Probability Notes – Lizzy, Aron, Jordan
6.1

Population- The greater body of the sample you are taking

Sample- The people or things that you are actually studying or performing on

Random Sample- A group of subjects randomly chosen from a defined population

Frequency Distribution- How often things occur in a sample

6.2 

Frequency Table


Box and Whisker Plot
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Data: Documented information or evidence of any kind.
Mean: 
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 The average. Population mean is generally unknown. Sample mean, x (with a bar on top) represents un unbiased estimate of this quantity. 
Median: The middle value

Mode: The most common value

Quartiles: Three values that divide the total frequency of a set of data into four equal parts. The central 

value is called the median and the other two are called the upper and lower quartiles, respectively.


Percentiles: The percentage of data points that are below a particular data point.
Range: Difference between the greatest and least values. 

Variance: (Standard Deviation)^2
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Problems
1) Compute the variance, standard deviation and standard error of the mean for problem No. 1 in the section "Central Tendencies".

The students in an environmental course determined the daily water usage of their households. The quantity (gallons of water per person per day) are given below. What are the arithmetic mean and the median for these data? 

	Student
	Quantity (gal) of water used per person per day

	A
	85.8

	B
	75.8

	C
	110.0

	D
	54.0

	E
	51.6

	F
	76.5

	G
	66.8

	H
	70.0

	I
	80.9

	J
	63.1


2) Find the mode of the frequency table. Also, find the mean, and the standard deviation, and the variance. This should yield

Frequency Histogram:

	Class Interval
	Frequency
	Relative Frequency

	40 to < 50
	1
	.02

	50 to < 60
	5
	.10

	60 to < 70
	2
	.04

	70 to < 80
	11
	.22

	80 to < 90
	25
	.5

	90 to < 100
	6
	.12


Histogram:
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Mid Interval value: 44.5, 54.5, 64.5, 74.5, 84.5, 94.5

Interval width: 10

Upper interval value:
49, 59, 69, 79, 89, 99

Lower interval value: 40, 50, 60, 70, 80, 90

Probability = 
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p(A) + p(A’) = 1 Complementary events




    Calculation of probability may require counting principles

p(A 
[image: image7.wmf]U

 B) = p(A) + p(B) – p(A 
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-the probability of combined events

p(A 
[image: image9.wmf]I

 B) = 0 for mutually exclusive events

Conditional probability

p(A|B) = 
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 (probability of A following B)

For independent events, use:

p(A|B) = p(A) = p(A|B’)

p(A 
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 B) = p(A)*p(B)

Bayes Theorem

p(B|A) = 
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Venn Diagrams: 

represents sets and their relationships
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“probability of A occurring given that B has occurred”

Example:

Probability of Calen on time given that it rains is 60%.

Probability of Calen on time given that it doesn’t rain is 80%.

Probability of rain is 40%.

A = Calen on-time

B = raining
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What is the probability of Calen going to school on time?

Tree Diagram
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( probability of Calen going to school on time (mutually exclusive)

0.24 + 0.48 = 0.72
Given that he got to school on time, what is the probability that it rained?
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 ( Baye’s Law

Discrete Random Variable

- a variable with more than one value set to it
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Expectation – average value
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Ex. 
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Variance – tells the spread of the value (the larger the value, the larger the spread)
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Ex. 
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Continuous Random Variable
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*sum cannot exceed 1 and cannot be negative
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 achieve its maximum when no points are similar

Binomial Distribution

- on a single trail, let p = probability of success, and let 1-p = the probability of failure; let n = # of trails

What is the probability of obtaining exactly successes?
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Normal Distribution
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*use a table to find probability for z values; z is the number of stddev from the mean

In-Class Probability Questions 2/8/05 (1-8 taken from previous AHSMEs + AMCs)
1) A box contains 11 balls, numbered 1, 2, 3, …, 11. If 6 balls are drawn simultaneously at random, what is the probability that the sum of the numbers on the balls drawn is odd?

2) A box contains three shiny pennies and 4 dull pennies. One by one, pennies are drawn at random from the box and not replaced. What is the probability that it will take more than four draws until the third shiny penny appears?

3) Six distinct integers are picked from the set {1, 2, 3,…, 10}. What is the probability that among those selected, the second smallest is 3?

4) A non-zero digit is chosen in such a way that the probability of choosing digit d is log10(d+1)- log10d. The probability that 2 is chosen is exactly ½ the probability that the digit chosen is in which of the following sets?

