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SUMMARY

A specialized method for constructing a hyper-ellipse that resides inside the stability regions of a class of
nonlinear autonomous systems such as electric power systems is provided. This method is further generalized to
estimate the stability region of a fairly general class of high dimension nonlinear autonomous systems.
Applications of the introduced results to power system transient stability analysis are described, together with
numerical examples. Copyright © 2006 John Wiley & Sons, Ltd.
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1. INTRODUCTION

The stability region (or attractor) of a dynamic system is of interest in many fields. For example, power
engineers have been looking for a solution of stability region estimation for well over 40 years [1-5].
The recent 2003 North America blackout has stimulated an ever-stronger interest in power system
stability analysis [6]. In power system control design, controllers are subject to very tight control
saturations [7—10]. This also raises the question of stability region estimation.

The best known result so far is a geometric characterization of stability region boundary [1,2]. This
celebrated result asserts that the stability region boundary of a dynamic system is composed of the
union of stable manifolds of the unstable equilibrium on the boundary. Aside from this seminal work,
energy function heuristics for power system stability analysis have been extensively studied [3]. This
method may produce either optimistic or pessimistic stability analysis results, which somewhat
limited the acceptance by the power industry.

Many techniques for estimating a guaranteed set of a stability region have been reported. For an
autonomous system with an isolated equilibrium, a subset of the stability region can be estimated by a
quadratic Lyapunov Function [11]. This method requires finding a bounding function. However, there
does not seem to exist a general and numerically efficient method for constructing bounding functions
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for general autonomous systems. In Reference [12], a method using quadratic Lyapunov function
and grid search was reported. This method can deal with fairly general autonomous systems but it
works for systems with very low dimensions only. Other results can be found in, for example,
References [13-17].

Based on an exact Taylor’s expansion, a specialized method for computing a guaranteed set of
stability region of power system is presented in the paper. This method is further generalized to solve
the problem for a fairly general class of autonomous systems: the systems that are sufficiently smooth.
Applications of this general method to a power system represented by a higher order model are
described. Both methods are free of the problem of ‘curse of dimensionality.” The results of using first
order as well as higher order Taylor’s expansion terms are presented.

2. THE SPECIALIZED METHOD FOR MULTI-MACHINE POWER SYSTEMS

The right-hand-side of the classical model of a multi-machine power system contains trigonometric
functions only thus can be conveniently bounded; this allows the application of Lyapunov’s method
[11,18]. The multi-machine system classical model with uniform damping coefficients is as follows [3]:

Sin = Win (1)

U')in = —Win +Pm1 _Pei(:;la(SZ-nén) _Pmn _Pen](‘jl;(SZH-én) (2)

where, n is the number of the generators in the system and

6in — (Si _ 6]1 (4)
o = s — w0, (5)
D, D,
= — = - 6
=D - (6)
Pei = E; Y E/(Gycosby + Bysindy) @)

=1

Let X;i = 5in — 6?,,, Vi = Win — wQ G,; = EiE[Gil, B;; = EiElBila Xij = Xi — Xj fori = 17 27 ce., = 1,

n’ L

where (&? w&) denotes the post-fault system stable equilibrium, and consider n-th machine as

n’
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reference, the state space model of a multi-machine system with post-fault system stable equilibrium

being transferred to the origin becomes,
Xi =i
Vi = g(x,y) = =i+ &ix)
where i = 1,2,...,n— 1 and

X = [xlax2>-~~xn71]T7 y= b’layZa---ynfl]T

Py(x)  Ponlx)  Pu(0) _ Pyr(0)
i) = o) L) | D) P

Pgi(x) = E Z E 11COS (x,; + 611) + Bjsin (x,l + 611)]
=1

Let us expand g/(-) at the origin as follows:

L 0gi(o
8i(x,y) = =i+ (0 +Z 'al X
Xj

Since g;(0) = 0 and o; is a constant which satisfies 0 < o; < 1, rewrite the equation as:

