

To introduce the theories for estimating the stability (£2)
and the maximum endurable value of W, we first introduce the
following two lemmas.

Lemmal. Consider system (4). If its trajectory remains within
F for all t>0 and for all initial states in set R, that is,
@i(x0, w) € F forall (1, xo) € [0, +00) x 2 and allw € W, then
set §2 is a subset of stability region $2 for system (4).

Proof. Since ¢;(xp, w) remains within F for any xq € 2, system
(4) operates without the saturation nonlinearity. By Assumption
1, the corresponding linear system matrix is Hurtiwz, thus from
[11] its trajectory is UUB with respect to disturbance rejection
set W, i.e., ¢:(xo, w) € £2. In other words, if x¢ € 2, thenxg € 2.
In short, 2 C £2is proved. [

Lemma 2. [6]. Let §2 be the set defined by

Q20={xeR"V(x)=x"Px <c} (1)

where P is a given positive definite matrix, ¢ = miglF( V(x)) and
X e
oF represents the boundary of F.
Then, £29 C F.

The following theorem can be stated based on Lemmas 1 and
2.

Theorem 1. Consider system (4) in which the disturbance
rejection set W is defined as in (6). If there exist a positive con-
stant n and a positive definite symmetric matrix P € R™", such
that

1
ATP+PA+-PEE"P+ P <0 (12)
n C

is satisfied, then 2y C §2 holds. Here, A=A’ + BG; c, V(x) and
20 are defined in (11); « is the disturbance rejection magnitude
defined in (7).

Proof. The time derivative of V(x) =x1Px along system (9) is
V(x) = xT(ATP + PA)x + 2x" PEw (13)

Since 2ab < na'a+n~'b"b is satisfied for all a,b € R* and
n>0, 2xTPEw < n~'xT PEET Px + nw™w holds. Thus, from
(12)—(13) and the definition of « in (7), it follows that

V(x) < xT(ATP+ PA+n ' PEE"P)x

+ anw < —nac_lePx + na (14)
is satisfied when x#0 [6]. Since xe£2y implies
V(x)=xTPx < ¢, from (14) it follows that
V(x) < —nac_lePx + na < —nozc_lc +na=0 (15)

is satisfied for all x € §£29 — {0}. Thus, from (15) £29 is an invari-
ant set of (9). By Lemma 2, 29 C F is satisfied, and system (4)
degenerates into system (9) in set F, so £2¢ is also an invariant
set of system (4), i.e., ¢:(x, w) € 29 C F holds for all x € £29.
By Lemma 1, the conclusion of 29 C £2 is drawn. [
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Obviously, once some variables, such as P, @ and 1, etc.,
are derived, £2¢ can be obtained directly from expression (11).
Hence Theorem 1 provides a method to estimate the stability
region of system (4) and the stability region is a subset of F.
To further apply this method to power systems conveniently, we
extend system (4) with polyhedron F to more general constrained
system as follows:

x=Ax+Ew, —ua<Gx<u, weW, xpeXy (16)

to which Theorem 1 can be applied. Although £2¢ concluded
in Theorem 1 is a conservative estimate of §2, determination of
£29 is quite involved but can be done according to the following
process:

e Step 1: Verify Assumption 1. If it holds, continue; otherwise,
£2¢ cannot be found.

e Step 2: Calculate set F according to (10).

e Step 3: Determine solutions P, n and « to Riccati equation
(12).

e Step 4: Calculate £2, the estimate of stability region, accord-
ing to (12).

As mentioned previously, to analyze the performance of a
control or to analyze the impact of the saturation nonlinearities
on the performance of a dynamic system, the key is to estimate
the stability region and disturbance rejection set, and this can be
done via the above process. However, the most critical step in the
above process is to find solutions P, 1 and «, and arbitrary choose
of them will lead to extremely conservative results unavoidably.
In particular, the larger the set Xy which can be contained by
£20, the less conservative the results are; similarly, the larger the
endurable disturbance rejection set W, the less conservative the
results are. Hence, for applications, it would be very useful to
obtain the maximum endurable disturbance rejection set W and
Xo which can be contained by the estimated stability region £2¢
as large as possible (characterized by omax and Bmax, respec-
tively). This leads to a multi-objective optimization problem to
be formulated in the next subsection.