A) {2,3}
B) {3,4}
C) {4,5,6,7,8}
      D) {5,6,7,8,9}       E) {4,5,6,7,8,9}

5) Three balls marked 1, 2, and 3 are placed in an urn. One ball is drawn, its number recorded, and then the ball is returned to the urn. This process is repeated and then repeated once more, and each ball is equally likely to be drawn on each occasion. If the sum of the numbers recorded is 6, what is the probability that the ball numbered 2 was drawn all three times?

6) Let S be the set of permutations of the sequence 1,2,3,4,5 for which the first term is NOT 1. A permutation is chosen randomly from S. What is the probability that the second term is two?

7) A bag of popping corn contains 2/3 white kernels and 1/3 yellow kernels. Only ½ of the white kernels will pop, whereas 2/3 of the yellow ones will pop. A kernel is selected at random from the bag, and pops when placed in the popper. What is the probability that the kernel selected was white?

8) First a is chosen at random from the set {1, 2, 3,…, 100} and then b is chosen at random from the same set. What is the probability that the units digit of 3a+7b has an units digit of 8?

9) An unbiased die marked 1, 2, 2, 3, 3, 3 is rolled three times. What is the probability of getting a total score of 4?

10) If A and B are events and p(A) = 8/15, p(A ∩ B) = 1/3, p(A | B) = 4/7 calculate p(B), p(B|A) and p(B | ~A), where ~A is the complement of the event A. Are A and B independent? Mutually exclusive?

Solution to Probability Questions

1) A box contains 11 balls, numbered 1, 2, 3, …, 11. If 6 balls are drawn simultaneously at random, what is the probability that the sum of the numbers on the balls drawn is odd?

The sample space is the number of ways to  choose 6 numbers out of 11 = 
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We must count the number of these 
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 combinations that sum to an odd number. There are 6 odd numbers to pick from and 5 even ones. If the sum is to be odd, an odd number of odd numbers must be chosen. Thus, either 1, 3 or 5 odd numbers is chosen. Add up the number of ways to choose 6 numbers out of 11 in these three separate cases:

# ways to choose 1 odd and 5 even = 
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, we multiply these two since each choice of a set of odd numbers can be paired up with each choice of a set of even numbers. Using the same logic, we have:

# ways to choose 3 odd and 3 even = 
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, and

# ways to choose 5 odd and 1 even = 
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Thus, the desired probability is 
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2) A box contains three shiny pennies and 4 dull pennies. One by one, pennies are drawn at random from the box and not replaced. What is the probability that it will take more than four draws until the third shiny penny appears?

The sample space is 
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, the number of permutations of the 3 shiny pennies and 4 dull pennies. Of these 35, we want to find how many of them require more than four draws to pull the third shiny penny. It's easier to use the subtraction principle here and simply count the number of ways in which the 3 shiny pennies all get pulled in four or less turns. We can enumerate these ( SSSDDDD, SSDSDDD, SDSSDDD, DSSSDDD) or reason that we must choose 3 of the first four slots for shiny pennies, fixing the last three slots do dull pennies. We can do this in 
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 = 4 ways. Thus, the probability it will take more than 4 draws to pull the last shiny penny is 
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3) Six distinct integers are picked from the set {1, 2, 3,…, 10}. What is the probability that among those selected, the second smallest is 3?

There are 
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 = 210 ways to pick 6 integers out of 10. Of these, we must count how many of these combinations of 6 have 3 as the second smallest value. In order for this to occur, we must choose 1 value from the set {1,2} and 4 values from the set {4, 5, 6, 7, 8, 9, 10}. This can be done in 
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 ways. (We multiply because each choice from the first set can be paired up with any of the choices from the second set.) Thus, the desired probability is 
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4) A non-zero digit is chosen in such a way that the probability of choosing digit d is log10(d+1)- log10d. The probability that 2 is chosen is exactly ½ the probability that the digit chosen is in which of the following sets?

A) {2,3}
B) {3,4}
C) {4,5,6,7,8}
      D) {5,6,7,8,9}       E) {4,5,6,7,8,9}

The probability that 2 is chosen is log10(2+1)- log102 = 
[image: image53.wmf]2

3

log

10

.

Thus, the set we must pick must have a probability of 
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 of having a number chosen from it. Given a set {a, a+1, a+2, ..., b} the probability of choosing a digit from that set is
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, applying a telescoping sum and the log difference rule.

