Honors Seminar: Mathematical Modeling
Exam #2 Review Sheet

I. Modeling with a Differential Equation


A. Braking Distance Revisited (11.3)


B. Autonomous Differential Equations (11.4)


C. Separation of Variables to Solve Differential Equations


D. Use of Integrating Factor to Solve Differential Equations


E. Euler’s Method of Approximation (11.5)

II. Game Theory


A. Pay-off Matrix


B. Examples



i. Homework Dilemma



ii. Date (with positive pay-offs)



iii. Date (with positive and negative pay-offs)



iv. Prisoner’s Dilemma Tournament



v. Rock-Paper-Scissors

Some More Detail on Differential Equation Modeling

In some kinematic problems, we have dv/dt = -k, where k is a constant. We can use separation of variables to solve for both v (velocity) and x (position). Plugging in initial conditions solves each of these functions uniquely.
An autonomous differential equation takes the form dy/dx = g(x,y), y(x0) = y0.

Given an equation of this form, we desire to find equilibrium values and phase lines. An equilibrium value is one where the derivative, dy/dx, is 0. Depending on the value of y, we either have a stable or unstable equilibrium. We can determine stability by seeing if the graph approaches the given y value as x goes to infinity. (In this process, we chart out y’ and y’’, looking for the points at which both of these functions switch from positive to negative, in terms of y.)

To use separation of variables, multiply and divide accordingly so that one side has all of one variable (say x) and dx while the other side of the equal sign has all occurrences of the other variable (say y) and dy. Then integrate both sides.

To use the integration factor, your equation must be of the form y’ + P(x)y = Q(x). In this situation, multiply the equation through by the integrating factor, I = e^([Integral] (P(x)dx).

To use Euler’s Method, we have y1 = T(x1) = y0 + g(x0, y0)(x1 – x0). In general, we have





  yk+1 = T(xk+1) = yk + g(xk, yk)(xk+1 – xk).
Some More Detail on Game Theory

The classic game theory problems with two players have a 2x2 pay-off matrix for each participant indicating what happens to them in each of the four possible situations. Each player has two options, and combined with the other player’s two options, this results in four possible outcomes, each with a payoff to both participants.

A dominant strategy (if one exists) is one that, no matter what the opponent does, your outcome is ALWAYS better if you choose that strategy. Ironically, a dominant strategy may not be the one that is best for the pair, if the pair correctly coordinates.

From our class experiments, we verified the idea of risk aversion. People don’t like losing money, so they are more likely to attempt to cooperate (think the two versions of the dating game) if they may potentially lose money as opposed to not make money. We also learned that Kyle and Steven are lazy when it comes to doing homework.

From the rock-paper-scissors experiments, we learned that the best player is one that simply chooses randomly. Any other strategy has the potential to lose. 
Also, the simplest player, Kenny’s, worked better in the general 2x2 game theory game.
