COT 5405: Design and Analysis of Algorithms 
 Instructor:  Arup Guha                                                                                 Spring 2004  

Lecture 6&7 

Notes by : Sejal Shah

Topics covered: 

1. GCD

2.  Recurrence relations 

1.  GCD—Greatest Common Divisor


Let a and b be two positive integers.  The GCD of a and b, GCD(a,b), is the largest integer that divides both a and b exactly.

The algorithm can be described as:

GCD(int a, int b)


Min = minimum of a & b


While (not done)


Check if  min divides int a and 



If min divides int b


If yes



Return min


Min --;

In the worst case, the while loop will execute min times, O(min(a,b))
Example of GCD using subtraction

GCD(int a, int b){


If (a = = 0) return b;


If (b = = 0) return a;

     
If (a = = b) return a;


If (a<b)



return GCD(a, b-a);


else



return GCD(a-b, b);

}

Let’s analyze the above algorithm  for GCD(7,13):

GCD(7,13)( GCD(7,6)(GCD(1,6)(GCD(1,5)(GCD(1,4)……. GCD(1,1)(1

This algorithm is as bad as the value of b; however, the runtime clearly depends on both values, a and b.  This algorithm works out well only if the values of a and b are spaced out evenly. 

 In the worst case the # of recursive calls that can occur = O(max(a,b))

If the values aren’t spaced out evenly then mod approach can be used in the GCD algorithm:

GCD(int a, int b){


If (a = = 0) return b;


If (b = = 0) return a;

     
If (a = = b) return a;


If (a<b)



return GCD(a, b%a);


else



return GCD(a%b, b);

}

so for gcd(7,13)( gcd(7,6)(gcd(1,6)(gcd(1,0)(1  O(log(max(a,b)))
2. Recurrence Relations—to find the solution, follow these steps

1. find a particular solution

2. find a homogeneous solution

3. combine for final solution

example 1:

given: T(n)=3T(n-1)-2T(n-2, T(0)=2, T(1)=5

assume: T(n)= (n
(n = 3(n-1 – 2(n-2    

(n - 3(n-1 + 2(n-2    = 0

(n-2((2 - 3( +2) = 0

((-2)( (-1)=0

(=1 or (=2

T(n)=C01n
T(n)=C12 n
T(n) = C01 n + C12 n  (I)
If T(n)= (n  is a solution, then T(n)= C(n  is also a solution

(n = 3(n-1 – 2(n-2    

C(n = C(3(n-1 – 2(n-2 )

C(n = 3(C(n-1 )– 2(C(n-2 )   (II)

Use (I) & (II) to find the solver for C0=-1 and C1=3

Example 2;

T(n)=2T(n-1) +1;  T(1)=1

Step 1

Assume: T(n) = C  based on the last element in the above equation

C= 2C +1

C= -1

T(n)=-1   is a particular solution

Step2

T(n) = 2T(n-1)

T(n)= (n
(n = 2(n-1 

(n - 2(n-1 = 0

(n-1((- 2) = 0

(=2

T(n)= C 2 n
Step3

T(n)= C 2 n – 1

T(1)= C 2 1 – 1=1

    2C-1=1

     2C=2

     C=1

T(n)= 2 n – 1  final solution