Setting b+1 = 9 and a = 4, we find that a=4, b=8 and the correct choice is C.

5) Three balls marked 1, 2, and 3 are placed in an urn. One ball is drawn, its number recorded, and then the ball is returned to the urn. This process is repeated and then repeated once more, and each ball is equally likely to be drawn on each occasion. If the sum of the numbers recorded is 6, what is the probability that the ball numbered 2 was drawn all three times?

Let x, y, and z represent the values of the first, second and third ball pulled from the urn, respectively. The sample space is all ordered triplets (x,y,z) such that x+y+z=6. These ordered triplets are (1, 2, 3), (1, 3, 2), (2, 1, 3), (2, 3, 1), (3, 1, 2), (3, 2, 1) and (2, 2, 2). Of these 7 possibilities, only 1 corresponds to drawing 2 all three times, thus the desired probability is 
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6) Let S be the set of permutations of the sequence 1,2,3,4,5 for which the first term is NOT 1. A permutation is chosen randomly from S. What is the probability that the second term is two?

There are 5! = 120 permutations of 1, 2, 3, 4, 5 total. Of these, there are 4! = 24 where 1 is in the first position. (We can determine this by fixing 1 in the first position and then observing that there are 4! ways to permute 2, 3, 4, 5 amongst the remaining slots.) Thus, we have 5! - 4! = 96 permutations in the sample space.

Of these 96 permutations we must count how many of them have 2 in the second position. For the first position, we have three choices, 3, 4 or 5. Then for the remaining 3 positions, we are free to permute the remaining three items in 3! = 6 ways. Thus, there are a total of 3x3! = 18 permutations in our sample space where 2 is in the second position. The desired probability is 
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7) A bag of popping corn contains 2/3 white kernels and 1/3 yellow kernels. Only ½ of the white kernels will pop, whereas 2/3 of the yellow ones will pop. A kernel is selected at random from the bag, and pops when placed in the popper. What is the probability that the kernel selected was white?

Draw a probability tree of the situation. Let Y = yellow, W = white, P = pop, N = did

not pop.





   *




Y 1/3
/      \ W 2/3




          *         *



          P 2/3  /   \       /   \ P 1/2 (the inner branches are for not popping)




     YP YN  WN WP

From this tree, we have p(Y ∩ P) = 
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     p(W ∩ P) = 
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, p(W ∩ N) = 
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We need to determine p(W | P):
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8) First a is chosen at random from the set {1, 2, 3,…, 100} and then b is chosen at random from the same set. What is the probability that the units digit of 3a+7b has an units digit of 8?

Let's make charts for the possible units digits of 3a and 7b in terms of a and b.

	n
	units digit of 3n
	units digit of 7n

	1
	3
	7

	2
	9
	9

	3
	7
	3

	4
	1
	1

	5
	3
	7


We can see that the units digit for each column repeats every 4 values. Thus, 3, 9, 7 and 1 appear exactly 25 times as units digits in the list 31, 32, ..., 3100, and the list 71 72 ..., 7100. In essence each has a probability of 1/4 of occurring as the units digit of 3a and 7b. Let (x, y) be the ordered pair where x is the units digit of 3a and y is the units digit of 7b. The probability of getting the each of the ordered pairs (3, 7), (3, 9), (3, 3), (3, 1), (9, 7), (9, 9), (9, 3), (9, 1), (7, 7), (7, 9), (7, 3), (7, 1), (1, 7), (1, 9), (1, 3), and (1,1) is 1/16. Of these, three sum to an units digit of 8: (1, 7), (7, 1) and (9, 9). Thus, the desired probability is 
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9) An unbiased die marked 1, 2, 2, 3, 3, 3 is rolled three times. What is the probability of getting a total score of 4?

Let (x, y, z) be the ordered triplet where x is the value of the first roll, y the value of the second roll and z the value of the third roll. The possible ordered triplets that correspond to a total score of 4 are (2, 1, 1), (1, 2, 1), and (1, 1, 2). The probability of achieving each of these is 
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, since the probability of rolling a 2 on any given roll is 
[image: image65.wmf]6

2

, whereas the probability of rolling a 1 on any given roll is 
[image: image66.wmf]6

1

, and each roll is independent of the others. Since the three ordered pairs are mutually exclusive the total probability is the sum of these three probabilities which is 
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10) If A and B are events and p(A) = 8/15, p(A ∩ B) = 1/3, p(A | B) = 4/7 calculate p(B), p(B|A) and p(B | ~A), where ~A is the complement of the event A. Are A and B independent? Mutually exclusive?


