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Abstract. Precise segmentation of three-dimensional (3D) magnetic res-
onance angiography (MRA) image can be a very useful computer aided
diagnosis (CAD) tool in clinical routines. Our objective is to devel op a
speci�c segmentation scheme for accurately extracting vasculature f rom
MRA images. Our proposed algorithm, called the capillary active contour
(CAC), models capillary action where liquid can climb along the bound -
aries of thin tubes. The CAC, which is implemented based on level sets,
is able to segment thin vessels and has been applied for veri�cation on
synthetic volumetric images and real 3D MRA images. Compared with
other state-of-the-art MRA segmentation algorithms, our experiments
show that the introduced capillary force can facilitate more accurate
segmentation of blood vessels.

1 Introduction

Magnetic resonance angiography (MRA) is a noninvasive medical imaging modal-
ity that produces three-dimensional (3D) images of vessels and cavities. Accurate
extraction of 3D vascular structures from MRA images has become increasingly
important for diagnosis and quanti�cation of vascular diseases.

Existing MRA segmentation techniques can be broadly divided into two
categories: skeleton-based and nonskeleton-based. Skeleton-based techniques are
those indirect methods which segment and reconstruct the vessels by �rst de-
tecting the centerlines of the vessels. Several methods have been developed based
on this principle and multiscale schemes to allow for the diversity of vessel
sizes [1{3]. In these approaches, the centerline models can be generated explic-
itly, implicitly or via postprocessing by vessel modeling methods. Contrary to
above methods, nonskeleton-based techniques are those that compute the vessels
in 3D directly. In this category, deformable model based methods have received
considerable attention and success.

Klein et al. [4] proposed to reconstruct 2D vessel boundaries or 3D vessel walls
using deformable surface models represented by B-spline surfaces. However, it is
not possible to employ parameterized deformable models to e�ectively deal with
whole vessel trees, as the models would be required to change topology during
evolution. Yim et al. [5] proposed a deformable surface model based on triangu-
lated meshes for vessel construction in 3D. Nevertheless, it may be problematic
to apply these methods [4,5] for segmentation of vessels from low contrastMRA
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Fig. 1. Capillary action. (a) Capillary tube, (b) Surfaces of a three-phase sys tem.

images. Geometric deformable models based on level set theory [6,7], which can
freely adapt into complex topologies of objects, were then proposed and applied
on MRA images segmentation. Chen and Amini [8] employed a hybrid model
using both parametric and geometric deformable models for segmentation of an
entire vascular tree. However, these methods may have di�culty in extracting
tiny vessels from 3D images. Small vessels and their branches, which exhibit
much variability, are very important in planning and performing neurosurgi cal
procedures. Greater details can provide more precise navigation and localiza-
tion information for computer guided procedures. Lorigoet al. [9] proposed the
\CURVES" algorithm to extract thin vessels, which uses geodesic active con-
tour [7] based on the co-dimension two level set method [10]. However, to make
the evolving curve stop at the object boundaries, the evolution speed needs to
be multiplied by a heuristic factor.

Our work aims to develop an image segmentation methodology for automat-
ically extracting the whole vasculature from 3D angiography. Inspired by the
capillary action associated with thin tubes as shown in Fig. 1(a), in which liq-
uid climbs up to some height without external pulling force, an algorithm for
vasculature extraction is proposed. In the capillary action, the thinner the tube,
the higher the liquid level in the tube. The situation is very similar to the seg-
mentation of blood vessels if we imagine thin blood vessels as capillary tubes.
Hence, it may be useful to employ this mechanism for segmenting thin vessels in
low contrast situations. By modeling this phenomenon and �tting it into image
segmentation problem, thecapillary active contour (CAC) is obtained for MRA
image segmentation.

2 Capillary Geodesic Active Contour

The capillary action can be understood as an energy minimization process, which
involves surface tensions. We �rst introduce the energy functional associated
with the free surface and wetted surface. Following that, the volume constraint
of the 
uid is considered. To minimize the overall energy functional, the Euler-
Lagrange equations are computed for each part and these derived parts are



integrated together to get the �nal evolution equation of the 
uid surface. Since
the capillary force is incorporated, the derived method is calledcapillary active
contour.

