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1) A sequence of three real numbers forms an arithmetic progression with a first term of 9. If 2 is 

added to the second term and 20 is added to the third term, the three resulting numbers form a 

geometric progression. What is the smallest possible value for the third term of the geometric 

progression? 

 

2) Let f be a function with the following properties: 

  

 (i) f(1) = 1, and 

 (ii) f(2n) = nf(n), for any positive integer n 

 

What is the value of f(2500)? 

 

3) Brenda and Sally run in opposite directions on a circular track, starting at diametrically 

opposite points. They first meet after Brenda has run 100 meters. They next meet after Sally has 

run 150 meters past their first meeting point. Each girl runs at a constant speed. What is the 

length of the track in meters? 

 

4) What is the smallest integer x for which the expression 𝑙𝑜𝑔1000(𝑙𝑜𝑔2000(𝑙𝑜𝑔3000(𝑙𝑜𝑔4000𝑥))) 
is defined? 

 

5) If ∑ 𝑐𝑜𝑠2𝑛𝜃∞
𝑛=0 = 4 and 0 < θ < 

𝜋

2
, what is θ? 

 

 

Recitation 8: Induction Problems 

1) Use mathematical induction on n to prove that gcd(Fn+1, Fn) = 1, for all positive integers n, 

where Fn denotes the nth Fibonacci number. (Remember F1 = F2 = 1, Fn = Fn-1+Fn-2, for n > 2.) 

 

 

2) Use mathematical induction on n to prove that 5 | (n5 - n), for all positive integers n. Note: 

Remember that (n+1)5 = n5 + 5n4 + 10n3 + 10n2 + 5n + 1. 

 

 

3) Let Hn = ∑
1

𝑖

𝑛
𝑖=1 . Use mathematical induction on n to prove ∑ 𝑖𝑛

𝑖=1 = (𝑛 + 1)𝐻𝑛 − 𝑛, for all 

positive integers n. 

 

4) Work out a few examples and attempt to conjecture the result of calculating [
1 𝑎
0 1

]
𝑛

, for all 

real numbers a and positive integers n, in terms of a and n. Prove your result using induction on 

n. 

 

 

5) Let T(n) be a recurrence relation defined by T(1) = 2, T(n) = 2nT(n - 1), for all integer n > 1. 

Prove, using induction on n, that for all positive integers n, T(n) = 2nn!. 


