Counting Questions

1) Define the edit distance between two strings a and b of equal length to be the minimum number of letter substitutions you must make in string a in order to obtain string b. For example, the edit distance between the strings "HELLO" and "JELLO" is 1, since only 'J' must be substituted for 'H' in order to obtain the second word from the first. Also, the edit distance between "HELLO" and "JELLY" is two, since in addition to the first substitution described, a 'Y' must be substituted for 'O'. (Note: For all three parts of this question, assume that all strings are case insensitive.)

a) (10 pts) How many alphabetic strings of length 5 have an edit distance of 1 from the string "HELLO"?

b) (5 pts) Let n be your answer to question a. One may argue that the number of  alphabetic strings of length 5 that have an edit distance of 2 from the string "HELLO" is n2. In essence, one would argue that in order to find a string with an edit distance of 2 away from "HELLO", one must change one letter at random, and then repeat that operation on the intermediate string. (i.e. "HELLO" ( "JELLO" ( "JELLY") To count how many ways this can be done, since the first operation is independent of the second, we would simply use the multiplication principle and multiply the number of ways the first operation can be done by the number of ways the second operation can be done. Both of these values are n, leading to a final answer of  n2. What is the flaw with this argument?

c) (10 pts) Determine the actual number of alphabetic strings of length 5 with an edit distance of 2 from the string "HELLO".

2) 
a) How many four digit numbers do NOT contain any repeating digits? (Note: All four digits numbers are in between 1000 and 9999, inclusive.)
b) A number is defined as ascending if each of its digits are in increasing numerical order. For example, 256 and 1278 are ascending numbers, but 1344 and 2687 are not. How many four digit numbers are ascending?

c) A number is defined as descending if  each of its digits are in decreasing numerical order. For example, 652 and 8721 are descending numbers, but 4431 and 7862 are not. How many four digit numbers are descending?

3) 
a) A class has 8 girls and 4 boys. If the class contains 6 sets of identical twins, where each child is indistinguishable from their twin, how many different ways can the class line up to go to recess? (Do not count two configurations as distinct if the only difference between the two is twins swapping spots in line.)

b) Unfortunately, each day when the class (the same class with 6 pairs of twins described in part A) lines up to go to recess (this is done once a day), if two boys are adjacent to each other in line, they always cause problems. But, the kids also cause problems if they are ever lined up the same way on two separate days. How many possible orders can the class line up in without having any problems?

4) Consider four receptacles (R1, R2, R3, and R4) containing marbles.  The marbles are either red, white, or blue but are otherwise indistinguishable.  

R1:
Has 10 red, 10 white, and 10 blue marbles. 

R2:
Has 10 red marbles.

R3:
Has 10 white marbles.

R4:
Has 10 blue marbles.

Marbles are selected from the jars and laid out in a row. (Thus, the order in which the marbles are chosen makes a difference. For example, RWWWBRR is a different order than RRWWWB.)  How many linear arrangements can be created under the following circumstances?

a) Seven marbles are chosen, all from R1.

b) Ten marbles are chosen. The first marble chosen is from R1. Then zero or more marbles are chosen from R2, followed by zero or more marbles form R3, followed by zero or more marbles from R4. The total number of marbles chosen from these last three receptacles must be nine. (For example, WRRRBBBBBB is permissible, while, WRRWRBBBBB is not.)

5) Students A, B, C, D, E, F, G, H, I, and J must sit in ten chairs lined up in a row. Answer the following questions based on the restrictions given below. (Note that each part is independent of the others, thus no restriction given in part a appliesto the rest of the parts, etc.)

a) How many ways can the students sit if the two students on the ends of the row have to be vowel-named students?

b) How many ways can the students sit if no two students with vowel names can sit adjacent to each other?

c) Given that students A, B, C, and D are male, and that the rest of the students are female, how many ways can the students be arranged such that the average number of females adjacent to each male is 0.25? (Note: to determine the average number of females each male is adjacent to, sum up the total number of females adjacent to each male and then divide by the total number of males. For example, in the arrangement AEBFCDGHIJ, each male is adjacent to 1.25 females, on average.)

6) Intelligent life has finally been discovered on Mars! Upon further study, linguistic researchers have determined several rules to which the Martian language adheres:

1) The Martian alphabet is composed of three symbols: a, b, and c.

2) Each word in the language is a concatenation of four of these symbols.

3) Each command in the language is composed of three words.

a.) How many distinct commands can be created if words in a single command can be repeated and two commands are identical only if the three words AND the order in which the words appear are identical? (Thus, the commands "aaca baaa aaca" and "baaa aaca aaca" are two DIFFERENT commands.)

b.) How many distinct commands can be created if word position does not affect meaning and a given word may appear at most once in a single command? (Thus, "abca bbac abbb" and "bbac abbb abca" should NOT count as different commands, and "aaca baaa aaca" is an INVALID command.)

7) Consider six-digit numbers with all distinct digits that do NOT start with 0. Answer the following questions about these numbers. Leave the answer in factorial form. 

a) How many such numbers are there? 

b) How many of these numbers contain a 3 but not 6?

c) How many of these numbers contain either 3 or 6 (or both)? 

8)   

a) How many distinguishable ways are there to rearrange the letters in the word   COMBINATORICS? 

b) How many distinguishable arrangements are possible with the restriction that all vowels (“A”, “I”, “O”) are always grouped together to form a contiguous block? 

c) How many distinguishable arrangements are possible with the restriction that all vowels are alphabetically ordered  and all consonants are alphabetically ordered? For example: BACICINOONRST is one such arrangement. 
9) How many 6-letter words can be formed by ordering the letters ABCDEF if A appears before C and E appears before C? 
10)


a)How many permutations of the word FOUNDATION are there?

b) 
A valid password is 5 letters long and uses a selection of the letters in the word FOUNDATION. (Thus, a password may have at most 2 N’s, at most 2 O’s, and at most 1 copy of each of the other letters {A, D, F, I, U, T} in FOUNDATION.) 
How many valid passwords are there?

11) An ice cream shop lets its customers create their orders. Each customer can choose up to four scoops of ice cream from 10 different flavors. In addition, they can add any combination of the 7 toppings to their ice cream. (Note: Please leave your answer in factorials, combinations, and powers.)

a) If a customer is limited to at most two scoops of the same flavor, how many possible orders with exactly 4 scoops and up to 5 toppings can the customer make?  (Assume each order has at least one topping.)

b) Suzanne wants to make 7 separate orders for ice cream. Each order will have exactly 1 scoop and 1 topping. If no flavor or topping is requested more than once, how many combinations of ord ers can Suzanne make?

