COT 3100H Spring 2008 Homework #8 Solutions

1) If A ={1, 2, 3, 4, 5, 6, 7, 8}, determine the number of relations on A that are (a) reflexive; (b) symmetric; (c) reflexive and symmetric; (d) reflexive and contain (1, 2); (e) symmetric and contain (1, 2); (f) anti-symmetric; (g) anti-symmetric and contain (1, 2); (h) symmetric and anti-symmetric; (i) reflexive, symmetric and anti-symmetric. 

a) Each of these relations must contain the eight elements (1,1), (2,2), ... (8,8). All of the possible 56 elements are free to either be chosen or not chosen in the relation. Using the multiplication principle, we have the number of possible reflexive relations equalling 256.

b) Group the possible elements of R into 36 groups. For each ordered pair of the form (a,b) with a(b, group (a,b) with (b,a). This gives rise to 28 groups. The last 8 groups will each contain one element: either (1,1), (2,2), (3, 3), etc. or (8,8). For each possible symmetric relation, you are either free to choose the contents of a group or not in the relation. Using the multiplication principle, there are 236 ways to do this.

c) Using the logic from above, we don't have the choice with 8 of the groups, so our count would now be 228, for the 28 groups we are free to choose or not choose.

d) Here we have one less free choice than in part a. So, the answer is 255.

e) Here we have one less free choice of groups than in part b. So, the anwer is 235.

f) Use the same groupings as in part b. But now, for each of the 8 single element groupings, we can either choose the value or not. But for the other 28 groupings, we have three choices: choose none, the first element, or the second element. The only choice we can't make is both. So we have 8 options of 2 choices each, and 28 options of 3 options each. Using the multiplication principle, we have a total of 28328 anti-symmetric relations.

g)  Since the relation contains (1,2), that is the only option from that one group we can exercise. All other remaining options are unaffected. Thus, we have a total of 28327 anti-symmetric relations containing {1,2).

h) Use the same groups as part b. Only one choice is viable from each of the 28 groups with two elements. (This is not choosing either element.) Thus, we are left with our 8 elements each of which can be in or out of the relation. This is a total of 28 possible relations.

i) Just one =) {(1,1), (2,2), (3,3), (4,4), (5,5), (6,6), (7,7), and (8,8)}

2) Prove or disprove: Let R be a relation over A x A. If  R ( R is transitive, then R is transitive as well.

This claim is false. Here is a counter-example:

Let A = {1, 2, 3}. Let R = { (1,2), (2,3) }. R is NOT transitive in this situation since (1,3)(R. However, RºR = { (1,3) }, which is vacuosly transitive. 
3) Consider the following relation R defined over the set of positive integers:

R = {(x,y) | x/y = 4 ( y/x = 4}

Determine if the relation R is (i)reflexive, (ii)irreflexive, (iii)symmetric, (iv)anti-symmetric, and (v)transitive.

(i) No, because (1,1)(R.

(ii) Yes, It is impossible for (a,a)(R since we know that a/a ( 4.

(iii) Yes, this relation is symmetric. We must prove:

if (a,b)(R, then (b,a)(R.

If (a,b)(R, then we know that either a/b = 4, or b/a = 4.

In the first case we have a/b = 4 which means b/a = 1/4, but we will still have (b,a)(R, since a/b =4.

In the second case we have b/a = 4, which means that a/b = 1/4, but we will still have (b,a)(R, since b/a =4.

(iv) The relation is NOT anti-symmetric since both (1,4)(R and (4,1)(R.

(v) The relation is NOT transitive. We have (1,4)(R, (4,1)(R, but (1,1)(R.

4) a) Give an example of a relation that is irreflexive and transitive, but not symmetric.

    b) Let R be a non-empty relation on a set A. Prove that if R satisfies any of the two

        following properties – irreflexive, symmetric, transitive – then it can not satisfy the

        third.

a) Let A be the set {0, 1} and let R be a relation on A. Then the relation R = {(0,1)} is irreflexive, transitive, and not symmetric.
The relation is irreflexive because (x(x(A ( ( xRx), which is true because 0R0 and 1R1 are both false. The relation is transitive because (x(y(z((x(A ( y(A ( z(A ( xRy ( yRz) ( xRz), which is true because the antecedent is always false. Finally, the relation is not symmetric because (x(y(x(A ( y(A ( xRy ( ( yRx), which is true because 0R1 and not 1R0.
(Alternate) A second example is the less-than operator on the real numbers.
The relation is irreflexive because no number is less than itself. The relation is transitive because if a number is less than something that is also less than something else, then the first number is also less than the third. Finally, the relation is not symmetric because, for example, 2<4 and not 4<2.

b) Assume that some relation R is irreflexive, symmetric, and transitive. Because R is nonempty, we know there is some x and y that are related by R, so we can say xRy. Because R is symmetric, we can add that yRx. And since R is transitive, from these we can see that xRx. But because R is irreflexive, it is false that xRx. So our assumption that R could be irreflexive, symmetric, and transitive is false. Therefore all relations must fail to satisfy at least one of the three properties.

5) With proof, determine if the following relations are equivalence relations, partial ordering relations, or neither.

    a) { (a, b) | a
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Z+, b
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Z+, a = 3nb, where n
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N }

    b) { (a, b) | a
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Z+, b
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Z+, a > 2b or b > 2a }

    c) { (a, b) | a
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Z+, b
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Z+,  a ≡ 0 mod b or b ≡ 0 mod a }

    d) { (a, b) | a
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Z+, b
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Z+,  f(a) = f(b), where f is any function defined from Z+ to Z+ }

a) This relation is not an equivalence relation because it is not symmetric. For example, it contains the element (3,1) because 3=(3n)(1) when n=1,  but the relation does not contain (1,3) because no value of n in the natural numbers makes 1=(3n)(3) true.

This relation is a partial ordering relation. The relation is reflexive because (x(x(N+ ( x=3nx) when n=0. The relation is antisymmetric because n cannot be negative or fractional, so for any element (x,y) we know x(y, and there is no way to pair that element with another element where x<y. Finally, the relation is transitive because for all positive integers x, y, and z, if there exist natural numbers a and b that make it true that x=3ay and y=3bz, then x = 3ay = 3a3bz = 3a+bz, and a+b must also be a natural number.

b) This relation is neither an equivalence relation nor a partial order because it is not reflexive. For example, 1 is an element of the positive integers, but (1,1) is not an element of the relation because it is not true that 1 > (2)(1).

c) This relation is neither an equivalence relation nor a partial order because it is not transitive. In particular, (6, 3) is in the relation since 6 ≡ 0 mod 3, and (3, 9) is in the relation because 9 ≡ 0 mod 3, but (6, 9) is NOT in the relation because 6 is NOT equivalent to 0 mod 9 and 9 is NOT equivalent to 0 mod 6.
d) The relation is an equivalence relation. It is reflexive because it is always true that f(x)=f(x). It is symmetric because whenever f(x)=f(y), it is also true that f(y)=f(x). And the relation is also transitive because whenever f(x)=f(y) and f(y)=f(z), then f(x)=f(z).

The relation is not a partial ordering relation. Since f(x) can be any function, this relation is equivalent to Z+×Z+. If we set f(x)=x*0, then f(a)=f(b) is true for all values of a and b. We can see that using this value for f(x) makes both (0,1) and (1,0) elements of the relation. This example shows that the relation is not antisymmetric.
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