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Abstract

Recentstereo algorithmshave achieved impressivere-
sultsby modellingthedisparityimage asa Markov Random
Field (MRF). An important componenbf an MRF-based
appmoad is the inferencealgorithm usedto nd the most
likely settingof each nodein the MRFE Algorithms have
beenproposedwhich use Graph Cuts or Belief Propaga-
tion for inference Thesestereoalgorithmsdiffer in boththe
inferencealgorithm usedand the formulation of the MRE
It is unknownwhetherto attributetheresponsibilityfor dif-
ferencedn performanceo the MRF or the inferencealgo-
rithm. We addressthis through controlled experimentsby
comparingthe BeliefPropagationalgorithmandthe Graph
Cutsalgorithm on the sameMRF's, which havebeencre-
atedfor calculatingstereo disparities. We nd thatthela-
bellings producedby the two algorithmsare compaable
Thesolutionsproducedby Graph Cutshavea lower enegy
thanthoseproducedwith Belief Propagation, but this does
not necessarilylead to increasedperformancerelative to
theground-truth.

1. Intr oduction

Two of themoreexciting recentresultsin computational
vision have beenthe developmenbf fastalgorithmsfor ap-
proximateinferencein Markov RandomFields (MRF's):
Graph Cuts [5] and Belief Propagation16]. Paperson
both graph cuts and belief propagationhave won recent
academiaecognition[8, 9, 16] and have beenappliedto
a numberof problems[6, 7]. In the realmof stereo,the
top contenderdor the beststereoshapeestimation,on the
mostcommoncomparisordata,eitheruseBelief Propaga-
tion [11] or GraphCuts[3, 5]. Both algorithmsallow fast,
approximatesolutionsto MRF's, which are powerful tools
for modellingvision problemsjput intractableto solve with

reasonablspeeduntil recently Thesealgorithmsmay be-
comethebasisfor new andpowerful visionalgorithms soit
is importantto know how they compareagainsteachother
The steregproblemprovidesa well-understoodest-bedor
comparison.

Unfortunatelythe competingstereaalgorithmsuseboth
a differentinferencealgorithmanda differentformulation
of the MRF. This raisesthe questionof how to understand
differencesn systemsperformancelLabellinganMRF has
beenshavn to be NP-hard,so both Graph Cuts and Be-
lief Propagatiorapproximatethe optimal solution. Should
onesystemsimprovementverthe otherbeattributedto its
choiceof aninferencealgorithm? Alternatively, doesmost
of theimprovementbelongto the authors'uniqueformula-
tion of the MRF?

The answerto thesequestionss importantbecaused-
vancingthe eld of computervision andbuilding on these
two systemsrequiresunderstandingvhat makestheseal-
gorithmsdifferentandhow thesedifferencesaffectthe sys-
tems' performance. To answerthis question,we shav a
controlledcomparisorof the Belief PropagatiomndGraph
Cutsalgorithms.Thetwo algorithmsareexaminedoniden-
tical MRF's, allowing usto measurehe quality of the solu-
tionsproduceddy thetwo algorithmsandisolatethe effects
of theinferencealgorithmson systemperformance.

In Section2 we discusshow theMRF modelcanbeused
to calculatestereadisparities.Section3 explainstheformu-
lationof theMRF'susedn ourtestsandtheimplementation
of the Belief Propagatiorand GraphCutsalgorithms. The
resultsof ourcomparisorarepresentedh Sectiond andare
discussedh Sectionb.

2. MRF Model for Stereo

Given a recti ed stereopair of images,the goal is to
nd the disparity of eachpixel in the referencemage. In



[10Q], Scharsteirand Szeliskipoint out that moststereoal-
gorithmsperformfour basicsteps:

1. Matchingcostcomputation
2. Cost(or support)aggreation
3. Disparity optimization

4. Disparityre nement

In this section,we discusshow stepsl, 2, and3 canbe
accomplishetty modellingthedisparityimageasa Markov
RandomField.

