COP 3503H Proof Assignment #1 Solution

Problem #1

A genetic algorithm "guesses" a solution to a problem, and then checks the feasibility of that solution. Given a problem of size n, the amount of time it takes to generate a guess and check its feasibility is O(n). In order to use the algorithm, you continue to generate a guess and check its feasibility until you find the first guess that is feasible, and then the algorithm terminates. If the probability that a guess is feasible is 25% what is the overall running time of the algorithm? (More specifically, what is the expected number of guesses that will be generated by the algorithm.)

We will show that in general, given a situation of this nature, if the probability that a guess is feasible is p, then the expected number of guesses made will be 1/p. When p=.25, this amounts to an expectation of 4 guesses. Consequently, since 4 is a constant, the algorithm would take O(n) expected time. (One could argue in the worst case that the algorithm would never end, but mathematically this is impossible.)

If p is the probability of success for any given "guess", the probability the algorithm uses one guess is simply p.

The probability the algorithm uses two guesses is (1-p)p, since the first "guess" would have to be infeasible, while the second guess would have to be feasible.

In general, the probability the algorithm uses k guesses is (1-p)k-1p, since this requires k-1 infeasible guesses followed by a feasible one. 

Thus, we can create a discrete random variable modeling the number of guesses the algorithm uses:

	Number of Guesses
	Probability

	1
	p

	2
	(1-p)p

	3
	(1-p)2p

	...
	...

	k
	(1-p)k-1p

	...
	


Our goal now is to determine the expectation of this discrete random variable:
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Our goal is to determine this sum. First, multiply both sides of this summation by 1-p:

(1-p)E(X) = 
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(1-p)E(X) = 
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(1-p)E(X) = 
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Now, subtract this equation from the first to yield:

E(X) - (1-p)E(X) = (
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pE(X) = 
[image: image7.wmf]å

¥

=

-

-

-

-

-

-

+

2

1

1

)

)

1

)(

1

(

)

1

(

(

k

k

k

p

p

k

p

p

k

p
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pE(X) = 
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pE(X) = 
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pE(X) = 
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pE(X) = 1

E(X) =
[image: image14.wmf]p

1


Problem #2

Let 
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Base Case: n=1 LHS = 
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Inductive hypothesis: Assume for an arbitrary integer n=k, that
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Inductive step: Prove for n=k+1 that
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, using the inductive hypothesis
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Note: 
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, so it follows that 
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Also, note that -2(k+1)-k(k+1) = -(k+1)(k+2) by virtue of factoring out -(k+1).
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