3.2. An optimization approach for stability region and
disturbance rejection

The numerical process introduced in the last section needs to
be made less conservative by finding the best (i.e., largest) val-
ues of B and « to ensure stability of the closed-loop system (16).
Accordingly, from Theorem 1, the following multi-objective
optimization problem is formulated:

(o*, p*) = max (e, p)
P>0,n>0
st. (@) Xo={xeR'xTPyx<p% C 2= {xeR"V(x)=x"Px <c}
® c= mi;}(V(x))

XEQ
¢ A"P+PA+n'PEETP+nac'P <0
(17)

where superscript “*” denotes the optimal value of the argument;
constraint (a) means that the set X of expected initial states is in

the estimated stability region £2, i.e., the trajectories of system
(4) starting from £2 is stable (UUB); constraint (b) means the
condition that Theorem 1 requires, i.e., £2¢ resides within set F;
constraint (c) is another condition that Theorem 1 requires, i.e.,
expression (12) is satisfied.

Clearly, (17) is a multi-objective, multi-variable, nonlinear
problem. A global optimal solution to such a problem may
not exist, hence the so-called Pareto optimal solution (POS) is
often sought instead [14]. We will first outline POS and their
algorithms/properties in Section 4, while what heuristics and
engineering application background/knowledge needed will be
discussed in Section 5.

4. Algorithms for multi-objective optimization

The concept of Pareto, as described below, is standard.

Definition 1 ((Deb [14])). Consider the multi-object optimiza-
tion problem as follows:

max f(x) = (f1(x), f2(). ..., fa(x)) (18)

For two points, say x; and x,, in feasible set X, if
fi(x1) > fi(x2) holds for all 1 <i<n, and the equalities do not
hold simultaneously, then we call that x, is worse than x|
(denoted by f(x1) >f(x2)). If x is not worse than any other points
in X, then x is termed as a Pareto optimal solution (POS) of (18).

From this definition, the property on the POS of problem (17)
can be derived immediately.

Theorem 2. p* is decreasing strictly with respect to the
increase of o, where (a* ") denotes the POR of problem (17).

Proof. Arbitrarily choose two POS of (17), say («1,81) and
(ce2,82), and suppose o] >y without loss of generality. To prove
the theorem, we only need to prove 1 < 8>. We use a contradic-
tion argument.

Suppose that B;< B, is not satisfied, i.e., B1> B2, so
(o1,B1) = (a2,B2) is satisfied. But a1 > ap implies the equalities
do not hold simultaneously, thus, (c«3,82) is worse than («1,81)
from Definition 1, i.e., (a2, 82) is not a POS of problem (17) from
he Definition 1 of POS. It is a contradictory conclusion. [

This theorem shows that the elements of POS, * and «”, are
of inverse proportion. As discussed in the simulation section, this
important property can help us choose a practical POS when the
method is applied to power systems. Next, we will discuss how
to obtain the POS of (17).

4.1. Transformation of the constraints
Constraints (a), (b) and (c¢) are nonlinear in optimization prob-

lem (17). The standard tool that can simplify such constraints is
Schur complements. Namely, suppose that Q >0, then

R—SQ_IST>0©[R S]>o (19)

where symbol “<4” means if and only if.
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Let

_ g2 _ .p-1 o

y=8", R=cP ", 7i = g;R,

i=12,....m, 1 =cha)! (20)

By (19), we can derive the following transformation, which
also can be found in [6,9].
Constraint (a) is equivalent to

X()C.Qo<:>,3_2P0—C_1P20<:>)/P()—R_1 >0

)/P() 1

>0 21
I R (2D

In the power systems, the set of initial states is composed of
the unpredictable states of post-fault, so it is reasonable that X
is considered to be a hyper-ball in the following analysis without
loss of generality, i.e., Po =1, then the (21) can be rewritten as

vyl 1
22
[1 el z (22)
Constraint (b) is equivalent to

2 —1y,T _2 T u; g

uj —gi(cP)g; 20 u; —giRg; =0 | . |

g& R

T

1 0| [u? g 1 0 2z

>0& Lo 0 | -
- 0 R||g/ R'||0 R| — 27 R
>0, i=12,....m (23)

Constraint (c) can be transformed to
ATP + PA+ " 'PEE'P + nac™'P <0< RAT + AR
+maEET + 'R <0 (24)

Since both 1 and 1 are free variables, 1 can be replaced by
n for simplicity in (24), i.e., constraint (c) can be rewritten as

RAT+ AR+ neEE" + 'R <0 (25)
4.2. Iterative algorithms for the optimization problem

From (21)—(25), problem (17) can be changed to the equiva-
lent optimization problem as follows:

— ¥ * — 1 J—
(=™, ¥ Rgg}yl;()( oY)
I I
s.t.  (a) [VI R >0
(26)
2
u;  zj
(b) . >0, i=12,....m
zl R
(c) RAT+ AR+ neEE"+1n'R<0

Lemma 3. (—a",y") is the POS of (26) if and only if (a",f")
is that of (17).