2.1 Matching Cost Computation

Thetruedisparityof eachpixel in the disparityimageis
arandomvariable,denotedx, for the variableat pixel lo-
cationp. Eachvariablecantake oneof N discretestates,
which representhe possibledisparitiesat that point. For
eachpossibledisparityvalue,thereis a costassociateavith
matchingthe pixel to the correspondingpixel in the other
stereoimage at that disparity value. Typically, this cost
is basedon the intensity differenceshetweenthe two pix-
els, yp. This costis re ected in the compatibility func-
tion, ( Xp;Yp), which relateshow compatiblea disparity
valueis with the intensity differencesobsenedin the im-
age.Smallerintensitydifferenceswill correspondo higher
compatibilitiesandvice-versa.

2.2 Support Aggregation

The next stepis to aggreatesupportfor the candidate
disparities. A standardsum-of-squared-diérence algo-
rithm accomplisheghis by assuminga constantdisparity
overasmallwindow surroundingeachpointand nding the
bestmatchingcost[10]. A MRF approachaggreatessup-
port by introducinga secondcompatibility function, ( ).
This function expressegshe compatibility betweenneigh-
boringvariables.Traditionally, only variablesadjacento a
particularvariableareconsideredts neighbors.Therefore,
every () isoftheform ( xp;Xxn), wherethelocationn is
adjacento p. Thisis known asa pairwiseMarkov Random
Field. Typically only pairwiseMarkov RandomFieldsare
usedfor stereoproblemsbecauseaonsideringnore neigh-
borsquickly makesinferenceon the eld computationally
intractable Althoughthe compatibility functionsonly con-
sideradjacentvariables,eachvariableis still ableto in u-
enceeveryothervariablein the eld viathesepairwisecon-
nections.

2.3 Disparity Optimization

With the compatibility functionsde ned, thejoint prob-
ability of the MRF canbewritten as[1]:

(xiixi)  ( Xp;Yp) (1)

(i) p

whereN is the numberof nodes (i; j) represent pair of
neighboringnodes x,, is thevariableatlocationn, andy,
is thevariablerepresentinghe intensitydifferencesThey
variablesareobsenedandtherefore zed duringoptimiza-
tion.

The disparityoptimizationsteprequireschoosinganes-
timator for x; :::Xny . Thetwo mostcommonestimators
arethe Minimum Mean Squarederror (MMSE) estimator
andMaximum A Posteriori(MAP) estimator The MMSE
estimateof eachx; is the meanof the mamginal distribu-
tion of Xj. The MAP estimatds the labellingof X1 : :: xy
that maximizesEquation1. For this comparisonwe use
the MAP estimatobecausehe GraphCutsalgorithmis de-
signedto computethe MAP estimator In Section5.2, we
discusghe advantage®f usingthe MMSE estimator

2.4. Equivalenceto Energy Minimization

As posedabove, the bestdisparitiesare found by max-
imizing a probability Taking the log of Equationl, we
see nding the MAP estimateis equivalentto minimizing
afunctionof theform

log ( xi;x;j) + log ( xp;yp) (@

() p

In [5], thisequationis expresseds

V(Xi; X)) + D (Xp:Yp) (3)

(i) p

ThefunctionsV () andD () areenegy functions. The
factthatmaximizingthe probabilityin Equationl is equi-
alentto minimizing the enegy in Equation3 is important
becausdét meanghatthe Belief Propagatiorandthe Graph
Cutsalgorithmsareattemptingto solve the sameproblem.
Oncethe MRF hasbeenformulated,onealgorithmcanbe
substitutedor the otherin the sterecalgorithms.

3. MRF Formulation

To determine whether using one algorithm presents
a clear adwantage over the other for the stereo prob-
lem, we compared Graph Cuts and Belief Propaga-
tion on identical MRF's. The comparisonwas made



using the stereo framewnork createdby Scharsteinand
Szeliski to compare a number of different stereo al-
gorithms [10]. This framewvork can be found at
http://www.middlebury.edu/stereo In or-
der to facilitate further experimentation,our implemen-
tation of the Belief Propagationalgorithm and modi-
cations to the stereoframewvork will be available at
http://www.ai.mit.edu/ " mtappen .

