COT 3100 Final Exam

12/5/02

Name: ____________

Lecturer: Arup Guha

TA: _______________

1) (10 pts) Let the function t(n) be defined recursively as follows:

t(0) = 5, t(1) = 17, t(n) = 5t(n-1) – 4t(n-2) for all integers n>1.

Use strong induction to prove for all non-negative integers n that t(n) = 4n+1 + 1.

2) (8 pts) Given sets A, B, and C such that |A|+|B|+|C| = 30, |A ( B ( C| = 4, and |A ( (B ( C)| = 7, find |B ( C|.

3) (8 pts) Let f(x) = (4x - 11)/(x - 3), for all x > 3. Find the range of f(x), as well as f-1(x). Also, determine both the range and domain of f-1(x).

4) (10 pts) Prove both of the following equalities:
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5) (7 pts) Show that the two following logical expressions are equal using the laws of logic:

a) p ( q ( ((p ( (q ( r) 

b) p ( q ( r

6) (7 pts) A word is called “ascending” if all the vowels in the word are arranged in alphabetical order, and all the consonants are in order as well. (For example, HELLO is an “ascending” word because E and O appear in the proper order, as do H, L and L. But, GOODBYE is not an “ascending” word because D appears after G.) How many permutations of the letters in the word HIPPOPOTAMUS.

7) (12 pts) Give examples of functions f: A(B, g: B(C, where A, B and C are finite sets that satisfy the following requirements. (Note: Each example MUST specify the sets A, B, and C as well as the functions f and g.)

a) f is surjective, g is injective, and g(f is neither injective nor surjective.

b) f is injective, g is surjective, and g(f is neither injective nor surjective.

c) f is injective, g(f is injective, and g is neither injective nor surjective.

d) g is surjective, g(f is surjective, and f is neither injective nor surjective.

8) (8 pts) Prove that if g(f is surjective, then g must also be surjective.

9) (10 pts) Johnny has to order for all of his friends from Taco Bell. He has been told to get 15 items out of the following list: Cinnamon Twists, Soft Tacos, Nachos, Chicken Burritos, 7-layer burritos and Gorditas. Also, he must get at least 2 Soft Tacos and no more than 3 Gorditas. How many different valid orders can Johnny make under the restrictions given above?  

10) (8 pts) Let x1, x2, x3, x4, ..., x3n, be boolean variables, where n is a positive integer greater than 1. For how many truth settings of these variables is the expression (x1 ( x2 ( x3) ( (x4 ( x5 ( x6) ( ... ( (x3n-2 ( x3n-1 ( x3n) true?

11) (6 pts) Use a truth table to show that (p ( ((p ( r) ( (p ( (r) ( q) ( q ( (p ( q).

12) (12 pts) For each of the following equivalence relations defined over Z+x Z+, state how many equivalence classes they partition the set of positive integers into. (Note: productnonzerodigits(x) is defined as the product of all the non-zero digits of the positive integer x. For example, productnonzerodigits(2203) = 12.}

a) Ra = {(x,y) | x and y have the same number of prime factors.}

b) Rb = {(x,y) | productnonzerodigits(x) and productnonzerodigits(y) have the exact same

                         prime factors.}

c) Rc = {(x,y) | x ( y (mod 7)}

d) Rd = {(x,y) | x4 - y4 ( 0 (mod 10)}

A) __________
B) ___________
C) __________
D) __________

13) (10 pts) Let A, B, and C  be sets such that C ( B. Use appropriate set theoretic laws and theorems to prove that (A – B) ( (B – C) = (C ( (A ( B).  Be sure to explain each step of your proof.

14) (8 pts) Is the relation  defined below over Z+x Z+, a) reflexive? b) symmetric? c)transitive? d) irreflexive? e) anti-symmetric? Please justify all of your answers.

R = {(x,y) | (x+y) ( 0 (mod 10)}

a) _____
b) _____
c) _____
d) _____
e) _____

15) (1 pt) What date is New Year's Eve going to be this year? ______________________
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