Proof. The conclusion is correct obviously. The proof is omit-
ted. O

Lemma 3 shows that problem (17) can be converted to solve
the POS of (26). But it is still very difficult to solve problem
(26) due to the nonlinearities of constraint (c). Fortunately, if
the parameter 7 is given, constraint (c) in (26) is also a LMI,
which implies that certain iterative algorithm can used to handle
it [17]. Namely, we can fix some variables to solve the others,
and then reverse this process. Repeat these steps until a threshold
is reached. Thus, problem (26) can be solved by the following
algorithm:

IA-1 ((Iterative Algorithm 1 for problem (17))).

e Step 1: Initialize parameter n and fix it.

e Step 2: Solve the multi-objective LMI optimization problem
(26) with fixed n.

e Step 3: Find a better value of 1 and go to step 2 until the
convergence conditions are satisfied.

For the above algorithm [A-1, there are still two key problems
difficult to handle. One is to solve the degenerative problem of
(26) with fixed n; the other is to find a better value of 7. In
the following analysis, we give the algorithms and their theory
foundations to handle the two problems.

For the first problem of IA-1, we note that when both n and
« are fixed, problem (26) degenerates into a LMI optimization
problem which can be solved easily. The degenerative model is

. .
Y =miny (27)
s.t. constraints of optimization problem (26) with fixed « and 7.

Similarly, when both y and n are fixed, problem (26) degen-
erates into

" .

- = Il?i% -« 28)
s.t. constraints of optimization problem (26) with fixed y and 7.

Hence, we can present the following two algorithms, say IA-
A (Iterative Algorithm A) and IA-B (Iterative Algorithm B), to
handle the first key problem in IA-1 mentioned above.

The main steps of IA-A are

e Step 1: Initialize variables 1 and «y.

e Step 2: Calculate ™ by optimization problem (27) with fixed
n and «p.

e Step 3: Calculate o™ by optimization problem (28) with fixed
y* and n; consequently, obtain the (—Ol*,)/*), a POS of opti-
mization problem (26) with the fixed 7.

The main steps of IA-B are
e Step 1: Initialize variables 7 and yg.

e Step 2: Calculate «” by optimization problem (28) with fixed
n and yg.
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e Step 3: Calculate y* by optimization problem (27) with fixed
n and o"; consequently, obtain the (—a",y"), a POS of opti-
mization problem (26) with the fixed 7.

To show that IA-A or IA-B does catch a POS of optimization
problem (26) corresponding to a fixed n, we further introduce
the following theorem, whose proof is given in Appendix A.

Theorem 3. The result of IA-A (or IA-B), say (—a*,y*), is one
of the POS of problem (26) with fixed 1.

Proof. See Appendix A. [

As shown in Theorem 3, since IA-A (or IA-B) can obtain a
POS, it can be concluded that if 1 in IA-A (or IA-B) is equal to
that of the optimal solution of (26), the results derived by IA-A
(or B) are the POS of (26). Thus, step 3 of IA-1 is reasonable.

For the second problem of IA-1, we use the golden section
search (GSS) method [18] to search the better n in a pre-
determined interval, such that the results of IA-A (or TA-B)
increase along with the update of n. Therefore, based on the
GSS method and IA-A (or IA-B), IA-1 can be implemented and
the POS of problem (26) can be approximated by the following
algorithms.

