Sample Questions for Each Topic

Logic

Let p, q, r denote three propositions (i.e. statements).  Prove that the logical expression (p ( q)(  r is equivalent to the expression (p(  r) ( (q(  r), but is not equivalent to the expression (p(  r) ( (q(  r).

We use logic rules and laws to prove the identity.  (Note: The notation ( means “equivalent to”.)

(p ( q)(  r 
( ( (p ( q) ( r,

def implication


( ((p ( (q) ( r, 
DeMorgan’s law



( ((p ( (q) ( (r ( r), idempotent law, 


( ((p ( r) ( ((q ( r), assoc. & comm. laws



( (p(  r) ( (q(  r), 
def implication

To show that the expression (p ( q)(  r is not equivalent to the expression (p(  r) ( (q(  r), consider the case when p = T, q = r = F.  

Thus, (p ( q)(  r = (T ( F) ( F = F ( F = T.  

However, (p(  r) ( (q(  r) = (T ( F) ( (F ( F) = F.

______________________________________________________

Sets

Let A, B and C be sets.  Prove that A – (B – C) ( (A – B) (C.  

We must prove the following:

Let x be an arbitrary element from the set A – (B – C). 

We need to prove that x ( (A – B) (C.

A – (B – C) = A – (B ( (C) 

defn of – 

                    = A ( ((B ( (C) 

defn of –

                    = A ( ((B ( ((C)

DeMorgan’s


       
  = A ( ((B ( C)

Double Complement


        
  = (A ( (B) ( (A ( C)
Distributive


           = (A – B) ( (A ( C)
defn of –

This shows that iff x ( A – (B – C), x((A – B) ( (A ( C).

So, our original question is equivalent to proving

(A – B) ( (A ( C) ( (A – B) (C.  

We can now break our proof down into two parts:

1) Prove if x((A – B), then x((A – B) (C.

2) Prove if x((A ( C), then x((A – B) (C.

To show 1, notice, that by the definition of union, we MUST have x((A – B) (C if x((A – B).

To show 2, notice, that by the definition of intersection, we MUST have x(C if x((A ( C). If this is the case, then by definition of union, clearly x((A – B) (C.

Thus, we have shown that for any arbitrary x such that x( A – (B – C), that x ((A – B) (C. It follows that A – (B – C) ( (A – B) (C.

Induction - Equality

Let Sn = 
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. Prove the following formula for all positinve integers n, using induction on n:
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Base case n=1: LHS = 
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        RHS = 
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Thus, the equation holds true for n=1.

Inductive hypothesis: Assume for an arbitrary integer n=k that


[image: image5.wmf]å

=

=

k

i

k

i

S

1

3

2


Inductive Step: Prove for n=k+1 that
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, since Sk+1 = Sk + (k+1)
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, using the inductive hyp.
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Induction - Inequality

Use induction on n to prove the following inequality for all

positive integers n: 
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(Hint: Remember that ((x2 – y) ( x for all positive integers x and non-negative integers y ( x2.)

Base Case: n=1. LHS = ((1) = 1



    RHS = 1(1+1)(4(1) – 1)/6 = 1 

Assume for an arbitrary value of n=k that
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Under this assumption, prove for n=k+1 that
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because each term in the summation is







less than or equal to that last term when







i = (k+1)2. 
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because the first summation from 








the IH contains k2 terms while








the summation from the IS








contains (k+1)2, leaving the 








difference for this summation.
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Functions & Relations

Let f: A ( B, be a function, and g: B ( C be a function. 

a) If 
[image: image29.wmf]f

g
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: A ( C is surjective (onto), prove that g is also surjective (onto).

b) Give a small example of functions f and g such that f is an injection (one-to-one) and g is a surjection (onto), but 
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is not an injection (one-to-one). 

a) Our goal is to prove that g is surjective. We must show the following:

For all c(C, there exists a b(B such that g(b) = c.

It is good enough to show that for an arbitrarily chosen element c from the set C, there exists an element b from the set B such that g(b) = c.

