COT 5405 Fall 2003 Exam #1 9/25/03

Name: __________________________

Directions: Answer all questions. Use the back of each sheet if necessary.)

1) (25 pts) What is the average depth of a node in a complete binary tree of n nodes, where n=2k-1, where k is a positive integer? (Note: A complete binary tree has each non-leaf node with two children, and each leaf node at the same depth in the tree. The depth of a node in a binary tree is defined as the length of the path from the root of the tree to that node. The root is of depth 0.) Please leave your answer as an exact answer in terms of k.

2) (25 pts) Let 4-CNF-SAT be the problem of determining whether or not a boolean expression in conjunctive normal form with 4 variables in each clause has a satisfying assignment. (Similarly, 3-CNF-SAT is the same problem except that each clause contains 3 variables.) Show that 4-CNF-SAT and 3-CNF-SAT are many-one equivalent. (This means showing that each problem is many-one reducible to the other. Note: each clause in CNF form is "and"ed with the rest of the clauses and within each clause, each variable or negation of a variable is "or"ed.)

3) (25 pts) Define the HALTING-MACHINE problem as follows:


Given the description of a Turing machine M, accept the input if and only if


there exists an input string for which the machine M will halt when processing 

the input string.

a) Show that the problem HALTING-MACHINE is Turing-recognizable.

b)  Show that the problem HALTING-MACHINE is NOT Turing-decidable.

     (Hint: One way to accomplish this is to use proof by contradiction. One known


    fact you can use in this proof is that the HALTING problem shown in


    class is not decidable. Also, remember if you are given a Turing machine


    M, you may specify how to build a Turing machine M' that runs M as a


    subroutine in certain cases and not in other cases.)

4) (25 pts) For the purposes of this problem, assume that the probability that a random number chosen from the set {n/2+1, n/2+2, ..., n} is prime is 
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. (This is a simplification of the Prime Number Theorem.) Consider the following algorithm:


1) Initialize range = 211. (range is an integer variable.)


2) Pick a random value from the set {range/2+1, range/2+2,..., range}


3) If the value picked in step 2 is composite, repeat step 2.


4) Otherwise, store this prime number and check if range equals 250. 

     If so, terminate the algorithm.


5) If not, double the value of range and go to step 2.

The goal of this algorithm is to select a set of 40 prime numbers, where the kth prime selected is in between 29+k+1 and 210+k, inclusive. What is the expected number of times step 2 will be performed in this algorithm? Leave your answer in the form cln2, where c is a constant.
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