More Induction Examples

Prove the following formula is true for all positive integers n.
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Use induction on n.
Base Case. n=1. LHS = (-1)°1! =1, RHS = (1(1+1)(-1)%/2 =1
Assume for an arbitrary value of n=k that
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Under this assumption, prove for n=k+1 that
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3 (D)7 = () )+ (D) (k1)

= k(k+1)(-1)Y2 + (-1)*(k+1)(k+1),
using IH.

= (k+1)(-1)¥[-k/2 + k + 1]

= (k+1)(-1)K[k/2 + 1]

= (k+1)(-1)X(k + 2)/2

= (k+1)(k+2)(-1)k/2



Some Algebra Rules ...

Laws of exponent and Logarithm:

Ifa>0, a*say=a" (@)y=a"v
a*/a=a" a”*=1/(a"

Ifb>0and b =1,

logn(xy) = logp X + logp Yy
logn(X/y) = logw X — logp y
logn(XP) = p logp X.

Rules of inequalities:
a>bosa+c>b+c
ifc>0,thena>b<asc>bec
ifa>bandb>c=a>c;
ifa>bandc>d=a+c>b+d.

Useful algebra rules:

ab=0<a=0o0rb=0

If bd = 0, then a/b = ¢/d < ad = bc;
(a+b)’=a?+ 2ab + b% (a+b)(a-b) =a*-Db?



A couple of summation rules
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Couple More Examples:

1) Prove Zn:Hi = (n+1)Hn — n, using induction. Note that Hn = Z}

i1 |

Use induction on n>0.

Base case: n=1. LHS=1/1=1
RHS =(1+1)(1/1)-1=1

Assume for some n=Kk,

> H, = (k+1)Hk - k

Under this assumption, we must prove the formula for
n=Kk+1:

S H, = (k+2)Hke1 — (k+1)

k+1 k

2 H = H) +Hin
= (k+1)Hk — k + Hy+1, using inductive hypothesis.
= (k+1)(Hk+1 — 1/(k+1)) — K + Hi+1
- (k+1)Hk+1 -1-k+ Hi+1
= (k+2) Hk+1 — (1+k), which completes the induction.

Thus, we have shown Zn:Hi= (n+1)Hn — n, for all positive

i=1

integers n.



2) Prove that ii: n(2n+1) for all positive integers n.

Use induction on n>0.

Base case: n=1. LHS=1+2=3
RHS =1(2(1)+1) =3

Assume for some n=Kk,
Si= k(2k+1)
Under this assumption, we must show for n=k+1, that

Y= (k+1)(2(k+1)+1)

= S+ (2K+1) + (2k+2)

= k(2k+1) + 4k + 3, using inductive hypothesis
=2k*+k+4k + 3

=2k?+5k + 3

=2k +3)(k +1)

= (k+1)(2(k+1)+1),

which completes the inductive proof.
Thus, we have 2zni: n(2n+1) for all positive integers n.

i=1



Examples of using induction on an inequality

Prove by induction that n! > 2" for all n > 4. (Note: n! =n(n -
1)---2-1, for n > 1; 0! = 1 by convention.)

We use induction on n > 4.

(Base Case) Consider n = 4. In this case,
n!'=41=4.3.2.1 =24, and
2" =24=16< 24.

So the Basis Step is proved.

(Induction Hypothesis) Consider the statement for some n=k.
We will assume that k! > 2K,

(Induction Step) Consider the statement for n=k+1. We need
to prove (k + 1)1 > 2k*1

(k+1)!= (k+1) K,
> (k + 1) -2%, by the Induction Hypothesis

>2.2% becausek +1>5>2
=2kt

By induction, we have proved the inequality n! > 2" for all n >
4,



Use induction on n 2 1 to prove the following summation
identity:

2n+1

Y i2' > 2n(4)™
=1
Base Case: n=1. LHS =1(2)'+2(2)?+3(2)® = 34
RHS = 2(1)(4)**' = 32, so LHS > RHS.
Assume for an arbitrary n=k that

2k+1

D P2t > 2k(4)<
=1

Under this assumption, we must prove for n=k+1 that

2(k+1)+1

Y12 > 2(k +1)(4) %D
=1

2(k+)+1  2k+3
i2' =) i2!
i=1 i=1
2k+1

— (lel) + (2k + 2)22k+2 + (2k 4+ 3)22k+3
=1



> 2k(4)<L + 22k*2((2k+2)+2(2k+3)), using IH.
= 2k(4)¥* + 24D (2k+2+4k+6)

= 2K(4)<"1 + 4k+1)(6k+8)

= (4)<"[2k + 6k + 8]

= (4)<"[8k + 8]

=@ )k +1)

= (4)*(2)(k +1)

=2(k + 1)(4)?