We are given that g(f is surjective. Thus, we know that there exists some element a(A such that g(f(a)) = c. BUT, f IS a function. Thus, we know that f(a) = b, for some element from the set B. So we now have that g(b) = c. But this is all we wanted to prove. We have found an element in the set b such that g(b) = c.

b) Let the set A = {1,2}, B={a,b,c}, C={x,y}

f(1) = a

f(2) = c

g(a) = x

g(b) = y

g(c) = x

g(f(1)) = g(f(2)) = x

Counting

In a game of billiards, there are a total of 15 balls on the table. The balls numbered 1 through 7 are solid and the balls numbered 9 through 15 are stripes. The last and most important ball is the 8-ball. In order to win a game of billiards, you must hit all of your balls (either all the solids or the stripes) followed by the 8 ball into the pockets on the table before the other player does the same. (If you are hitting in solids, your opponent is hitting in stripes and vice versa.) Answer the following counting questions associated with billiards. (Note: For those of you who actually know how to play pool, assume that you can’t scratch on the 8 and lose.)

a) In a particular game, player A, who was hitting in solid balls, wins. A total of 11 balls were hit during the game. Assuming that there was a distinct order in which the 11 balls were hit in, (ie. no two balls were hit in at the same time) how many possible orders could the balls have been hit in? (Note: You should count separately all instances where different groups of balls were hit in. For example, 1,2,3,4,5,6,7,9,10, 11, 8 should count separately from 1,2,3,4,5,6,7,9,10,12, 8. And both of the above should count separately from 1,3,2,4,5,6,7,9,10,11,8, also.)

Thus, 8 balls were hit in by player A, and 3 by player B. B could have hit in any of 7 choose 3 = 35 combination of balls in, where as A must have hit in all the balls 1 through 8.

Of the three balls hit in by B, then could have been anywhere from the 1st through the 10th balls hit in. Thus, we can also choose 3 spots out of the 10 for the order in which B hit its balls in = 120

Finally, once the number of the balls, as well as what places (1st through 10th) they were hit in is determined, we can still order the three balls in 3! = 6 ways. 

So, the total number of distinct orders that player B could have hit his/her balls in is 35*120*6 = 25200

Now, for each of these 25200 orders for B, we must count how many orders there are for A. A must hit the 8 ball last, so there is no choice there. Finally, A can hit its 7 balls in any order, though the places(1st through 10th) have already been fixed. The number of permutations of those 7 balls is 7! = 5040.

Thus, the final answer is

25200*5040 = 127,008,000

b) On a pool table there are 6 distinct pockets to hit the balls into. How many ways can you hit in all 15 balls such that each pocket has at least one ball? For this question, assume that the balls are indistinguishable. (Thus, getting 3 balls in pockets 1, 2, and 3 and 2 balls in pockets 4, 5 and 6 should only count once, regardless of what balls are in what pockets. However, the situation above should be counted separately from the situation where you get 3 balls in pockets 1, 2, and 4 and 2 balls in pockets 3, 5 and 6, because the pockets are distinguishable.)

The answer to this question is the same as the answer to the question, how many positive integer solutions are there for the equation

a + b + c + d + e + f = 15, where a, b, c, d, e, and f stand for the





       number of balls hit into each pocket.

Since we have the restriction that each of these values is greater than or equal to one, let a' = a-1, b'=b-1, ... f' = f-1. Now, we have that a', b', ..., f' are all greater than or equal to zero. Substitute these values into the equation:

(a' + 1) + (b' + 1) + (c' + 1) + (d' + 1)+(e'+1)+(f'+1) = 15

a' + b' + c' + d' + e' + f' = 9

The answer to this question is the same as, "how many ways can you place 9 balls into 6 bins?"

The formula from class states that this is simply 
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To derive this, note that the answer to the balls and bins questions is the same as the answer to, "How many ways can you arrange 9 stars and (6-1) bars?"

***|**|**||*|*

This corresponds to 3 balls in bin 1, 2 in bin 2, 2 in bin 3, 0 in bin 4, 1 in bin 5 and 1 in bin 6.
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