LA Session - Induction Preparation Solutions

1) An arithmetic sequence ai, a2, as, ... is such that ajg = 40 and a»s = 10. Determine both a; and
the sum of the first 50 terms of the sequence.

Let d be the common difference of the sequence.

15d = a5 — a0 = 10 — 40

15d =-30

d=-2

a1 = apo + (1-10)(d) =40 — 9(-2) = 58

aso = a1 +49(d) =58 + 49(-2) =58 — 98 = -40

550:@%0:(58—40)“5:450

2) An infinite geometric sequence a, a, as, ... has a sum of 10. If the odd indexed terms (az, as,
etc.) have a sum of 7, what is the common ratio of the sequence? What is the first term of the
sequence?

Let r be the common ratio of the sequence. The even indexed terms plus the odd indexed terms
sum to 10, so the even indexed terms sum to 10 — 7 = 3. Each even indexed term is r times the
corresponding odd indexed term, thus the sum of the even indexed terms is simply 7r. It follows

that r = 2.
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3) Determine the following summation in terms of n: Y2 (3i? — 4i).
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4) Determine the following infinite summation: ;2 (2i — 1) (%)i.

S =¥2.2i-1DE)
%S =Y%.2i - 1)(%)"+1 =Y2,(2i — 3)(%)% using an index shift.

Now, subtract the second equation from the first:

—2=¥P,2i-1) (%)l — 22,20 = 3)()’

N9

rxzlei-D () -@i-3 ()]
Sy l@i-n - @i-3) ()]

> =+ 22,02

1 o o
=+ 221G
s 1
S 2
2 +1_l

2
2=2+1
2
S=3

5) Determine the following matrix sum: [ _2] [ 2 12 3

S e P S B P

2" 1 —2”] [3

6) Determine the following matrix product, [ 3 o1

21 .
_1], in terms of n.

[2" 1—2nH3 2]: 32" +1-2" 2(2") — (1 -2
—1

3 2nt 3x 3421 3x2—2n1
_[22M+1 @YD -1+ 2"] _[ 2mt 3(2") -1
2149 6— 2"t 2"1+9 21416



7) Let the Fibonacci Sequence be defined as follows: F, = 0,F, = 1,F, = F,,_; + F,_,, for all
integers n > 2. Determine and simplify the following matrix product, in terms of n:

[1 —1] [Fn 1 Fn 2

] [F +Fn1 n1+Fn 2] [n+1
F an

[1 —1] [Fn—l Fn 2 — Fu