[image: image68.wmf])

(

3

1

)

(

)

(

7

4

)

|

(

B

p

B

p

B

A

p

B

A

p

=

Ç

=

=

, thus 
[image: image69.wmf]12

7

7

4

3

1

)

(

=

=

B

p

.


[image: image70.wmf]8

5

15

8

3

1

)

(

)

(

)

|

(

=

=

Ç

=

A

p

B

A

p

A

B

p

.


[image: image71.wmf]28

15

15

7

4

1

15

8

1

3

1

12

7

)

(

1

)

(

)

(

)

(~

)

(~

)

|~

(

=

=

-

-

=

-

Ç

-

=

Ç

=

A

p

B

A

P

B

p

A

p

B

A

p

A

B

p

.

A and B aren't independent, since p(B | A) ≠ p(B) and p(A | B) ≠ p(A).

A and B aren't mutually exclusive since p(A ∩ B) ≠ 0.
Counting Questions

1) Define the edit distance between two strings a and b of equal length to be the minimum number of letter substitutions you must make in string a in order to obtain string b. For example, the edit distance between the strings "HELLO" and "JELLO" is 1, since only 'J' must be substituted for 'H' in order to obtain the second word from the first. Also, the edit distance between "HELLO" and "JELLY" is two, since in addition to the first substitution described, a 'Y' must be substituted for 'O'. (Note: For all three parts of this question, assume that all strings are case insensitive.)

a) (10 pts) How many alphabetic strings of length 5 have an edit distance of 1 from the string "HELLO"?

b) (5 pts) Let n be your answer to question a. One may argue that the number of  alphabetic strings of length 5 that have an edit distance of 2 from the string "HELLO" is n2. In essence, one would argue that in order to find a string with an edit distance of 2 away from "HELLO", one must change one letter at random, and then repeat that operation on the intermediate string. (i.e. "HELLO" ( "JELLO" ( "JELLY") To count how many ways this can be done, since the first operation is independent of the second, we would simply use the multiplication principle and multiply the number of ways the first operation can be done by the number of ways the second operation can be done. Both of these values are n, leading to a final answer of  n2. What is the flaw with this argument?

c) (10 pts) Determine the actual number of alphabetic strings of length 5 with an edit distance of 2 from the string "HELLO".

2) 
a) How many four digit numbers do NOT contain any repeating digits? (Note: All four digits numbers are in between 1000 and 9999, inclusive.)
b) A number is defined as ascending if each of its digits are in increasing numerical order. For example, 256 and 1278 are ascending numbers, but 1344 and 2687 are not. How many four digit numbers are ascending?

c) A number is defined as descending if  each of its digits are in decreasing numerical order. For example, 652 and 8721 are descending numbers, but 4431 and 7862 are not. How many four digit numbers are descending?

3) 
a) A class has 8 girls and 4 boys. If the class contains 6 sets of identical twins, where each child is indistinguishable from their twin, how many different ways can the class line up to go to recess? (Do not count two configurations as distinct if the only difference between the two is twins swapping spots in line.)

b) Unfortunately, each day when the class (the same class with 6 pairs of twins described in part A) lines up to go to recess (this is done once a day), if two boys are adjacent to each other in line, they always cause problems. But, the kids also cause problems if they are ever lined up the same way on two separate days. How many possible orders can the class line up in without having any problems?

4) Consider four receptacles (R1, R2, R3, and R4) containing marbles.  The marbles are either red, white, or blue but are otherwise indistinguishable.  

R1:
Has 10 red, 10 white, and 10 blue marbles. 

R2:
Has 10 red marbles.

R3:
Has 10 white marbles.

R4:
Has 10 blue marbles.

Marbles are selected from the jars and laid out in a row. (Thus, the order in which the marbles are chosen makes a difference. For example, RWWWBRR is a different order than RRWWWB.)  How many linear arrangements can be created under the following circumstances?

a) Seven marbles are chosen, all from R1.

b) Ten marbles are chosen. The first marble chosen is from R1. Then zero or more marbles are chosen from R2, followed by zero or more marbles form R3, followed by zero or more marbles from R4. The total number of marbles chosen from these last three receptacles must be nine. (For example, WRRRBBBBBB is permissible, while, WRRWRBBBBB is not.)