The MRF is de ned in terms of enegy functions,
ratherthancompatibilities. The enegy functionD (Xp; yp),
which correspondgo the matchingcost computationand
( Xp; Yp), is computedusingtheBirch eld-Tomasimatch-
ing cost[2]. The costfunction betweennodesV (Xi; X; ),
which determineshow supportis aggreyatedand corre-
spondsto ( Xi;X;), is computedin the samefashionas
[12]:

(

V(Xi;Xj) = ° i =X
b (1) otherwise

(4)

This typeof enegy functionis known asa Pottsmodel.

Thefunction | () is de nedin termsof theimagegra-
dientbetweerthe pixelsi andj, whichis denotecat 1:

( P if 1<T
(n= T ©)
s Otherwise
whereT is athresholds is a penaltytermfor violating the
smoothnessonstrainandP is apenaltytermthatincreases
the penaltywhenthe gradienthasa smallmagnitude Note
thatT, P, ands areconstanbverthewholeimage.

To usebelief propagationa costC canbecorvertedinto
compatibility by calculatinge €. For numericalreasons,
the cost is corvertedinto a compatibility usinge ¢,
whereD is aconstant.

3.1 Choiceof Belief Propagation Algorithm

To implementthe Belief Propagatioralgorithm,two de-
cisionsmustbe made. First, eitherthe sum-productalgo-
rithm or the max-productalgorithm mustbe chosen. The
sum-producalgorithmcomputegshe maminal distributions
of eachnode, while the max-productalgorithm computes
the MAP estimateof thewhole MRF. More informationon
thesealgorithmscan be found in [6, 14, 16]. We usethe
max-productalgorithmto nd the MAP estimatefor com-
parisonwith the Graph Cuts algorithm, which also com-
putesthe MAP estimate.

The secondchoiceis the messageaipdateschedule. At
eachiteration,eachnodeusesthe message# hasreceved
in the previous iterationfrom neighboringnodesto calcu-
late message$o sendto thoseneighbors. If nodei is to
the right of nodej, nodei sendsa messagdo j at each
iteration of the algorithm. This message&ontainsnodei's

belief abouteachpossiblestateof nodej. This message
is computedrom the messagethati hasrecevedfrom its
neighborsThemessagéromi toj, denotedasmyignt (Xj)
becausét is the messagehatj is receving from its right,
is:

Mright (Xj)  max ( Xi;X;) ( Xi; Vi)
X (6)

Mright (Xi ) Mup (Xi ) Mdown (Xi)

wheremyignt (Xi), Myp(Xi), andMgown (Xi) arethe mes-
sagegecevedby i from thenodesabove, below, andto its
right.

The messageipdatescheduledeterminesvhena mes-
sagesentto a nodewill be usedby thatnodeto compute
messagefor thenodesneighborsln asynchronousipdate
schedule.eachnode rst computesthe messagdor each
neighbor Onceevery nodehascomputedhe messagedhe
messagesare deliveredto eachnodeand usedto compute
thenext roundof messages.

An alternatve schedulés to propagatenessages one
directionandupdateeachnodeimmediately For instance
the rst nodein arow, i would senda messagéo thenode
atitsright,i + 1. Nodei + 1 would thenusethis message
immediately alongwith the messagei hadpreviously re-
ceivedfrom aboreandbelow, to computea messag#o node
i + 2. Oncethis hasbeencompletedor every row, thesame
procedureoccursin the up, down, andleft direction. We
referto this style of updatingas“accelerated’Updating.

The advantageof this methodis that information is
quickly propagatedcrosshe eld. For asynchronousip-
date scheduleon an imagewith width W, it would take
W iterationsfor informationfrom onesideof theimageto
reachtheother Thealternatve schedulevould only require
oneiterationfor thisinformationto bepropagatedThisfea-
ture of the “up-down-left-right” messageassingschedule
causeghe Belief Propagatioralgorithmto corverge very
quickly.

Whenthe max-producilgorithmscorvergeson a graph
with loops, it returnsan approximatesolutionfor the most
likely labelling of the graph. The probability of this so-
lution is guaranteedo be greaterthan all other solutions
in a large neighborhoodaroundthat solution[15]. Upper
boundsonthedifferencebetweertheprobability of thetrue
MAP solutionandtheapproximatesolutionreturnedoy Be-
lief Propagatiorareshavnin [13].

