COT 3100 Homework # 4

Spring 2000

Assigned: 3/7/00

Due: 3/30,31 in recitation

1) Define a relation T( N x N such that T = {(a,b)| a(A ( b(A ( a – b = 2c+1 for some integer c}.  (N is the set of non-negative integers.)

a) Prove that this relation is not reflexive.

b) Prove that this relation is symmetric.

c) Define the term anti-transitive as the following:  

Given a set A and a relation R, 

if for all a,b,c(A, (aRb ( bRc ( cRa) ( (a = b ( b = c)

Prove that the relation T is anti-transitive.

2) Let g: A ( A be a bijection. For n ( 2, define gn = g ( g ( ... ( g, where g is composed with itself n times. Prove that for n ( 2, that gn is a bijection from A to A as well, and show that (gn)-1 = (g-1)n. (Here you may assume that the composition of two bijections is also a bijection.)
3) Let f : A ( B and g: B ( C denote two functions. If both f and g are injective, prove that the composition g ( f: A ( C is an injection as well.

4) Prove or disprove: If a relation R is defined as a subset of A x A is symmetric, then the relation R has an even number of elements in it. (More formally, |R| = 2c for some integer c.)

5) Let the set An  be defined as the n-ary Cartesian product of the set A. Now, define the set X(A,n) = A ( A2 ( A3 ... ( An.  Let x = the number of elements in set A. Assume that x > 1. Prove by induction that the total number of elements of X(A,n) = (xn+1 – 1)/(x-1) – 1. 

6) Given the set A = {1, 3, 9, 81, 243}, define a relation R over A such that R = {(a,b)| a(A ( b(A ( b = ac, for some integer c > 0}

a) Use a directed graph to depict the relation R above.

b) Determine if the relation R is an equivalence relation, a partial ordering relation or neither. Prove your answer.

The last few questions will be based on these definitions:

Definition.  Consider a binary relation R ( A ( B.  The inverse of R, denoted R–1, is a binary relation ( B ( A such that R–1 = {(b, a) | (a, b) ( R}, that is, R–1 contains pairs of elements which have the reverse order as they are in relation R.  (The text calls R–1 the converse of R, denoted Rc.)

Definition.  Let R ( A ( A denote a binary relation.  The following relations defined over A are called closures:

(a) The reflexive closure of R is r(R) = R ( {(a, a) | a ( A}.

(b) The symmetric closure of R is s(R) = R ( R–1.

(c) The transitive closure of R is t(R) = R ( R2 ( R3 ( ..., where R2 = R ( R, R3 = R2 ( R, etc., where ( denotes relation composition.  Thus, (a, b) ( t(R) (   (a, b) ( Rn,  for some n ( 1  ( there exist a1, a2, …, an ( A, an = b, for some n ( 1, such that (a, a1), (a1, a2), …, (an(1, an) ( R, i.e., there exists a direct path of n edges connecting a to b in the digraph for the relation R.
It can easily be seen that the names of these closures are justified in that for any binary relation R, r(R) is reflexive, s(R) is symmetric, and t(R) is transitive.  Also, we can define the composition of these closures, e.g., tr(R) = t(r(R)), rs(R) = r(s(R)), etc.  

Let A denote an arbitrary non-empty set, and R and T denote arbitrary binary relations defined over A.  Determine if each of the following statements is true or false, and give a brief explanation of your answer.  In the cases of a false statement, use A = {a, b, c} and appropriate relations over A for your counter-example.

7) If R is transitive, then r(R)  is transitive.

8) If R is symmetric and R (  T, then T is symmetric.

9) If R ( T, then s(R) ( s(T)

10)  (R ( T)-1 = R-1 ( T-1
