5) Students A, B, C, D, E, F, G, H, I, and J must sit in ten chairs lined up in a row. Answer the following questions based on the restrictions given below. (Note that each part is independent of the others, thus no restriction given in part a appliesto the rest of the parts, etc.)

a) How many ways can the students sit if the two students on the ends of the row have to be vowel-named students?

b) How many ways can the students sit if no two students with vowel names can sit adjacent to each other?

c) Given that students A, B, C, and D are male, and that the rest of the students are female, how many ways can the students be arranged such that the average number of females adjacent to each male is 0.25? (Note: to determine the average number of females each male is adjacent to, sum up the total number of females adjacent to each male and then divide by the total number of males. For example, in the arrangement AEBFCDGHIJ, each male is adjacent to 1.25 females, on average.)

6) Intelligent life has finally been discovered on Mars! Upon further study, linguistic researchers have determined several rules to which the Martian language adheres:

1) The Martian alphabet is composed of three symbols: a, b, and c.

2) Each word in the language is a concatenation of four of these symbols.

3) Each command in the language is composed of three words.

a.) How many distinct commands can be created if words in a single command can be repeated and two commands are identical only if the three words AND the order in which the words appear are identical? (Thus, the commands "aaca baaa aaca" and "baaa aaca aaca" are two DIFFERENT commands.)

b.) How many distinct commands can be created if word position does not affect meaning and a given word may appear at most once in a single command? (Thus, "abca bbac abbb" and "bbac abbb abca" should NOT count as different commands, and "aaca baaa aaca" is an INVALID command.)

7) Consider six-digit numbers with all distinct digits that do NOT start with 0. Answer the following questions about these numbers. Leave the answer in factorial form. 

a) How many such numbers are there? 

b) How many of these numbers contain a 3 but not 6?

c) How many of these numbers contain either 3 or 6 (or both)? 

8)   

a) How many distinguishable ways are there to rearrange the letters in the word   COMBINATORICS? 

b) How many distinguishable arrangements are possible with the restriction that all vowels (“A”, “I”, “O”) are always grouped together to form a contiguous block? 

c) How many distinguishable arrangements are possible with the restriction that all vowels are alphabetically ordered  and all consonants are alphabetically ordered? For example: BACICINOONRST is one such arrangement. 
9) How many 6-letter words can be formed by ordering the letters ABCDEF if A appears before C and E appears before C? 
10)


a)How many permutations of the word FOUNDATION are there?

b) 
A valid password is 5 letters long and uses a selection of the letters in the word FOUNDATION. (Thus, a password may have at most 2 N’s, at most 2 O’s, and at most 1 copy of each of the other letters {A, D, F, I, U, T} in FOUNDATION.) 
How many valid passwords are there?

11) An ice cream shop lets its customers create their orders. Each customer can choose up to four scoops of ice cream from 10 different flavors. In addition, they can add any combination of the 7 toppings to their ice cream. (Note: Please leave your answer in factorials, combinations, and powers.)

a) If a customer is limited to at most two scoops of the same flavor, how many possible orders with exactly 4 scoops and up to 5 toppings can the customer make?  (Assume each order has at least one topping.)

b) Suzanne wants to make 7 separate orders for ice cream. Each order will have exactly 1 scoop and 1 topping. If no flavor or topping is requested more than once, how many combinations of ord ers can Suzanne make?

Solutions to Counting Questions

1) 

a)You can choose one of the five locations in the string to make a change. (3 pts) For each of these five choices, we can change the letter to 25 other options. (It's not 26 since we can't change the letter to itself.) (4 pts) Thus, using the multiplication principle, there are 5x25 = 125 total strings with an edit distance of 1 from "HELLO". (3 pts)

b) Not all distinct ordered pairs of operations lead to distinct strings. Consider the two following distinct ordered pairs of operations:

"HELLO" ( "JELLO" ( "JELLY" and

"HELLO" ( "HELLY" ("JELLY"

In the n2 count, both of these two operations would be counted for two different words with an edit distance of 2 from "HELLO". But, as we can see, they should really only be counted as one word. (5 pts)

One may actually say then, that we can simply divide n2 by 2 to obtain our answer. But this also, is faulty. This doesn't take into account, the following type of ordered pair of operations:

"HELLO" ( "JELLO" ( "HELLO" or 

"HELLO" ( "JELLO" ( "MELLO"

In spite of the fact that both operations are distinct, they don't result in a final string that is actually an edit distance of 2 from "HELLO"