3.2 Graph Cuts Algorithm

We used the Graph Cuts algorithm provided in
Scharsteirand Szeliski's package.In particular the pack-
ageimplementghe“swap” algorithmdescribedn [5]. Like
theBelief Propagatioralgorithm,the GraphCutsalgorithm



(&) Map Image (b) GraphCuts

(d) AcceleratedBP

(c) Synchronou8P

Figure 1. Results produced by the three algorithms on the map image. The parameters used to
generate this eld were s= 50, T = 4, P = 2. Graph Cuts returns the smoothest solution because it
is able to nd alower-energy labelling than the two Belief Propagation algorithms.

Enegy of MRF LabellingReturned 10°)
Synchronous| % Enegy from Occluded
Image | Ground-Truth | GraphCuts | Belief Prop MatchingCosts
Map 757 383 442 61%
Sawtooth 6591 1652 1713 79%
Tsukuba 1852 663 775 61%
Venus 5739 1442 1501 76%

Figure 2. Field Energies for the MRF labelled using ground-truth data compared to the energies for

the elds

labelled using Graph Cuts and Belief Propagation.

Notice that the solutions returned by

the algorithms consistentl y have a much lower energy than the labellings produced from the ground-

truth, showing a mismatc h between the MRF formulation and the ground-truth.

The nal column

contains the percentage of each ground-truth solution' s energy that comes from matching costs of

occluded pixels.

nds alocal minimumby makinglocalimprovementsThe
“swap” algorithm makeslocal improvementsby choosing
two of thepossiblestates, and , then nding thosenodes
labelled whosdabelshouldbechangdo , orvice-versa,
in orderminimizethe enegy in the eld asmuchaspossi-
ble. Using the min-cut/max- ow formulation,the optimal
swapfor theentiregraphcanbe computed.

4. Comparing Belief Propagation and Graph
Cuts

We comparedhe GraphCuts algorithmwith the max-
product Belief Propagationalgorithm, using both syn-
chronousupdatesandacceleratedipdates.For eachof the
four imagesusedin [10], we generated 0 MRF elds by
varyingtheT, s, andP parametersf Equation5. We then
usedthe GraphCutsalgorithmandthe Belief Propagation
Algorithms to estimatethe MAP solutionof the eld. To
comparethe two algorithms,we collectedthe threestatis-
ticsreportedn [11] plusanadditionalstatistic:

B, — The percentagef pixelsin non-occludecareas
of theimagewith a disparityerrorgreateithanl.

B: — The percentag®f pixelsin texturelessareasof
theimagewith adisparityerrorgreaterthanl.

Bp — The percentagef pixelsneardiscontinuitiesn
theimagewith adisparityerrorgreaterthanl.

E —Theenepy of thesolution.
4.1 Resultsfor Map Image

Thetablein Figure8 summarizesheresultsof thethree
algorithmson the mapimage.The performancen termsof
By, By, andByp is nearlyidentical; neitheralgorithmhas
aclearadwantage.

However, it is usefulto examinethe enegy of the solu-
tion returnedby eachalgorithm. Whenthe errorpenalty s,
is 20, the enegy of the solutionsreturnedby Belief Prop-
agationand GraphCutsnearlyequal,althoughGraphCuts
consistentlyreturnsa smaller eld enepy. After s is raised
to 50, the differencebetweenthe two solutionsincreases.
Thereasorfor this canbe seenin Figurel. Theregionson
theleft sideof theplanearesmoothein theresultsreturned
by GraphCutsthanthosereturnedby Belief Propagation.

However, this extra smoothnessloesnot translateinto
betterperformancen termsof the ground-truthdata. That



(a) Tsukubalmage

(b) GraphCuts (c) Synchronou8P (d) AcceleratedBP

Figure 3. Results produced by the three algorithms on the Tsukuba image. The parameter s used to
generate this eld were s= 50, T = 4,P = 2. Again, Graph Cuts produces a much smoother solution.
Belief Propagation does maintain some structures that are lost in the Graph Cuts solution, such as
the camera and the face in the foregr ound.