0gi(0 Ogi(oix)  0gi(0)
gen) = e S50 1§ (Dulem) D0,
==+ Zdij'xj + Zhij(a,-x)xj
=1 =1

n—1

=—wi+ Zaijxj + hi(x, 07)

where,
Ogi(ox)  0Ogi(
hij(aix) 8()6] ) an)
o agi(o)
Cl,j o 8xj
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n—1

hi(x,00) = > hyj(ox)x; (17)

J=1

Theorem 1. Assume that the linearized part of the power system (8), Equation (9) is exponentially
stable, then the stability region of Equation (8), Equation (9) is non-empty and it can be estimated
using a quadratic Lyapunov function.

Proof. Let z = (x7, yT)T, Equations (8) and (9) can be expressed as:

z=Az+h (18)
Or : (") :A<x>+h (19)
Yy y
where:

0 0 1 0
A 0 0 0o ... 1 0
- all . a11n71 _/y e O ( )

-1, an—ip-1 O -
h=(0 -+ 0 h - hy )" (21)

By hypothesis the matrix A is stable and the above application of Taylor’s expansion does not rely
on any approximation. Since the nonlinear term & in Equation (19) contains trignometric terms only,
therefore it is bounded. This makes it possible to find an estimate of stability region of Equation (19).

Choose Lyapunov function as:

V=:pP; (22)
It follows that:

V=z"(ATP + PA)z + 2" Ph = —z"Qz + 27" Ph

5 (23)
< = Awin(@)[[z]12 + 2Amax (P) [l2][ 1]

Now the key is to find a bound for ||k||,. Let us derive the analytical expression of the ||k||, upper
bound. We at first derive the bounding function of |h;(x)|. The expression of A;(x) and matrix A are
given in the appendix.
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! oixij + 26 oixii 4 260 .
Z 2x; (G cos 4 "7 3 J 4 B;j sin % sin %
/#r

. 0
+ 2x; ((G’ - G);)co %26"” + (B}, + B,,;) sin

L | o'<x + 269 oix; + 269 X

(24)

oiXi + 2(5?") sin OiXi
2

W 2 2

Using the following inequalities: sin(7) < |¢], cos(¢) < 1.0, we can obtain a bounding function for
|h;(x)|. This is the approached suggested in Equation [19]. Here a different approach is used. Note that
for any real number a, b, u we have the following Holder inequality:

(a b)(SinI/t)’ (25)
<|l(a b)|l||(cosu sinu)"|| < a2+ b2

|acosu + bsinu| =

Let

i =/ (Ghy — Gl + (B, + By (i = 1,...n) (26)

=4/G2+Bj2,(i=1,...n; j=1,...,n—1) (27)

Since 0 < 0; < 1 and |sin(oy)| < |1,

=

n—1 n—1

2 2 2

x)| < rigx; + E rix; + E TnjX;
j=1 j=1
i#i i#i

n—1 n—1

_ .2
=x; | rin + g rij 2 arijr g r,y+r,j
i i

i# Hé /#
and
1RGOl = Z [hi(x
n—1 n—1 n—1 n—1
= Z )cl-2 Tin + Z ri | —2 Z riXixj + Z (rnj + r,j)x}
B z 7
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—1 n—1 n—1 n—1 —1 n— n—1 n—1
1

n 1
2 2
= E r,,,+ E x E rij — 2 E E riXiXj + E E rnjX; + E E riiX;
i=1 =1 =1 -1 i—1 J
i#i i#i

i= i=1 J=!
J#l J#i

n—1 n—1 (29)

n_l
2
:Z ,mﬁ-ZX Zr,j—ZZZr,jx,xj Zr,yx —|—Zx ZrU
N /%I /%I ;7&,

2
=xTWx < [W]l,Jx]3

where the matrix W is made of w;; and wy as follows:

n—1 n—1

Fin + Zrtj+(n72)rnj+ Zrija (l:])
Jj=1 i=1

Wi = i i (30)
—Fij, (l 7&])
Then the expression ||A(x)]||, will satisfies
2
1RGO < [IWI 13 (31)
Since the matrix W is positive definite, it can be easily verified that:
2 2 2
1Bl < 1]l < [TWILl1xl= Amax (W) ll5 < Amax (W] |22 (32)
Equations (23) and (31) show that V < 0 if the following inequality is satisfied.
>\mm( )
= 33