IA-2 ((Iterative Algorithm 2)).

e Step 1: Initialize with k=0, o =g and a reasonable interval
[co,dp] for parameter 7.

e Step 2: Set n,=cx+0.382] and 1} =c;+0.618;, where
lk = dk — Ck.

e Step 3: Calculate the results, say (—o'}, y'3) and (=%, ¥"7),
by IA-A with (n,a) being (1, @) and (17}, «p), respectively.

o Step 4: If (—o/%, ¥'5) < (—a'’;, ¥"%), go to step 5; else go to
step 6.

o Step 5: Set diy1 = 1}, Cka1 =Ch» M4y = k1 +0.618l;11;
calculate(—o//zﬂ, y”ZH)by TA-Awith (n, @) = (1), o7);
setk=k+1,0f =a";, v =y}, and go to step 7.

e Step 6: Set cxt1 = M, dir1 =dk, My = k1 +0.382l;11;
calculate (—o/z_H, y’Z_H) by IA-A with (1, @) = ()., o),
set k=k+1, of=d}, yi=vy) and go to step
7.

e Step 7: If [y > ¢, a pre-determined thresholding value, go to
step 3; else go to step 8.

e Step 8: Set " =0.5(ck +dy), & = oy calculate (—a”,y") by
IA-A with (n, @) = (7%, &), then the (—a",y"), a POS of
optimization problem (26), is founded.

From the fourth step to the seventh step in the above algo-
rithm, we know that the better value of (—a,y) is reserved as
updating 7. Hence, along with the convergence of 1, and 7/,
the (—aj, y) increases, i.e., (—of, y{) = (—a3,¥5) = --- >
(—af, ¥§) = - - - is satisfied.

In the above algorithm, IA-1 is implemented by [A-2 using
GSS and IA-A, however, based on the GSS method and the TA-
B, TA-1 also can be implemented by the iterative algorithm as
follows.

IA-3 ((Iterative Algorithm 3)). Similar to those of TA-2, the
steps of [A-3 are

e Step I: Initialize with k=0, y =y and a reasonable interval
[co,dp] for parameter 7.

e Step 2: Set 1, = ¢ + 0.382l; and i = cx + 0.618l), where
lk de — Ck.

e Step 3: Calculate the results, say (—o'%, ¥';) and (=%, ¥"%),
by IA-B with (n,y) being (17}, o) and (17}, yo), respectively.

o Step 4: If (=o'}, ¥'5) < (—a”, ¥"%), go to step 5; else go to
step 6.

e Step 5: Set diy1 = ), Cka1 =Ch» M4y = k1 + 0.618[;11;
calculate(—a”zH, y”z_H)by IA-Bwith (1, ¥) = (n} ;. Y'Os
setk=k+1,yf =", af =}, and go to step 7.

e Step 6: Set cxt1 = 0, dir1 =di, Mgy = k1 +0.382f; 115
calculate (—a/; |, ¥'41) by IA-B with (1, ¥) = (1, V)
Setk=k+1, y{ =y}, o = o/;and go to step 7.

e Step 7: If [y > ¢, a pre-determined thresholding value, go to
step 3; else go to step 8.

e Step 8: Set " =0.5(ck +dy), y* = Vi; calculate (—a”,y") by
IA-B with (1, ) = (n*, a}), then the (—a",y"), a POS of
optimization problem (26), is founded.

From previous analysis, the sequences (—af,y{)(k =
0, 1,2, ...)derived by IA-2 or [A-3 can approximate the POS of
(26) and satisfy (—af, ¥f) = (o5, ¥3) = -+ = (—of, i) =
---. Thus, from the inverse transformation of (20) we can
obtain the sequences («j, 8f) (k=0,1,2,...), correspond-
ing to (—of, ¥)(k =0,1,2,...), which can approximate the
POS of (17) and satisfy (g, B5) < (of, B7) < (o, B}) < --- <
@ B < -

5. Saturated control performance analysis based on
POS

5.1. Choice of the iterative algorithms and their initial
parameters

A global optimal solution of the multi-objective optimization
problem (17) may not exist [14]. Different initial values may
lead to different POS and different algorithms also can yield
different POS. Therefore, when applying the suggested method,
one should make full use of engineering knowledge.

Since sequences (og,Br) derived by IA-2 (or IA-
3) satisfies (o, ) < (@} Bf) < (@3, B3) < -+ < (o} B]) <
-+ -, when the suggested method is applied to analyze the power
systems with saturation nonlinearities and disturbance rejection,
the following strategies can be implemented: if our concern is
the stability region, for example, the estimated stability region
£20 needs to contain a ball with radium not less than 8, then we
can select the IA-3 with 1 = B~2. For this case, the path 1 of
Fig. 1 shows the route of looking for POS by IA-3; otherwise if
the issue is the disturbance rejection, for example, the maximum
disturbance rejection needs be not less than &, then we can select
the IA-2 with o = &. For this case, the path 2 of Fig. 1 shows
the route of looking for POS by IA-2.



