Introduction to Discrete Structures: Final Exam 
4/22/08

Name: __________________________________________________

1) The nth Harmonic number, denoted Hn is defined as follows:
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Prove that the following equation is true for all positive integers n, using induction on n:
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2) Given arbitrary sets A, B, and C chosen from the universe of {1, 2, 3, 4, 5}, prove or disprove the following two assertions. (Note: In order to disprove an assertion, please give a single counter-example to the assertion.)


a) If B ( C, then (B - A) ( (C - A).


b) If  (B - A) ( (C - A), then B ( C.

3) Prove that ( q ( ( p (  (q )) (  (p is a tautology using the laws of logic. (Note: You may not use truth tables.)

4) The set K contains all three-digit integers from 000 to 999. 

Thus, K = { 000, 001, 002, … , 998, 999 } .  Let n and m be arbitrary members of K.  We will represent the individual digits of n and m as n = n1n2n3  and m = m1m2m3 .  

Let R be a relation on K x K such that:

 R = { ( n, m) | n ( K, m ( K, ( n1 + n2  +  n3  =    m1 + m2   + m3}

a) Is R an equivalence relation?  Why or why not?  

b)If R is an equivalence relation, how many equivalence classes are there?

5) Consider four receptacles (R1, R2, R3, and R4) containing marbles.  The marbles are either red, white, or blue but are otherwise indistinguishable.  

R1:
Has 10 red, 10 white, and 10 blue marbles. 

R2:
Has 10 red marbles.

R3:
Has 10 white marbles.

R4:
Has 10 blue marbles.

Marbles are selected from the jars and laid out in a row. (Thus, the order in which the marbles are chosen makes a difference. For example, RWWWBRR is a different order than RRWWWB.)  How many linear arrangements can be created under the following circumstances?

a) Seven marbles are chosen, all from R1.

b) Ten marbles are chosen. The first marble chosen is from R1. Then zero or more marbles are chosen from R2, followed by zero or more marbles form R3, followed by zero or more marbles from R4. The total number of marbles chosen from these last three receptacles must be nine. (For example, WRRRBBBBBB is permissible, while, WRRWRBBBBB is not.)

6) 
a) Let gcd(x,y) denote the greatest common divisor of integers x and y. Find gcd(481, 592).

 b) Using work from part a, find integer values of x and y such that 481x + 592y = gcd(481, 592).
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