It is now clear that inside the compact set D, where D is defined below:
D= {zeR"||z], <n}

the derivative V is negative definite and the Lyapunov function is positive definite. Once we find such a
ball D, choose:

c= min V(z) = Anin(P)7*
llzll=n

and define set (), as:
Q.={zeR"||Vz)<c}CD

Then the set €. is a subset of the stability region [11]. The proof is complete. O
To check the transient stability of a power system, one can follow the following steps:
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(1) Calculate the post-fault equilibrium;

(2) Form matrices A, P, Q and W;

(3) Compute 7 and c;

(4) Run simulation to obtain the state variable z, at fault clearing time;
(5) Check if V(z0) < c.

The above method yields a conservative estimate of stability region. Since trignometric functions
and their derivatives are bounded above, higher order terms of Taylor’s expansion can be used to
improve the stability estimation results. This will be further illustrated in subsequent sections.

Three examples are provided in this section to further illustrate the approach described above.

Example a: A Single-Machine-Infinite-Bus System (SMIB)

Consider the SMIB system in Figure 1 where a synchronous machine is connected to an infinite bus
through a transmission line and two transformers. In order to use the result of the paper we consider the
infinite bus as a specialized generator with a very large inertia constant M and very small transient
reactance X}, so this system is effectively a two-machine system. Two cases are studied. In the first
case, a three-phase-to-ground short-circuit is applied at node 2 and later removed. In the second case,
the fault is applied at node 3. The critical clearing angles based on the suggested method and a step-by-
step simulation (SBS) method are shown in Figure 2.

Example b: A Nine-Bus system

The data of the system is from Reference [3] and the simulation results are shown in Figure 3.
Example c: New England 39 bus test system

The data is again obtained from Reference [3] and the results are shown in Figure 4.

3. A GENERAL METHOD FOR NONLINEAR AUTONOMOUS DYNAMIC SYSTEM

In this section, we generalize the specialized bounding function method in Section 2 to estimate the
stability region of a class of general autonomous system.
Consider the following nonlinear autonomous system,

x=f(x)=[f@x).LE) .. )], (34)

with f € C?(R"). Without loss of generality, assume that the equilibrium point is the origin, and the
eigenvalues of A = (9f;(0)/0x;),,,, have strictly negative real parts. Note that the above system does

nxn

2 3 4

o3 —@—|

2401 300MFA - 230Km 200MFA u=115KF
105KV 10.5/242 x =5, =0420/km 2200121K¥F P =220MW
cos@=038 ul=14% x,=4x uw Vo= 14%  cosgp, = 098
x, =044 5, = 200MVA U, =209KV

H=3s T, =6.65 x,=4.0 x, =044

Figure 1. The single-line diagram of the SMIB test system.
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Figure 2. Comparison of critical clearing angles obtained using SBS and the suggested
bounding function method (BFM).

not have the special structure system (19) possess thus the specialized method presented in Section 2

does not apply.
To find a stability region of autonomous system (34), first consider the following Taylor’s series

expansion,

i) =) + 20 e L eroree (5)

where éi =owx,0<0; <1,fori=1...n Since f(0) = 0, let us rewrite the above equation as,

L%, ]
=

6.3677

s
|

362131

("]
(=]

19.8314

13.256

Clear angle ()
S
|

._.
=
|

2 asynchronized machine 3
O SBS O BFM

Figure 3. Comparison of critical clearing angles of a nine-bus system.
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Figure 4. The comparison of critical clearing angles in the New England system.

xIV2 fi(Ex
TvZ 2
7(x) :Ax—i—% CVLER | eiw, (36)

X'V £ (€)%
where Ho = [y, ha ... )", by = 1xTV2 £i(Ex, & = ox, 0 < 0; < 1, fori=1---n.

