
LA Session Week - Number Theory 

 

1) In general, you were told in class that for all integers a and b and positive integers n, if 𝑎 ≡
𝑏 (𝑚𝑜𝑑 𝑛), then 𝑓(𝑎) ≡ 𝑓(𝑏) (𝑚𝑜𝑑 𝑛), where f is any polynomial function that operates on 

integers only. Using the definition of mod only, prove this specifically for the function 𝑓(𝑎) =
 𝑎3. 

 

Solution 

We aim to prove the following:  if 𝑎 ≡ 𝑏 (𝑚𝑜𝑑 𝑛), then 𝑎3 ≡ 𝑏3 (𝑚𝑜𝑑 𝑛). 

 

If 𝑎 ≡ 𝑏 (𝑚𝑜𝑑 𝑛), it follows that n | (a – b). Thus, there exists an integer c such that a – b = cn. 

Thus, we can rewrite a = b + cn. 

 

𝑎3 = (𝑏 + 𝑐𝑛)3 = 𝑏3 + 3𝑏2𝑐𝑛 + 3𝑏(𝑐𝑛)2 + (𝑐𝑛)3 

 

We aim to show that 𝑎3 ≡ 𝑏3 (𝑚𝑜𝑑 𝑛), which is equivalent to proving that n | (a3 – b3). 

 

𝑎3 − 𝑏3 = 𝑏3 + 3𝑏2𝑐𝑛 + 3𝑏(𝑐𝑛)2 + (𝑐𝑛)3 − 𝑏3  

              = 3𝑏2𝑐𝑛 + 3𝑏(𝑐𝑛)2 + (𝑐𝑛)3 

              = 𝑛(3𝑏2𝑐 + 3𝑏𝑐2𝑛 + 𝑐3𝑛2) 

 

Since b, c and n are all integers, it follows that 3𝑏2𝑐 + 3𝑏𝑐2𝑛 + 𝑐3𝑛2 is an integer. Thus, we’ve 

proven that n | (a3 – b3), as desired, which equivalently means that 𝑎3 ≡ 𝑏3 (𝑚𝑜𝑑 𝑛). 

 

 

2) Convert the following values from the bases indicated to base 10: 

 

 i) 21657 = 2 x 73 + 1 x 72 + 6 x 71 + 5 x 70 = 782     

 ii) BCF216 = 11 x 163 + 12 x 162 + 15 x 161 + 2 x 160 = 48370     

 iii) 123458 = 1 x 84 + 2 x 83 + 3 x 82 + 4 x 81 + 5 x 80 = 5349 

iv) 213024 = 2 x 44 + 1 x 43 + 3 x 42 + 0 x 41 + 2 x 40 = 626 

v) 1010011111012 = 211 + 29 + 26 + 25 + 24 + 23 + 22 + 20 = 2685  

 

3) Convert the following base 10 values to the bases indicated: 

 

 i) 22111 to base 12  

 12 | 22111 

            12 |   1842  r 7 

            12 |     153  r 6 

            12 |       12  r 9 

            12 |         1  r 0 

            2211110 = 1096712  

  

             

 

 



            ii) 83810 to base 16   

 

            16 | 83810 

            16 |   5238 r 2 

            16 |     327 r 6 

            16 |       20 r 7 

            16 |         1 r 4 

            8381010 = 1476216 

 

 iii) 907 to base 2 

 

            2 | 907 

            2 | 453 r 1 

            2 | 226 r 1 

            2 | 113 r 0 

            2 |   56 r 1 

            2 |   28 r 0 

            2 |   14 r 0 

            2 |     7 r 0 

            2 |     3 r 1 

            2 |     1 r 1 

           90710 = 11100010112 

 

            iv) 3209 to base 7 

 

            7 | 3209 

            7 |   458 r 3 

            7 |     65 r 3 

            7 |       9 r 2 

            7 |       1 r 2 

            320910 = 122337 

 

            v) 4095 to base 8 

 

            8 | 4095 

            8 |   511 r 7 

            8 |     63 r 7 

            8 |       7 r 7 

            409510 = 77778 

        

 

4) Prove or disprove: if n is an integer, then n(3n+1) is an even integer. 

 

There are two cases: (a) n is even, (b) n is odd. 

 

In case (a), there exists an integer c such that n = 2c. 



n(3n+1) = (2c)(3n+1) = 2(c(3n+1)), since c and n are integers, c(3n+1) is an integer, thus, in this 

case, we can conclude that n(3n+1) is even. 

 

In case (b), there exists an integer c such that n = 2c + 1. 

 

n(3n+1) = n (3(2c+1)+1) = n(6c+3+1) = n(6c + 4) = 2n(3c + 2), since n and c are integers, it 

follows that n(3c+2) is an integer. Thus, we can conclude, in this case, that n(3n+1) is even. 

 

Since in both possible cases n(3n+1) is even, we can conclude that this expression is even for all 

integers n. 

 

5) Prove or disprove: if n(3n+1) is an even integer, then n is an integer. 

 

This claim is false! Consider plugging in n = 
2

3
 into the expression: 

 

𝑛(3𝑛 + 1) =
2

3
(3 (

2

3
) + 1) =

2

3
(2 + 1) = 2 

 

Thus, in this situation, we have that n(3n+1) is even (equal to 2), but the corresponding value of n, 

which is 2/3, is NOT an integer. 

 

Note: This counter example was reached by setting n(3n+1) equal to 2, and then solving the 

ensuing quadratic equation which had one integral and one non-integral root. The latter was used 

for the counter example. 

 