H. Xin et al. / Electric Power Systems Research 78 (2008) 849-860 855

B (). e

0 O o

Fig. 1. Search route of IA-2 and IA-3.

5.2. Process of performance analysis of saturated
controllers

As discussed above, problem (17) may not have a global
optimal solution, so a reasonable goal is to find a practical
POS, say (a*,ﬂ*). Based on the practical POS, the perfor-
mance of the saturated controller, or the small-signal stability
of power systems (4) can be analyzed by the following
steps:

e Step 1: Is Assumption 1 satisfied or not? If yes, then continue;
else, exit the algorithm.

y=[20" a" AE | AE] |y yi ], a=[aE] 1], G=

e Step 2: Calculate the POS by IA-2 or IA-3. Select a practical
result, say (a”,8"), to meet the engineering requirement.

e Step 3: Does the expected set of initial states and disturbance
rejection set reside in their estimated regions? If yes, then the
control law u = Gx is effective; else, non-effective.

6. Simulations and results

In this section, we will apply the method (algorithms) derived
previously to analyze the dynamic performance of a test power
system with detailed saturated PSS controller models as an
example.

6.1. The models of PSS with saturation nonlinearities and
disturbance rejection

Suppose that the power system under study consists of N
buses and n generators. We take the impedance model for loads,
the model shown in Fig. 2 for AVR and PSS [1]. These models
are also used in our recent paper [9], in which the disturbance
rejection of PSS and AVR is not considered.

In this paper, we consider the saturated constraints are: (1) the
output (AEy in Fig. 2) of generator’s excitation; (2) the output
(y2 in Fig. 2) of the PSS control system. Namely, the constrained

max
= 1 / £y
4 1+ pT,
min
. ’ Phase max
Gain Washout compensation
T h [T+p | 7 |
P WP R 1P 2

14T, p 1+T,p

/ Upss
min

Fig. 2. Diagram of the excitation system and PSS Transfer Function.

equations are

|AEg| < AEg,

Yol <¥a. i=1,2,..n (29)

where AEyp is the upper saturation bound of AEf, the
output of the ith generator’s excitation; y,; is the upper
saturation bound of y;, the output of the ith PSS control
system.

Consider that the disturbance rejection results from stochastic
disturbance imbed in the input signal of AVR and PSS, i.e., the
Ad and Aw as input signal inputs contain noises, say e; and e,
respectively.

Hence, if we let

T ~

then the closed-loop system after linearization can be expressed
as

i

Bt

y=Ay+Ew (€19}

+
<Gy<

N
S

(32)

For more information about the variable in (30)—(32), readers
are referred to Refs. [1,9].

In system (31)—=(32), matrix A has a zero eigenvalue
and specially two zero eigenvalues with uniform damp-
ing coefficients [1]. For this case, a reference machine,
say the nth generator, is chosen to obtain the equiva-
lent reduced-order model, which satisfies Assumption 1.
This process can be easily done for the systems with uni-
form damping coefficients via the following transformation

[9]:

A = SA -pinv(S), G =G - pinv(S);

x=3S8y, E= E- pinv(S) (33)
where S =diag{s, 51,52}, 51 =g 1)x(ng—1)l€], 52 =Langxang,
ng—1 T
—N— . .
e=—[1,1,---1] and symbol pinv(-) denotes generalized

inverse function [18].
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Fig. 3. Diagram of the three-bus system.

Thus, from (31)-(33), the equivalent model of (31)—(32)
degenerates into

x=Ax+ Ew (34)

—u<Gx<u (3%

Model (34)—(35) satisfies Assumption 1. We will use them to
analyze the effectiveness of PSS control system and the small-
signal stability of power systems in the following section.

Remark 2.

1. It should be noted that the method we suggested is not
restricted to the dynamic models of PSS and AVR as what we
have selected. In fact, as long as the linearization model of
a power system can be expressed as (31)—(32) or (34)-(35),
then the method works.

2. Inpower systems, we usually can directly obtain the dynamic
models such as system (31) or (34) for small-signal stabil-
ity analysis from a software package, so we only need to
set up the saturation constraint equations when applying the
suggested method. Hence, we extended model (4) to model
(16), such that it is very easy to apply the method to a large
power system with more complex models, such as various
models of PSS and dynamic models of loads, etc.

