COP 3530  

Computer Science III

Exam #1

Lecturer: Arup Guha

February 20, 2003

Name: ________________
1) The method below calculates an. Assume that n is a positive integer and that each multiplication takes O(1) time. Under these assumptions, answer each of the questions below.

public static int pow(int a, int n) {


// line 1

     if (n == 1)




          return a;

     else if (n%2 == 1)




// line 5

          return a*pow(a,n-1);

     else {

          int sqroot  =  pow(a, n/2);


// line 8

          return sqroot*sqroot;



// line 9

     }

}

a) (5 pts) Let T(n) be the running time of the method above in terms of the input parameter n. Write a recurrence relation that T(n) satisfies.

b) (5 pts) By either solving this recurrence relation, or using knowledge of other algorithms we have studied this semester with a similar structure, find a simple function f(n) such that T(n) = O(f(n)). (Full credit will only be given for an accurate upper bound.)

c) (5 pts) Does the running time of the function above change when we replace lines 8 and 9 with the single line written below? If so, what is the new running time, in terms of n? Once again answer in the form  T(n) = O(f(n)) where f(n) is a simple function. Justify your answer.

return pow(a, n/2)*pow(a, n/2);

2) (5 pts) Insert the value 24 into the AVL Tree drawn below and draw the resulting tree after restructuring.
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3) (10 pts) Draw an AVL Tree that contains a node storing the value 100 such that if this value is deleted, two or more restructurings will be necessary when rebalancing the tree.

4) (6 pts) Draw a 2-4 Tree such that inserting the value 100 into the tree causes the height of the tree to increase from 1 to 2.

5) (5pts) Draw the 2-4 Tree that corresponds to the Red-Black Tree below. (Black nodes are in bold, red notes are underlined and italicized.)
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6) (8 pts) Is it possible to insert 15 nodes in a row into an initially empty Red-Black Tree without performing any restructuring operations? Justify your answer.

7) Consider an alternate data structure called a 2-3 Tree. This data structure operates  identically to a 2-4 Tree, except that each node must have either two or three children and can not have four children.

a) (5 pts) Given a 2-3 Tree T of height h, where h is a non-negative integer, determine the minimum number of values stored in T.

b) (5 pts) Given a 2-3 Tree T of height h, where h is a non-negative integer, determine the maximum number of values stored in T.

c) (5 pts) Using parts a and b, given that a 2-3 Tree T' has n nodes, what is the minimum and maximum possible height of T' in terms of n?

d) (5 pts) Draw the result of inserting the value 14 into the 2-3 Tree below.
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8) (15 pts) You are given a set of small boxes numbered 1 through n. The first k boxes contain pearls while the last n-k boxes do not. You have two magic wands that can test whether a box is empty or not in a single touch, except that a wand disappears if you test on an empty box. Give an algorithm that always determines the exact value of k and minimizes the number of boxes tested (let this be t) in terms of n. (If you only had one wand, the only algorithm that would always determine k would search the boxes in numerical order.)  Find a simple function f(n) such that t, the number of boxes tested, is O(f(n)) and justify this bound. (Note: The smaller t is in the worst case, the more credit you will get on this question.)

9) (15 pts) Please choose one of the two following questions.

a) Johnny has written a faulty Splay Tree class. In particular, he only splays a node in every other Splay Tree operation. (Thus, on the first, third, fifth, etc. operations, the appropriate nodes are splayed, but on the second, fourth, sixth, etc. ones no splaying is done.) What is the amortized worst-case running time for n operations on Johnny's Splay Tree? (Hint: There is no need for a complex analysis like a normal Splay Tree. Just think about the worst case.)

b) In a variable-probability Skip List, the probability that an inserted item gets inserted into the next list may not be 1/2. Determine the average-case running time of Skip List operations for the two variable-probability Skip Lists listed below. (Hint: Just determine the expected number of values in S1 and extrapolate your answer from that.)

Skip List X: The probability of each inserted item being copied to the next list is p, where p is a constant in between 0 and 1, not inclusive.

Skip List Y: The probability of the kth inserted item being copied to the next list is 1/2k. (Note: An item inserted into a Skip List containing k-1 items is defined as the kth item inserted into the list. Thus, if deletes occur, there could be two separate items that each have a probability of 1/2k of being copied into Sm from Sm-1.)

10) (1 pt) Which continent is directly south of North America? ____________________
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