(a) Savtoothimage (b) GraphCuts (c) Synchronou8P (d) AcceleratedBP

Figure 4. Results produced by the three algorithms on the sawtooth image. The parameter s used to
generate this eld were s= 50, T = 4, P = 2. For this image, the output of the three algorithms is

comparab le.

is becausehe ground-truthsolution actually hasa higher
enegy thaneitherof the solutionsreturnedby Belief Prop-
agationor Graph Cuts. In Figure 2, the enegy of the
ground-truthsolution for eachimageis shown for a spe-
ci ¢ settingof the parameter®f | (). The ground-truth
labellingwasproducedy choosinghedisparitylevel clos-
estto the ground-truthdisparity of eachpoint. The ener
gies of the labelling producedby Graph Cuts and Belief
Propagatiorare signi cantly lower thanthe enegy of the
ground-truthlabelling. The large enegiesfor the ground-
truth solution are causedby inaccuratematchingcostsin
occludedareas.Sinceoccludedpixels have no counterpart
in the otherimage, the pixel at the correctdisparity of an
occludedpixel will likely have a differentintensity lead-
ing to a large matchingcost. The signi cant effect of these
matchingcostscanbe obseredin the last columnof Fig-
ure 2. This columnlists the percentag®f the nal enegy
for eachof the solutionsshowvn which canbe attributedto
matchingcostsfor occludedpixels. Thesematchingcosts
areasigni cant majority of the nal costs.

4.2 Resultsfor Tsukuba Image

The tablein Figure 8 lists the resultsof the threealgo-
rithms on the Tsukubaimage. For this image,GraphCuts
is superior The primary reasorfor this superiorityappears
to bethatthe Belief Propagatioralgorithmassigngortions
of thebackgroundo have very smalldisparity An example
of this canbe seenin Figure3. On the otherhand,when
the penalty P, is higher, Belief Propagatiordoespresere
somestructureghat GraphCutsdoesnot.

4.3 Resultsfor Sawtoothlmage

Figure 4 shaws the outputof the algorithmon the saw-
toothimage. In generalthe resultsfor the two algorithms
onthisimagewerecomparable.
4.4 Resultsfor Venusimage

Figure5 shavsasampleof theoutputof thealgorithmon

thevenusimage.Again, the GraphCutsalgorithmseemed
to producesmootherresults.



(a) Venusimage (b) GraphCuts

(c) Synchronou8P (d) AcceleratedBP

Figure 5. Results produced by the three algorithms on the venus image. The parameter s used to
generate this eld were s= 50, T = 4, P = 2. Graph Cuts ability to nd a lower energy solutions

produces smoother , cleaner results.

Time (sec.)
Graph | Synchronous Accelerated
Image Cuts | Belief Prop. | Belief Prop.
Map 268 1584 183
Tsukuba | 268 1556 130
Sawtooth | 272 3664 320
Venus 297 3644 262

Figure 6. The running times for the four exam-
ples shown. The accelerated Belief Propaga-
tion algorithm is generally the fastest. These
results are from a 2.4 Ghz Pentium 4 proces-
sor.

4.5 Computational Time

In both belief propagationimplementationsthe algo-
rithm ranfor a x ednumberof iterations.Thisnumbemwas
choserto belarge enoughthatthe algorithmcornvergedfor
eachof theimages.We foundthat50iterationswasenough
for theacceleratethessagepdateschemeo corverge. For
synchronousipdatesthe numberof iterationsmustbe may
needto be aslarge asthe largestdimensionof the image
in orderto passinformationfrom oneside of theimageto
the other In practice ,we found that settingthe numberof
iterationsto be equalto half of the largestdimensionwas
suitable. Figure 6 shavs the timesfor computingthe four
resultsexamplesshowvn. In generalthe acceleratedBelief
Propagatioralgorithmtakeslesstimeto nd asolutionthan
GraphCuts.It shouldbenotedthattherearefasterversions
of the GraphCutsalgorithmavailable[4]. Thesynchronous
Belief Propagatioralgorithmtakessigni cantly longerthan
the othertwo algorithmsdueto the large numberof itera-
tionsrequired.

5. Discussion

5.1 Differencesin Algorithm Performance

Oneof the interestingresultsis that the greatesdiffer-
encebetweertheperformancef the GraphCutsandBelief

Propagatioralgorithmsoccurswhens = 50 andP = 4.