6.2. Results

To illustrate the methods (algorithms) discussed previously,
a test system with three generator and five buses is used. The
diagram of this test system is shown in Fig. 3. The data of this
test system are shown in Appendix B, including the data of PSS
and AVR.

The parameters are initialized as follows: the range for n
is [8,40]; our concern here is the stability region, i.e., the sta-
bility region needs contain a ball with radium more than 0.05,
s0 Bo=5% is taken. Using the methods (algorithms) addressed
previously, we first calculate the stability region and the cor-
responding POS for the power system stability analysis, i.e., to
decide the maximum magnitude of disturbance rejection that the
power system can withstand and meanwhile to decide the maxi-

mum excursion of the initial states of the system based on these
results. Second, we want to analyze the impact of the saturation
bound in the power system on the stability regions and the POS.
As such, we can obtain some conclusions about the impact of
a saturation constraint such as the constraint of a generator’s
exciter on the power system stability to some extent. Thus, we
perform the following simulations.

6.2.1. Stability regions and the POS

By IA-3, the (0.053, 0.072), one of the POS, is derived,
and the corresponding optimal solution of n is 21.017, i.e.,
max(e,8) = (0.053, 0.072) and 5" =21.017. For this POS, from
previous analysis, we can draw the conclusion that, if the ini-
tial states reside in a ball with radium of 8" =0.072 and the
disturbance rejection resides in a ball with radium of /o* =
4/0.053 = 0.230, then the PSS control system can stabilize this
system, which can also be checked by the results of time domain
simulations as shown in Fig. 4, here the magnitude (2-norm) of
initial state and disturbance rejection are 0.06 and 0.21, respec-

0.087
0.015 \
4 Yout) 0.01
0.06, ( ||
0.005 LA
0.04+

0.02

-0.02

-0.04 +

-0.06 +

-0.08 L L n ) 210 1 L L
t(s)

Fig. 4. Results of the time domain by simulations.
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Fig. 5. Projections of the attractive regions.

tively. However, if TA-2 with «g =0 is applied instead of TA-3,
(0.0, 0.081), another POS, can be obtained. This is consistent
with the fact that the POS are not unique. In fact, (0.0, 0.081) is
the optimal result of paper [9], so the method in this paper is the
extension of [9] when the disturbance rejection is considered.
Moreover, the projections of the estimated stability regions cor-
responding to these two POS are depicted by Fig. 5, where the
real ellipses denote the projections of the stability region cor-
responding to (0.053, 0.072) and the dash ellipses denote those
corresponding to (0.0, 0.081).

Next, we analyze the relationship between the stability region
(the maximum set of initial states) and the maximum endurable
disturbance rejection for the system. In Fig. 5, the maximum set
of initial states (a ball in our simulation as mentioned previously)
in the estimated stability region of nominal system (no distur-
bance rejection) is larger than that of the system with disturbance
rejection. In fact, the phenomena are common, since the energy
of controller is finite due to saturation nonlinearities, when the
energy of disturbance rejection increases, the energy of initial
states must decrease so that the controller can guarantee the sys-
tem stability. Thus, disturbance rejection will minish estimated
stability region, and the more the disturbance rejection (") is,
the smaller the maximum ball (,B*) contained by estimated sta-
bility region is. This conclusion also can be illustrated by curve
(b) of Fig. 6, where curve (b) is the POS of problem (17) and it
also validates Theorem 2, i.e., ,B* decreases when o increases.

To show that the GSS method we constructed for IA-1 works
well, we compare the results of IA-A in which we did not opti-
mize 1 and those of IA-2 in which we have optimized 5. It
can be imaged that the results of POS are more conservative
than that uses GSS method. In fact, the GSS method works well
in this optimization problem, this conclusion can be illustrated
by Fig. 6, where curve (a) denotes the POS by TA-A with fixed
parameter (1 = 15), and curve (b) denotes the POS by IA-2 which
has used the GSS method. It is evident that the results of IA-A
are more conservative than those of IA-2, this is because the

results of IA-A are not the POS of optimization problem (17)
but those of (27).