To proceed the analysis, pick a 7 > 0 and define B; = B(0, 7). Since the norm function || Vf;(x)||
is continuous in the compact set By, it has a maximum in set B;. Let

1
b= my (v}, 1=

Since V x € By implies that & € By, the norm of H, satisfies the inequality

2
2
™ ) <

Now choose Q to be a positive definite matrix, since all of the eigenvalues of the Jacobian matrix A
have negative real parts, solve the following Lyapunov function to obtain a positive definite matrix P:

n 1 . n
LR Bl > Bllel= x| (38)
=1 =1

PA +A'P = Q. (39)
Let the minimum eigenvalue of Q be ¢; = Ayin(Q), the maximum eigenvalue of P be ¢; = A\ (P),
and the minimum eigenvalue of P be ¢3 = Apin (P). Define V(x) = x”Px, and V be its derivative along

the trajectory of system (34), it follows that:
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V=x"(PA+A'P)x + 2x"PH, = —x"Qx + 2x"PH,

2 2 (40)
< —c el 4 2eal x| [[Ha || < [lel|"(=er + 2eal]|x]])

Finally, let ¥#=c;/2lc;, B, =B(0,7), r=min(r,#), B=int(ByNB,)=B(0,r), V., =

”m”in V(x) = c3r? and define
x||=r

Qe={xeR"|V(x) < Vy,} (41)

Apparently . C B, if not so, there exists a point xjin €. satisfying ||x;|| > r, which implies
V(x1) > c3r?, a contradiction with the definition of Q..
Now let us prove that the set 2. is an invariant set and also is a subset of stability region of system (34).

Theorem 2. The set Q2. as defined in Equation (41) is an invariant set and it is in the interior of the
stability region of Equation (34).

Proof: let I; = max (3| Vi (x)||}, 1 = V2 le Since r < 7 implies B C By, therefore I; < I; and
! < I. For everyxf,B x C B and x # 0, following Equation (40), we have:

V < x| (=1 + 2eadlx]|) < [[%]]* (=1 + 2¢alr)
< HXH2(—6‘1 + 262[7’) <0

By LaSalle’s Invariance Principle [11], the closed set €2, is an invariant set and it is a subset of the
stability region of Equation (34). The proof is complete. O

Remark 1. The constant /; as defined in Equation (37) can be estimated by solving a nonlinear
optimization problem. This gives the best estimate of /;. It can be estimated using other forms of
norms, for example, 1-norm and infinity-norm, since for a matrix X, || X||, < ||X]|, and ||X], < [|X|| -
The later approach is simpler but gives less favorable solution. This is the idea of the specialized
method described in previous section.

Remark 2. The choice of the matrix Q will affect the value of r. For certain problems, it has been
shown in Reference [11, pp. 206] that the best choice of matrix Q is the identity matrix. It remains an
open question as to what the best choice of matrix Q is. In the numerical examples supplied in the
paper, the identity matrix is used.

Apparently, once the matrix Q is given, the parameter r has significant impact on the solution of
stability region estimation. The best choice of r can be obtained via certain iteration algorithm. We
provide one such an algorithm.

Algorithm 1.
Step 1. Initialize 7y with an arbitrary number (here the subscript denotes the index of the iteration
numbers), choose relaxation parameter « such that 0 < o < 1;

Step 2. Given 7y of the k-th iteration, compute 7 and r, = min{ 7, #};

Step 3. Check if |Arg| = |r — ry—1| is smaller than a given tolerance level or the number of
iterations reaches a given threshold, if yes, r; is the desired solution, stop computation; if
not, go to the next step;

Step 4. set Fry1 = Fr + aH — i), and return to step 2.

The following result demonstrates that the algorithm is convergent and the execution of the
algorithm improves the initial solution.
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Proposition. The sequence r; is non-decreasing.