In this case,the penaltyincurredfor neighboringderiva-

tiveswith differentdisparitiesis either50 or 200, depend-
ing on the strengthof theimagegradientat thatpoint. The
algorithmsperformedcomparablywhen this penalty was
smaller suchaswhenP = 1orP = 2.

For Belief Propagationthe stronginteractionpenalties
andtightnessof the loopsin the MRF likely hurt its per
formance. When appliedto a network with loops, Belief
Propagatiorreturnsan approximatiorto the optimal solu-
tion. This occursbecausehe loopsallow the information
propagatedrom the nodeto therestof the MRF to eventu-
ally comebackto thenode.Thestronginteractionpenalties
in the MRF whens = 50andP = 4 could exacerbatehe
effect of theloops.

The GraphCutsalgorithm's advantagan the caseof the
strongsmoothnespenaltiesmay comefrom its construc-
tion. The max- ow/min-cut algorithm allows the Graph
Cutsalgorithmto computethe optimal swap for the whole
graph.This globalcomputationrmay help GraphCutscope
with thestronginteractionpenaltiesbetterthanBelief Prop-
agation.

5.2 MAP vs MMSE

As describedin Section2.3, the MAP estimateswere
usedfor comparingGraphCutsandBelief Propagation A
noticeableartifact of usingthe MAP estimateis stairstep
effects, suchasthoseseenin 7(a). This effect of having
large at regionswith suddenumpsis causecbecausehe
MAP estimatomustassigna singlediscretedisparitylevel
to eachpoint. Smootheidepthmapscanbe obtainedby in-
steadusingthe MMSE estimatorwhich only Belief Propa-
gationcancompute. The MMSE estimateweightsthe dis-
cretedispariy levels accordingto their mamginal probabil-
ity, resultingin sub-pixel disparitiesbeing assignedand a
smoothdepth-mapsuchasthatshavn in Figure7(b). The
mauginal probabilitiesof eachpoint canbe found usingthe
sum-productvariant of the Belief Propagatioralgorithm,

e.g.[6, 14].



(a) MAP Estimate

(b) MMSE Estimate

Figure 7. Comparison of MAP and MMSE estimates on a diff erent MRF formulation. The MAP estimate
chooses the most likely discrete disparity level for each point, resulting in a depth-map with stair -
stepping effects. Using the MMSE estimate assigns sub-pix el disparities, resulting in a smooth depth

map.

6. Conclusion

In this paper we have examinedhow the Belief Propa-
gationalgorithmcompareswith the GraphCutsalgorithm
whenappliedto thesameMarkov Randonfield. We found
that, in generalthe resultsreturnedby the two algorithms
were comparable though the Graph Cuts algorithm was
ableto nd lower enegy solutionsfor the MRF's thanBe-
lief Propagation. Examiningthe outputof the two algo-
rithms, this was manifestedin the fact that the solutions
producedby Graph Cutstendedto be smoother Neither
the synchronousr acceleratedelief Propagatiorupdate
schemedeld a clearadwantageover the otherin termsof
perfomancewhile the accleratedBelief Propagatioralgo-
rithm wassigni cantly faster

However, thesmootherlowerenegy solutionsproduced
by the GraphCuts algorithm did not necessarilytranslate
into better performancecomparedto the ground-truthof
the scene.This is becausdhe solutionsproducedby both
Graph Cuts and Belief Propagatioralways had a signi -
cantly lower enegy than labelling the graphaccordingto
the groundtruth. The bestlabelling of the pixels did not
alwayscorrespondo theground-truth Giventhis situation,
the greatesincreasen performancewill be found by im-
proving theformulationof the MRF, ratherthanimproving
the solutionsfoundfor the MRF's currentlybeingused.

For a steredMIRF usingthe Pottsmodel,the GraphCuts
algorithmfound lower enepgy solutions. However, we ex-
pect that the comparisonsetweentheseinferencealgo-
rithmswill varyasafunctionof theMRF formulationbeing
solved. It would be usefulto comparethe expansionGraph
Cutsalgorithmswith Belief Propagatiorusingcompatibil-
ity functionsbesideghe Pottsmodel, suchasa truncated
guadraticenegy function.
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