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Reducibility

To reduce a problem A to a problem B is to show that if you had a solution to B then you can also solve A.

Given: ATM = {<M, w> | M is a TM and it accepts w}


ATM is undecidable.

Prove: HALTTM = {<M, w> | M is a TM and halts on w} is also undecidable.

Goal: If we can reduce ATM to HALTTM, then HALTTM is undecidable as well.

1. Assume a TM exists that decides HALTTM, call this R.

2. Produce S: a machine that decides ATM

S has input (M, w)


1). Call R(M, w)


2). If R rejects,



reject (because we know that w ( L(M))

    else



run M on w and return its answer

Therefore we have shown ATM to be decidable, which we know is not true. So our initial assumption is false.

Prove: ETM = {<M> | M is a TM and L(M) = Ø) is undecidable.

Goal: If we can reduce ATM to ETM, then ETM is undecidable as well.

1. Assume a TM exists that decides ETM, call this R.

2. Produce a machine to solve ATM

(We’re stuck if we just pass <M> to R, so we must pass a different machine as a 
parameter)


// we’re never going to run M’, we will just use it as input to R.


Create a new machine M’ from M and w whose language is L(M’) = {Ø, {w}}.


1). M’ reads it input


2). If this input is not w, it rejects


3). Else run M on its input

Run R(M’). 
If it accepts (L(M’) = Ø), we reject (because M doesn’t accept w).



Else, we accept (M does accept w).

Therefore we have shown ATM to be decidable, which we know is not true. So our initial assumption is false.

Prove: REGULARTM = {<M> | M is a TM and L(M) ( Regular} is undecidable.
Goal: If we can reduce ATM to REGULARTM, then REGULARTM is undecidable as well.

1.
Assume a TM exists that decides REGULARTM, call this R.

2.
Produce a machine to solve ATM

(Again we’re stuck if we just pass <M> to R, so we must pass a different machine 
as a parameter)


Create a new machine M’ from M and w whose language is such that if w ( 
L(M), 
L(M’) = ∑*, else L(M’) = {0n1n}.

1). M’ reads input, x


2). If x is of the form 0n1n, immediately accept.


3). Else {



run M on w



if it accepts, accept x



else reject x }

Run R(M’). 
If it accepts, we accept



Else, we reject

Therefore we have shown ATM to be decidable, which we know is not true. So our initial assumption is false.

An alternate construction of M’ for this proof would be such that if w ( L(M), L(M’) = {0n1n}, else L(M’) = Ø.


1). If x is not of the form 0n1n, reject


2). Run M on w



If it accepts, accept x



Else reject

Run R(M’).
If R accepts, then we reject.



If R rejects, we accept.

Prove: EQTM = {<M1, M2> | M1 and M2 are TMs such that L(M1) = L(M2)} is undecidable.

Goal: If we can reduce ETM to EQTM, then EQTM is undecidable as well.

1.
Assume a TM exists that decides EQTM, call this R.

2.
Produce a machine to solve ETM

1). Input: M


2). Figure out if L(M) = Ø

3). Create M’: immediately rejects all strings




δ (q0, x) ( (qrej, x, R)

Run R(M1, M2).
If it accepts, that means L(M) = L(M’) = Ø, we accept.




Else, we reject.

Therefore we have shown ETM to be decidable, which we proved was not true. So our initial assumption is false.

The ATM Problem

1. Assume a Turing Machine exists to solve HALTTM. Call this R.

2. Produce S: a machine that decides (solves) ATM. 


S takes as input (machine m, string w)

1) S calls R(m,w)

2) If R rejects (m doesn’t halt on w, so w is not accepted)

3) Reject because w is not member of language L

4) Else run m on w and return its answer

Assuming that we have a black box that solves the HALTTM problem, we can build a machine that solves ATM. This contradicts the fact that ATM is un-decidable. So what must be incorrect is our assumption that HALTTM is decidable. Therefore, halt is un-decidable as well.

The ETM Problem:

ETM = {<M>| M is a TM and L(M) = empty set }

Proof:

1. Assume a Turing Machine R decides ETM.

2. Our goal is to solve ATM. 

If R rejects m, than M accepts something.

If R does not reject M, M accepts nothing.

So passing M into R doesn’t give us the information that we need. We’re stuck.

So we must pass in a different machine.

Given M and w, we can create a different Turing Machine M’. We’re never going to run M’. We will just use it as input to R.

How to do M’. 

1. M’ reads its input. If this input is not w, reject.

2. Otherwise, run M on its input.

What are two possible languages that L(M’) = { w, empty set }

Run R(M’)

· If M’ is accepted [L(M’) = empty string], no string was accepted, reject. M does not accept w.

· Otherwise, if it rejects, we accept, M does accept w.

This says that ATM is solvable, which contradicts the fact that ATM is not solvable.

3. REGULARTM Problem

REGULARTM = {<M> | M is a TM and L(M) is regular }

Use ATM again.

1. Assume that I have a solution to REGULARTM. Let R be the TM that decides this language. 

2. Goal is to decide ATM. 

3. Create machine M’ from M and w.

· M’ reads in input x



if w is not in L(m') = (0n1n)

· If x is of form 0n1n, immediately accept
if w is in L(m’) = (E*)

· Else { run M on w. If it accepts, accept x

Else reject x }


Run R(m’) if this accepts, accept



If this rejects, reject

