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Floyds Algorithm:

Consider the Matrix given below 
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Initially we consider k=1 which denotes vertex V 1. Now we determine the path length between every vertex passing through just V1. The initial matrix is updated after this and the new matrix we get is given below
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We now pick a few values in the matrix and explain how we obtained them.

V4 ( V2

V4 ( V1 ( V2   = V4( V1 + V1 ( V2



     =  2 + 3



     =  5 <  ( (which is initially present in the matrix)


                            Hence we update (4,2) position with 5

V4 ( V3

V4 ( V1 ( V3   = V4( V1 + V1 ( V3



     =  2 + 8



     =  10 >  -5 (which is initially present in the matrix)


                            Hence we leave (4,3) position unchanged with -5

V3 ( V4

V3 ( V1 ( V4   = V3( V1 + V1 ( V4



     =  ( + (


     =  ( and ( is present in the initial matrix too)


                            Hence we leave (3,4) position with (
V4 ( V5

V4 ( V1 ( V5   = V4( V1 + V1 ( V5



     =  2 +(- 4)



     =  -2 <  ( (which is initially present in the matrix)


                            Hence we update (4,5) position with -2

Now we consider k=2 which denotes vertex V2. Now we determine the path length between every vertex passing through just V2. The previous matrix is updated after this and the new matrix we get is given below
                                     V1
V2
V3
V4
V5    

                                     

                            

                          V1        0
3
8
4
-4

  V2
  (
0
(
1
7



  V3
  (
4
0
5
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  V4
  2
5
-5
0
-2



  V5
  (
(
(
6
0  

We now pick a few values in the matrix and explain how we obtained them.

V1 ( V4

V1 ( V2 ( V4   = V1( V2 + V2 ( V4



     =  3 + 1



     =  4 <  ( (which is initially present in the matrix)


                            Hence we update (1,4) position with 4

V3 ( V5

V3 ( V2 ( V5   = V3( V2 + V2 ( V5



     =  4 + 7



     =  11 <  ( (which is initially present in the matrix)


                            Hence we update (3,5) position with 11

V5 ( V3

V5 ( V2 ( V3   = V5( V2 + V2 ( V3



     =  ( + (


     =  ( and  ( is present in the initial matrix too)


                            Hence we leave (5,3) position with (
Now we consider k=3 which denotes vertex V3. We determine the path length between every vertex passing through just V3. The previous matrix is updated after this and the new matrix we get is given below
                                     V1
V2
V3
V4
V5    

                                     

                            

                          V1        0
3
8
4
-4

  V2
  (
0
(
1
7



  V3
  (
4
0
5
11



  V4
  2
-1
-5
0
-2



  V5
  (
(
(
6
0  

The only change from the previous matrix occurs in postion (4,2)  The reason is given below.

V4 ( V2

V4 ( V3 ( V2   = V4( V3 + V3 ( V2



     =  -5 + 4



     =  -1 < 5 (which is initially present in the matrix)


                            Hence we update (4,2) position with -1

Now we consider k=4 which denotes vertex V4. We determine the path length between every vertex passing through just V4. The previous matrix is updated after this and the new matrix we get is given below
                                     V1
V2
V3
V4
V5    

                                     

                            

                          V1        0
3
-1
4
-4

  V2
  3
0
-4
1
-1



  V3
  7
4
0
5
3


  V4
  2
-1
-5
0
-2



  V5
  8
5
1
6
0  

We now pick a few values in the matrix and explain how we obtained them.

V5 ( V1

V5 ( V4 ( V1   = V5( V4 + V4 ( V1



     =  6 + 2



     =  8 <  ( (which is initially present in the matrix)


                            Hence we update (5,1) position with 8

V3 ( V5

V3 ( V4 ( V5   = V3( V4 + V4 ( V5



     =  5 + (-2)



     =  3 < 11 (which is initially present in the matrix)


                            Hence we update (3,5) position with 3

Now we consider k=5 which denotes vertex V5. We determine the path length between every vertex passing through just V4. The previous matrix is updated after this and the new matrix we get is given below. This is the final matrix that contains the shortest path length between each vertex.

                                     V1
V2
V3
V4
V5    

                                     

                            

                          V1        0
1
-3
2
-4

  V2
  3
0
-4
1
-1



  V3
  7
4
0
5
3



  V4
  2
-1
-5
0
-2



  V5
  8
5
1
6
0  

The Pseudo Code that shows this algorithm: 

For k  = 1 to n


For i = 1 to n



For j = 1 to n




M[i][j] = min { M[i][j], M[i][k]+M[k][j]

               Traces through each matrix element

traces through each intermediate vertex

There is just one copy of the matrix and it gets updated in every pass and does not have multiple copies as we saw while tracing the algorithm manually. The matrix M will finally have the shortest path weights between every vertex.

Note:
The difference between the Dijkstras algorithm and this is that in this we get all pairs of shortest paths and in Dijkstras we get only the shortest paths from a single source node.

Path Matrix:

In order to reconstruct the path we make use of another matrix called the path matrix. While we are running the algorithm we will be maintaining this second auxiliary matrix that contains the path information.

                                     V1
V2
V3
V4
V5    

                                     

                            

                          V1        
1
 1
NIL
 1     path[i][j]     = i if i = j and




                                                                            There is an edge

  V2
  NIL

NIL
1
-1                         from i to j



  V3
  NIL
3

NIL    NIL                      = NIL otherwise



  V4
  4
NIL
4
           NIL



  V5
  NIL
NIL
NIL
5
  

Path k  [i] [j] = Path k-1  [i] [j]   ( we don’t update the path matrix


      = Path k-1  [k] [j]   ( Stores last vertex on path k to j before you hit j

rationale for this is,  when we add k as the intermediate vertex what we really do is 




i                    k                       j

               eg.




V3 ( V5

= V3 ( V2 (  V5




=  4 + 7 




= 11

Hence  

path[3][5] = path [2][5] in our matrix
So in the path matrix we update the (3,5) position with 2 

                                     V1
V2
V3
V4
V5    

                                     

                            

                          V1        
1
 1
NIL
 1     

  V2
  NIL

NIL
1
-1                         



  V3
  NIL
3

NIL     2                    



  V4
  4
NIL
4
           NIL



  V5
  NIL
NIL
NIL
5
  

Path [i][j] stores the last vertex in the shortest path from i (j before we hit j

The final path matrix for the Floyds Algortihm example is as given below

                                     V1
V2
V3
V4
V5    

                                     

                            

                          V1       NIL 
3
 4
 5
 1     

  V2
  4
NIL
 4
2
 1                         



  V3
  4
3
NIL
2           1                    



  V4
  4
3
4
NIL      1



  V5
  4
3
4
5        NIL           signifies no path between

                                                                                                     V5 to V5      

Now as an example we trace the path between V1 ( V2 

The path matrix for V1 ( V2 has 3 as its entry hence the shortest path between vertex1 and vertex2 goes through vertex 3 

V1 ( V3 ( V2  

Now we see the entry for (1,3) and we get 4. Hence the shortest path between 1 and 3 passes through 4.

V1 ( V4 ( V3 ( V2

Now we see the entry for (1,4) and we get 5. Hence the shortest path between 1 and 4 passes through 5.

V1 ( V5 ( V4 ( V3 ( V2

The above path gives the shortest path from V1 ( V2
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