Use induction on n to prove the following inequality for all
positive integers n:

Z‘[ n+1 (4n-1)

Base Case: n=1. LHS =(1) =1
RHS = 1(1+1)(4(1) - 1)/6 = 1

Assume for an arbitrary value of n=k that

k(k +1)(4k —1)
Zf ==

Under this assumption, prove for n=k+1 that

K (k+D((k+D)+DAK+D -1 (k+D)(k+2)(4k+3)
.21: Ji< - = ;
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i=k?+1

k(k+1)(4k-1) &
( )( ) Z I, using the inductive hypothesis.

i=k®+

. k(k+1)(4k 1) kzl> g

i=k2+1
because each term in the summation is less than or equal to
that last term when i = (k+1)2.

IA




k(k+1)(4k ) (kik )

i=k%+1

_ k(k+l)6(4k_l)+[(k+1)2—kz](k+1) |

because the first summation from the IH contains k? terms
while the summation from the IS contains (k+1)?, leaving the
difference for this summation.

_ kik *1)6(4'( =D k1)K +1)

(kgl) (k(4k —1) +6(2k +1))

_ (k+D)

(4k? —Kk +12k +6)

(k;l) (4k2 +11k +6)

_ (k+1)(k+2)(4k +3)
a 6



Strong Induction

This works almost the exact same as normal induction, except
for your inductive hypothesis changes. In standard induction,
the bulk of our proof is establishing the following:

s(k) = s(k+1), for our open statement s(n).

However, there are some inductive proofs where it is difficult
to prove s(k+1) simply by assuming s(k). Perhaps you must
assume that both s(k) and s(k-1) are true.

In strong induction, rather than assuming that our open
statement is only true for n=k, we will assume that our open
statement is true for all values of n < k. So, in essence, we want
to know prove the following:

s(m) = s(k+1), where m is a positive integer such that m < k.

So, a natural question is, do we have to change our base case to
use strong induction? The answer is sometimes, but not always.

In our inductive step, if we always have to assume that s(k) and
s(k-1) are true, we must have two base cases. Can you see why?

If we have to assume that s(k), s(k-1), and s(k-2) are true, then
we must have three base cases.

Sometimes, and I’'ll show you when those cases arise, only one
base case is necessary.

I will point out examples of strong induction when they come
up.



A Fibonacci Number Example
Prove that (Fn+1)? — (Fn+2)( Fn) = (-1) "for all positive integers n

Base Cases: n =1, LHS = Fo? — Fs*F; = 1%-2*1 = -1
RHS = (-1)! = -1

N=2,LHS=F - F#*F,=22-3*1=1
RHS = (-1)2=1

Inductive Hypothesis: Assume for all n < k that
(Fr+1)? = (Fne2)(Fn) = (-1)"

Inductive Step: Prove for n = k+1
(|:k+2)2 - (Fk+3)(|:k+1) = (-1)k+1

Since Fn = Fn-1 + Fn-2 We can say:
(Fis2)? — (Fis3)(Fis1) = (Fie1 + F)? - (Fier + Fre2) Frn

= Fis1? + 2 Fie1 Fi + Fi® - Fian? - Fiet Fie2
= Fre1[2Fk - Fie2] + Fié

= Fiet[2Fk — (Frer + Fi)] + Fi?

= Fiet[2Fk — Fiet - F)] + Fi?

= Frst[Fk — Fre1] + Fi®

= Frea[Fk — (Fk + Fr1)] + Fié

= Fre1(-Fie1) + Fié

= Fi - Frs+1 Fit

- (_1)k-1(_1)2 — (_1)k+1