Proof: From Equations (37) and (38), it is clear that [ is a function of 7, denote it as [(), this function
is non-decreasing as r increases [20]. It follows that the function #(7), where ¥ = c;/2lcy, is non-
increasing. Recall the definition of the sequence ry:

Argy = rigy — re = min{7yy, Aoy} —min{ 7, A}

~

Now consider the case that 7, > ¥, then based on Algorithm 1, 7 < iy = 7 — a(Fy — %) < Iy
and 71 (Fx11) > ¥ (7¢). This implies that min{r;1, Fry1} > ¥y, therefore:

Argyy = min{rpy 1, Frp1} — 7 >0

For the cases where 7 < ¥, then based on Algorithm 1, ¥ > .y = i + (7 — 7) > 7 and
Fry1(Fep1) < Fy. This implies that min{ 7,1, i1} > 7y, therefore:

Argpr = min{re1, P} — 7 >0

For all the cases we have Argy; > 0 as the iteration advances, this completes the proof. O

Remark 3. If 7; — # = 0, then the sequence r; reaches its maximum point.

Remark 4. The third order term of Taylor’s expansion can be used in Equation (36) to improve the
quality of the stability region estimation. The computational results of the third order method will be
presented below for a comparison.

Two examples are provided below.

Example d. Consider the stability region of the second-order system:

).Cl = X2

Xp=1-— \/fsin(xl +7/4) —x;

Let us try the second-order method. First linearize the system and compute the Taylor expansion terms as:

A:{_Ol jl],hlzo,hzz\%[gr[m(&gﬂ/@ 8“2}

Then choose 7y = /5, B; = {x € R"|||x|| < «/5}, and compute [ = max |Hz(x)|| = sin( ro+
7/4)/v/2 = 0.6984. e
Now let Q =1, so we have:

pP— 1.5000 —0.5000
~ | —0.5000 1.0000 |’

¢1 =1, ¢ = Amax(P) = 1.8090, ¢3 = Apmin(P) = 0.6910.
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It follows that 7 = 0.3958 < 7#y. After executing a search based on Algorithm 1, we have
r = 0.4187. Finally let V.. = c372> = 0.1211, so the inequality

T
117 15000 —0.50007 [
|:x2:| [—0.5000 1.0000 } |:x2:| <0121

characterizes a subset of the stability region (see Figure 5).
The third order method yields a better solution as follows (see Figure 5):

T
x]"[ 15000 —0.50007 [x,
[xz} [—0.5000 1.0000 } {xz] < 02224

Example e [12]. Consider the stability region of the second order system
X1 =—x
X =—-x—(1 —x%)xz

0 -1

Let us start with the second-order method. First calculate A = { 1 1

T
2 = 2 .
X2 & 0]|x
Now choose 7o =1,B; ={x € R"| ||x|| < 1},s0]= max Hy(x)|| = 7o = 1.
xeB,

1.5000 0.5000
0.5000 1.0000

have 7y = 0.2764 < g, and r = 0.5257 > min( Fo, 7p) = 0.2764.

Let Q =1, we obtain P = { } ,c1 =1, co = 1.8090, c3 = 0.6910, furthermore, we

06

2
041 B
)

02F / g
ot 0 .

0.2f B

06} 4

Figure 5. The result of example d. (a) Stability region boundary estimated using the second Method. (b) Stability
region boundary estimated using the third Method.
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05 1 15
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Figure 6. The result of the example e. (a) Result of Reference [4]. (b) Result of the second-order
method. (c) Result of the third-order method.

Finally let V., = 0.1910, so the inequality

T
x117[1.5000 0.50007 [ x
[xz] [0.5000 1.0000} L@] <0.1910

characterizes a subset of the stability region (see Figure 6).
Again, the third-order method gives a better estimate of the stability region as follows (see
Figure 6).