2.1 Free Surface Energy

Free surface is the part of the liquid surface that is not in contact with the solid
boundaries. Capillary action can only be observed when the adhesion tension
between molecules of 
uid and molecules of solid is larger than the cohesion
tension between 
uid molecules. Therefore, molecules on the free surface tend
to be attracted toward the solid boundaries. Fluid molecules will have lower
potential energy when they are nearer to solid boundaries and this energy will
be minimized when they are on the solid boundaries.

The gradient magnitude jr I j is calculated to indicate possible boundaries,
where I : [0; a] � [0; b] � [0; c] ! R+ denotes an image. A uniform decreasing
function g : [0; + 1 [! R+ is de�ned, where g(r ) ! 0 as r ! + 1 . Function
g(jr I (S(q)) j) is used to describe the energy coe�cient associated with the sur-
face S(q) : [0; 1] ! R3, which is the surface tension coe�cient in physics. Let
Sf (t) denote the free surface of the liquid at timet. The capillary energy of free
surface can be expressed as

E(Sf (t)) =
Z

q
g(S(q))

�
�
�
�
@S(t; q)

@q

�
�
�
� dq (1)

by integrating over q, where S(t; q) 2 Sf (t). By computing the Euler-Lagrange
of (1), the evolution equation of the free surface is obtained as

S t = g� N � (r g � N )N ; (2)

where � is the Euclidean curvature, and N is the unit normal vector of the
surface.

2.2 Wetting Surface Energy

Since the adhesion force is larger than the cohesion force, the 
uid molecules will
be attracted to the solid boundaries and the unwetted surface is then converted
into wetted surface. The total energy involved in this dynamic process can be
modeled as

E(Sw (t)) = �S w + � � S�
w ; (3)

where Sw is the area wetted by the 
uid and S�
w is the area in contact with the

outer medium (unwetted surface). SinceSw can be extended in an arbitrarily
continuous way into S�

w , we have

E(Sw (t)) = �̂S �
w (4)

where �̂ = � � � � . Thus, minimizing the wetted surface energy is equivalent to
minimizing the surface S�

w through evolving the contact line. However, solving



Fig. 2. 3D tubular surface is stretched
to get 2D surface.
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Fig. 3. The evolving direction of the
contact line.

this problem directly in 3D is problematic, because the surface to be minimized
is not enclosed by the contact line. Since we are only interested in an immediate
neighborhood of the contact line, it is always possible to �nd some view point
that all the surface area is under the contact line (see Fig. 2). In addition, the
3D surface can be \cut" along a line and then stretched to becoming a 2D plane
as shown in Fig. 2.

Let C(t; x ) : [0; 1] ! R2 denote the contact line between the 
uid surface and
the unwetted surface. The length of the curve

R
j @C(t;x )

@x jdx is considered as a
regularization term to keep the curve smooth. Thus, the energy associated with
the wetted surface can be written as

E(Sw (t)) =
Z

C(t; x )dx + �
Z �

�
�
�
@C(t; x )

@x

�
�
�
� dx: (5)

where � is a real positive constant parameter. Then the 2D evolving equation of
contact line C is obtained as

Ct = (1 + � �̂ )N � ; (6)

where �̂ and N � are the Euclidean curvature and the unit normal vector of
the contact line in 2D, respectively. However, when working in 3D, the curva-
ture �̂ of the 2D contact line becomes a co-dimension two curvature ^� 2 [9, 10].
Furthermore, as we are considering the evolution of liquid along vessel walls,
the direction of evolution should be parallel to the wall at each point, i.e., the
tangential direction T sb as shown in Fig. 3. Then (6) is changed into

Ct = (1 + � �̂ 2)T sb: (7)

The tangential subvector can be calculated as

T sb = N �
r g

jr gj
cos�; (8)

where cos� = N � r g
jr gj :



Thus, the overall evolution equation describing the energy of wetting surfaces
can be written as

S t = (1 + � �̂ 2)
�

N �
r g
jr gj

cos�
�

: (9)

2.3 Volume Constraint

The volume constraint is considered asE(V ) = cV, which can be expanded as

E(V ) = c
Z

S(t; q)dq;

wherec is a Lagrange multiplier. By applying the gradient descent minimization,
we have evolution equationS t = cN ; which is a constant velocity for minimizing
the volume enclosed by the surface. Since liquid is bounded by solid, the 
uid
surface will snap to the boundaries. Thus, the constant velocity is multiplied by
function g and then the evolution equation is modi�ed into

S t = g(S(q))cN : (10)