6.2.2. Impacts of saturation bound on the pos and the
stability regions

Now let us get back to Fig. 5 to show the relaxation of some
saturation constraint has evident impact on the active constraints
[9] in the optimization problem (17). In the third sub-figure
which depicts the projection of stability region on coordinate
AEgp — AFEy;, we note that the excitation constraints of genera-
tors 1 and 3 are tangent with stability region at point B and point
A, respectively. Hence, the excitation saturation constraints of
generators 1 and 3 are active constraints, i.e., the inequality con-
straint (b) in the expression (23) become equality constraints
when the index i is equal to 1 or 3. However, from the fourth
sub-figure, the saturation constraint of the third PSS is not tan-
gent with the stability region, so it is not an active constraint. But

0.08 - .
—e— result of algorithm A

b —a— result of [A-2
0.075¢ (&)

0.07}
0.065}
< posf

0.085F

0.05¢

0.045}

004 1 1 1 1 1
0 0.056 0.1 0.15 02 0.25

-

o

Fig. 6. POS of the test system by IA-A and IA-2.
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Fig. 7. Relationship between stability region and saturation bound.

when the saturation bound A Ef; is changed and other param-
eters are fixed, i.e., only the saturation bound of generator 3
is changed, the stability region changes rapidly. Fig. 7 shows
the projections of the corresponding estimated stability regions,
where A Eg3 is 4.0, 6.0, and 10.0, respectively. In Fig. 7, we can
find that when A Ep3 increases to 6.0, the saturation bound of
the PSS output of generator 1, yo(1) = 3, is also tangent with the
estimated stability region on coordinates y(1y — y2(2). Namely,
the active constraints are changed, i.e., the saturation constraints
of exciters are still active, but the PSS output of generator 1
becomes the active constraint.

The change of saturation bound A Eg3 can also have impact on
the POS of problem (17) and on n". Fig. 8 shows the relationship
between the POS and the upper bound A Eg3 and Fig. 9 shows the
relationship between o and ". In Fig. 8, it can be observed that
the curves of POS with bigger AE f3 are above the curves with
smaller A E¢3, so the relaxation of the saturation constraints can
lead to the increase of POS monotonously. However, from Fig. 9,
we can find that for the same «”, the curve with AEp = 5.2 is
not above the curve with AEw = 7.2 but is above that with
AEg = 10, thus, the change of n” has no monotonous property
as the relaxation of the saturation constraints. Nevertheless, the
n" is decreasing monotonously with the increase of o from
Theorem 2 or from Fig. 6. This important observation can help
us select the range for 7 in the initialization step in the iterative
algorithms such as TA-2 and IA-3.

When A E¢; is small enough, the active constraints are only
the saturation of AE¢3 and the POS is only determined by this
constraints. But when bound A E3 is big enough, the POS is not
only determined by the saturation of the exciter’s outputs, but

also determined by the saturation of PSS’s outputs. This con-
clusion can be easily confirmed by Fig. 8, where, the change of
A E; has an apparent impact on the POS when A E3 is smaller
than 10. When A Eg is larger than 10, along with the change
of AEg; from 10 to 12, the POS remain nearly constant and so
does the corresponding optimal parameter ("). In other words,
in power systems the saturation bounds have large impact on
the performance of controllers and on the small-signal stability.
Moreover, it is only when the saturation bound of a exciter’s

-=#= AE;=52 —@— AE,=7.2 —f— AE,=10 =3 AEL=12

0.14F

0.12F

0.08f

-0...,___*__*
"'F-...___*‘
'0--..___‘___
0.06} ~—t——p

0 0.05 0.1 0.15 0.2

*

o

Fig. 8. Relationship between POS and the saturation bound.
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output is small enough that turning the exciter’s output bound
is useful to improve the power system small-signal stability.
Otherwise, tuning of the saturation bounds need be considered
synthetically.

7. Conclusion

In this paper, we provide an analytical method to analyze the
impact of saturation nonlinearities and disturbance rejections on
the small-signal stability of power systems. As an application,
we choose to study the performance of a PSS controller with
nonlinearity saturation and disturbance rejections. To improve
the accuracy of the results, a multi-objective optimization model
based on LMl is introduced and algorithms for solving the prob-
lem are developed. The properties of the algorithms are proved
also. The simulation results of a test power system demonstrate
that the method is effective.
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Appendix A

To describe the following analysis clearly, we introduce
some abbreviations as follows. Let €2 denote the feasible region
of optimization problem (26), i.e., for every (R, y, o, n) € £2,
(R,y,a,n) is a solution satisfying the constraints of (26); Let
2y, £, and £2, ,, denote the €2 with fixed n, (,a) and (n,8),
respectively. Clearly, from our previous analysis, we know that
£2y),« is the feasible region of (27) with fixed (n,a); and £2y; ,, is
the feasible region of (28) with fixed (1,y).