[xl]T[l.SOOO 0.5000} [xl

x| 05000 1.0000 x2}<0'5778

Example f. Consider the stability region of a single machine system with flux decay model:

. EE .
M6 = P, ——L—siné — D (42)
X12 + Xy
- 1 (xg — x})) 1
E =——FE - "“,+_E 43
T A R )

where,

Copyright © 2006 John Wiley & Sons, Ltd. Euro. Trans. Electr. Power (in press)
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E E
Ij=—21— — —cosb
(x12 + X)) X12

The definitions of the variables and equations can be found in Reference [3]. The stable equilibrium
point is given by § = &° and E/ = e. It is obtained by setting the derivatives of the right hand side equal
to zero and solving for 6 and E;. The equilibrium point is then shifted to the origin by defining new
state variables as

).Cl = X2
i =6 (44)

o
x3—Eq7 e

The above system can be re-written as:

x=Ax+H, (45)
where, for i = 1,2,3:
0 1 0 0
A= — Kiecos®® eX;S & -2 — K 15‘1411 & ) H2 == hZ ’

—1psiné’ 0 —m h3

E X0 + X, xg —x,)E

Ki=——, n12u7&1/7 = ( /d) '

(xlz +Xd) (x12 er/d)Tdo (x12 +xd)Tdo

1 | b 0 b3y 1 [bn 00
m:if 0 0 0 |x m:if 0 0 0fx,
bz 0 0 0 00

K M S K )
biy :Ml(8+§3)51n(€2+5 )y biz=b3 = —ﬁlCOS(ﬁz-ﬂs ),

b}, = —1mcos (fi + 50)7 &=oxi, &=ox, 0<o0;,0, <1

In the set B; = {x € R*| ||x|| < r}, we have

ha| < (|bi1| + |bria])x® < Ki(e+r+1)x* /M (46)

Copyright © 2006 John Wiley & Sons, Ltd. Euro. Trans. Electr. Power (in press)
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01

0.05

0

-0.05

<01

0.0

Figure 7. Stability region of a single machine system with flux decay model.

3] = [By[x* < moa® (47)
The final system is as follows:

jCl =X
%y = 0.8318 — 2(x3 + 1.02)sin (x; 4 0.42) — 0.2x,
X3 = —0.2295 — 0.405x3 + 0.255cos (x| + 0.42)

The stability region estimated using the general method is illustrated in Figure 7.

Remark 5. The specialized bounding function presented in Section 2 fails to deal with examples
e and f. Both the general method presented in this section and the method in Reference [12] can solve
the case. The advantage of the suggested method is that it has the potential of dealing with higher
dimension systems while the method in Reference [12] cannot.

4. CONCLUSION

In this paper, a specialized bounding function method for estimating stability region of a special class
of systems such as power systems in classical model is described. This specialized method is further
generalized to estimate the stability region of a fairly general class of nonlinear autonomous systems.
The general method is applicable for systems that are sufficiently smooth, and it is particularly useful
for higher dimension systems. Extension of the method to transient stability analysis subject to
parameter uncertainties is presented in Reference [21].
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5. LIST OF SYMBOLS AND ABBREVIATIONS

7.1. Symbols:

E; Constant voltage behind direct axis transient reactance of the i-th generator

¥ Uniform damping coefficient

iy Wi Rotor angle and speed of the i-th generator

Py Pei Mechanical input power and electrical output power of the i-th generator

M;, D; Moment of inertia and the damping constant of the i-th generator

Gij, B;j Transfer conductance and susceptance of the i-j element in the reduced
admittance matrix of the system

Z, X,y state variable

Z, X,y Derivatives of the corresponding state variable

x Transpose of vector x

I Identity matrix

P,Q Positive definite matrixes

Amin (P) Minimum eigenvalue of matrix P

Amax (P) Maximum eigenvalue of matrix P

a, b, u, o; Algebraic variables

0 Partial derivation

R" n-dimension Euler domain

§i0) A map from R" to R"