2.4 Evolution Equation

Based on the results obtained separately in the above sections, the �nal evolution
equation is obtained by integrating these terms

S t = g(� + c)N � (r g � N )N + � (1 + � �̂ 2)
�

N �
r g
jr gj

cos�
�

; (11)

where parameter� is a real positive constant. The constant termc in (11) acts
like balloon force in [11], which facilitates the evolving surface snappingto solid
boundaries. Comparing the new speed function (11) with those of the geodesic
active contour [7], the third term is new which comes from the capillary action.
The new term makes the 
uid surface move along the solid boundaries. The
capillary action term is expected to facilitate the evolving surface adapting into
thin parts of objects, e.g. thin vessels.

2.5 Level Set Evolution Equation

According to the level set theory and noting the fact that

N = �
r 	
jr 	 j

;

evolving a surfaceS under the speed function (11) is equivalent to updating a
volumetric map 	 with

	 t = g(� + c)jr 	 j + r g � r 	 + � (1 + � �̂ 2)jr 	 j(1 � cos2 � ) (12)

where S is the zero level set embedded in	 and

cos� =
r 	 � r g
jr 	 jjr gj

: (13)



3 Results and Discussion

3.1 Capillary Force

(a) (b) (c) (d) (e) (f)

Fig. 4. Illustration of the e�ects on varying capillary force coe�cient � . (a) Generated
cylinder. (b) Initialization of the algorithm. (c) � = 0. (d) � = 0 :25. (e) � = 0 :5. (f)
� = 0 :75.

Fig. 4 shows the application of the CAC in a computer generated cylinder,
which illustrates the e�ects of the capillary force. Starting from the initial ization
visualized in Fig. 4(b), evolution is done according to the level set speed function
in (12). In our experiment, all the parameters are �xed except that � is varying.
The evolution results with di�erent parameter settings after 50 iterations ar e
visualized in Fig. 4.

When � is set to zero, the CAC in fact evolves exactly like a geodesic active
contour [7]. The evolution of the free surface in the axial direction of the tubular
object is driven by the mean curvature � and constant speedc in (12). Since this
term is multiplied by the uniquely decreasing function g, its contribution will be
small when the surface is near the object boundary, and becomes zero when the
surface is on the edges. Hence, we can see the free surface is convex as shown
in Fig. 4(c). When the tubular object becomes much thinner, the evolution may
stop because of the small value ofg at everywhere. After incorporating the cap-
illary force, the free surface is attracted by the unwetted surface when near the
solid boundaries andmeniscus [12] can be observed as shown in Fig. 4(d)(e)(f).
With larger value of � , the surface evolution along the object boundary will be
stronger and faster. Therefore, the capillary force can facilitate the evolution of
the free surface even when the vessels are very thin.

3.2 MRA Segmentation

The CAC method is also applied on 3D MRA images of cerebral vasculature.
The image size is 512� 512� 120 voxels with spacing 0.43mm� 0.43mm� 1.2mm.
The initial surface is obtained by thresholding the raw dataset. The MIP of



(a) MIP (b) Region of interest

Fig. 5. MIP of the cerebral MRA data set.

(a) (b) (c) (d)

Fig. 6. MRA segmentation results using CURVES

MRA data set used in our experiments is shown in Fig. 5. To make the results
clearer, a region of interest (ROI) is extracted (Fig. 5(b)) and only vessels inside
the ROI are segmented and visualized.

We have compared our proposed CAC method with the state-of-the-art
CURVES [9]. Identical parameter settings in the evolution equations are used
for both methods except for the capillary force coe�cient, which is speci�c to
the CAC. The segmentation results of CURVES and CAC are shown in Fig. 6
and Fig. 7 with di�erent points of view. The CURVES algorithm successfully
extracts much of the vasculature but fails to identify some parts when compared
with the CAC.

4 Conclusions

In this paper, we propose the capillary active contour and apply it to both 3D
synthetic and cerebral MRA images segmentation. The incorporated capillary
force adapts the evolving surface into very thin branches of blood vessels and
obtains more accurate segmentation as demonstrated in our experiments. Com-
pared with other techniques, the CAC can achieve more details of vasculature.



(a) (b) (c) (d)

Fig. 7. MRA segmentation results using CAC

Our approach is geometric in nature and topology free due to that implicit rep-
resentation of the evolving surface is used.
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