First of all, to prove the theorem we introduce the following
Lemma.

Lemma 4. In IA-A (or IA-B), ag <o (or yo=>y"). Here, ag
(or yo) is the initial value of o (or y); o (or y") is the result of
IA-A (or IA-B).

Proof. We only prove the conclusion for IA-A since the proof
for TIA-B is similar.

In the second step of IA-A, y” is the optimal value of opti-
mization problem (27) with fixed n and «, and we let R| denote
the optimal value corresponding to R, thus (Rl,y*,ao,n) sat-
isfies the constraints of (26), i.e., (R}, y*, ag, n) € £2, which
implies (Ry, ap) € §2,,+ from the definition of £2;,,. Simi-
larly, in the third step of IA-A, «" is the optimal value of
problem (28) with fixed 7 and y”, and we let R, denote the
optimal value of R, so (Rz,]/*,()l*,n) satisfies the constraints of
(26), i.e., (R, y*, a*, n) € £2, which implies (R>, o) € £2;
from the definition of €2, ,,. Hence, both (Ry, ap) € £+ and
(Ry, o) € £+ are satisfied. Since o is the maximum value
of problem (27) with the fixed n and y*, ie., o is the max-
imum value among all of variables satisfying (R, ) € £2 ,+.
Consequently, cg < . O

Now we can prove Theorem 3 on the basis of Lemma 4.

Theorem 3. The result of IA-A (or IA-B), say (—a*,y*), is one
of the POS of problem (26) with fixed 7.

Proof. Since the proof for IA-B is alike, we only prove the
conclusion for IA-A, i.e., (—(x*,y*) is a POS of (26) with fixed
n. To show this conclusion, we use a contradiction argument.

Suppose that (—a",y") is not a POS of (26) with fixed 7.
Thus, from the definition of POS, there exists a (R', ', o) € £2,,
satisfying (—a/,y") <(—a",y"), which implies that o’ > " and
Y <y". From Lemma 4 o > a holds, and consider again that
both o' > " and ¥’ <y” hold, so observing the constraints
of (26), we easily get that (R', y’, &) € £2,, implies that both
(R, Y, a0) €£2, and (R', y*, &) € £, hold. Furthermore, the
following expressions are satisfied from the definition of £2, 4,
and €2, +:

(R, Y) €0y, (R, o)ef2y (36)

We know that y”* is the minimum value among the vari-
ables satisfying (R, y) € £2, 4, from the second step of IA-A, so
y" <y is satisfied from (R', y) € 2.4, 0 (36). Consequently,
from y' < y" and y" </, we get /' =y". Similarly, we know
that o is the maximum value among the variables satisfying
(R, @) €2y ,+ from the third step of IA-A, so o <a” holds
from (R', o) € €2, ,+ in (36). Consequently, from o < o and
o >a",wegeta/ =a”. Therefore, both ' =" and o’ =™ holds.
It is contradictory with assumption (—«’,)’) <(—a",y”). Thus,
the conclusion is proved. [

Appendix B

In this appendix, we give the parameters of the generators,
PSS and exciter’s controllers in Fig. 3.
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Generator 1: P; =1, Q1 =0.5, xé = 0.5, H=5s, D=0.005,
Téo =15.35;, Ka=6, Tao=0.02(s); Ks=1.0, Ty =5.0(s),
T1=0.35(s), T> =0.03(s); AEf; = 6.2, y, = 3.0.

Generator 2: Py=5, Up=1.05, xj=0.045, H=25s,
D=0.025, T;, =535 Ka=10, Ta=0.02(s); K;=1.0,
Tw=8.3(s), T1 =0.35(s), T» =0.03(s); AEf; = 5.2, y2 = 3.0.

Generator 3: 03=0, U3=1.05, D=0.020, H=20s, xé =
0.04, Téo =3.76; Ko =17.5, TAo =0.02(s); Ks = 1.0, Ty, =8.0(s),
T, =0.45(s), T> =0.05(s); AEf; = 5.2, y, = 3.0.
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