V() Lyapunov function

A Jacobian matrix of a full system

Cc?(") Functions with two continuous derivatives

int(B) Interior of set B

V2 Hessian Operator

Il 1l Norm of an element in a vector space, a 2-norm if not stated specifically

- llis T lles -l 1-norm, 2-norm and oo-norm of an element in a vector space

7.2 Abbreviations:

B(xo,r) = {x € R”|Hx —x0 <r}

B(xo,r) = {x € R"|||x — xo|| < r}

lelly = VaTx,  [lxll,, = max(fxl). el = 3 |xi

Al = mﬁXZ} lagl, Al = P (ATA)]'2, (Al = max > [
=

J=1
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APPENDIX

In this appendix, we give the expression of 0g;/0x;, a;;, h; and the expressions of the bounding
function of &;(x).
First we derive the expressions of Jg;/0x;:

Gysin (v + ) = Byeos (1 +of), (£ 1)

0Py | .
ox; = Z(—Gﬁ,sin (xu + 6) + Blcos (x; + 5,?)), (j=1i) (A1)
' o
Let
G, = EEGy/M;, B = EEB;/M, (A2)

So the expression of Jg;(-)/0x; is given by:

Gg,-(-) _ _L@Pgi L&Pgn
axj Mi axj Mn 8xj

- Z (G;l sin (x; + 6) — Bjcos (xy + 6,?)) (A3)
=1

I#i

+ (G:«,j sin (x,; + &) — B, cos (2 + (5”(]’.))7 (= i)

ag,’(') _ _ian; i@Pgn
an Mi axj M,, an
= —Gj;sin (x; + 6) + Bjcos (x; + 67)

+ Gl o+ 83) ~ Byoos g+ 88). (1%

From Equations (50) and (51), let x = 0, we obtain:

n

> (Gjsind) — B,cos6y) + (G;U- sinéy; — B;,;cos 6,%), (j=1i)

aj =\ (A5)
~Gj;sin 69+ Bj;cos 69+ G,,;sin 5o — B);cos oy (j#1)

Further more, h;; can be expressed as

_ 8g,-(o,-x) _ 8g,(0)

hi
v 8)6]' 8)6]'
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= Z ( sin (opxy + 63) — Bycos (opxy + 5i?)>
1#;

+ (Gi”- sin (03 + 6u1) — By;cos (0 + 6’2)>

n
— ) (Gsiné — B}jcos&i)
i
! 0 / 0
(Gm sind,; — B,,;cos 6ni)
n 0
oixi + 265 . ax1+26 axl
_ 2<G:lcos 1544} 1 —"—B:ls 15442 l 15441

= sin
— 2 (A6)
i
+2 (G/ OiXni + 26}'(1)1 + B/ . szm + 26/1 sin Utxnz
1544} 261 v 261 v
_ZZ<G21 le;_ L+ B sin ax,+ >sm0xl
14
A 2612 . l i 261/1 i
X + 260, iXi 25m . OX;
+2 G;ncosw—i—B;nsm% sin 22 (j = i)
2 2
Ogi(oix)  0gi(0)
hij(oix) = ———
j(g ) 8Xj 8Xj
= —G;sin (oix;; + &) + Bjcos (oix; + &)
+ G;sin (05, + b)) — B cos (oixy + Oy)
+ G’ smég Bgicos 6 — G;j sin & + B;j cos by (A7)
iXij + 260 X + 267 iXij
=2 (G;jcos ”’f—i—’ + Bl.sin L—i_’) sin %

irj 26n . irj 2691 . i
+2<_G’-cos70x’+ "4 g sin 79 ]> UXJ J(j#0)

nj 2 l‘lj
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The expression of /;(x) is derived as:

n—1
x) = Z hij(aix)x,
j=1

= 2 2
I#i
ax'+260 oix; + 269 X,
2l / vl m Bl. l m . v
+ x( G, > + msm—z si >
O')C + 269 ax + 26 X,
2[ v m B/ 1 vl
+ x( + > ) >

szz + 26m oiX; + 2612 giXi
o ((G’ Gl cos T2 4 () ) o
Z 2, ( oix; + 261 B 0iXj + 25],,) 0iX;j
2 2
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