(Note: For grading purposes, finding any single flaw with the given argument should deserve full credit.)
c) Out of the 5 characters, we must choose exactly 2 to edit. This can be done in 
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 ways, since we are choosing 2 characters out of 5. (4 pts) For each of the two characters we change, we have exactly 25 possible choices. The choice of one character is completely independent of the other, so, we can change the characters in 25x25 = 625 ways.(3 pts) Using the multiplication principle, multiply the choices of pairs of characters to change with the number of ways to change them to obtain 10x625 = 6250 as the final answer. (3 pts)
2)

a) You can choose 9 values for the first digit, since 0 is not permissible, 9 values for the second digit since 0 is now permissible but the first number chosen is not, 8 values for the third digit and 7 values for the last digit using similar reasoning. Thus, the final answer is 9(9)(8)(7) = 4536. (5 pts)

b) Since the first digit can not be 0, none of the digits can be 0. For each combination of four digits from the set {1, 2, 3, 4, 5, 6, 7, 8, 9} we can create exactly one ascending number. Thus, the total number of ascending numbers is 
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. (10 pts - assign partial as you see fit.)

c) A descending number can contain 0. Thus, for each combination of four digits from the set {0, 1, 2, 3, 4, 5, 6, 7 ,8 9} we can create exactly one descending number. Thus, the total number of descending numbers is 
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3) 

a) All that is important here is that there are 6 pairs of twins, we are arranging 12 people in line, where 6 pairs are indistinguishable. This the exact same question as computing the number of permutations of a 12 letter word comprised of 6 pairs of letters. Using the formula for permuations with repetitions, we find the answer to be 12!/(2!)6. (8 pts - 3 for the 12!, 5 for dividing for repeats)

b) First we will consider the possible orders of boys and girls, and then we will consider the different valid permutations while only interchanging boys with boys and girls with girls.

Consider laying out the girls with gaps in between as follows:

___   G   ___   G   ___  G   ___  G   ___  G   ___  G   ___  G   ___  G   ___

We can choose any 4 of the 9 gap(___) locations for the boys. This can be done in 9C4 ways. 

Now, lets consider the total number of orders for the boys for each of these in 9C4 arrangements. There are 4 boys, but 2 pairs of twins. Using the formula for permutations with repetition, we get 4!/(2!)2 orders. Now, consider the number of ways the girls can be permuted for each of the 9C4 arrangements discussed above. Here have 4 pairs of twins. Applying the same formula, we get 8!/(2!)4 permutations.

Multiply these three terms to get the final answer (9C4)4!8!/26.

Grading: 17 pts, 5 points for each of the three componets of the answer, 2 pts for multiplying them

4) a) There are 3 choices for each of 7 marbles. Using the multiplication 

principle, that is 37 possible orders.

b) There are three choices for the first marble.

The following 9 choices are chosen out of three bins, in that order.

Let r be the number of marbles chosen from R2.

Let w be the number of marbles chosen from R3.

Let b be the number of marbles chosen from R4.

We must find the total number of solutions to the equation

r+w+b = 9, where r, w, and b are all non-negative integers.

We are essentially distributing 9 marbles amongst 3 bins. This can be done

in 
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ways. 

Using the product rule, we find a total of 3(55) = 165 permissible orders.

5) a) There are three choices for the student on the left, and then 2 choices for the student on the right. Following those two choices, we can arrange the rest of the 8 students left in 8! ways. Thus, the total number of ways the students can sit is (3)(2)(8!).

Grading: 5 pts, 2 pts for the 3 and 2, 3 pts for the 8!

b) Place all seven consonants like so (C designates an arbitrary consonant):

___  C  ___  C  ___  C  ___  C  ___  C  ___  C  ___  C  ___

Now, the empty slots ( ___ ) represent possible locations for the vowels. There are P(8,3) = (8)(7)(6) ways to place the vowels. The 7 consonants can be ordered in 7! ways. Thus, there are (8)(7)(6)(7!) ways the students can sit without any vowel-named students sitting next to each other.

Grading: 10 pts, 4 pts for the idea, 3 pts for the P(8,3) and 3 pts for the 7!

c) Notice that the only ways in which the average number of females adjacent to males is 0.25 is when all four males are at the left or right end of the row of chairs. If this isn't the case, then more than one female will be adjacent to a male. If this occurs, then the average will be at least 0.5. Since the males and female can sit an any arrangement amongst themselves, for both cases, they can sit in (4!)(6!) ways. Totalling both possibilities (males to the left, males to the right), the total number of arrangements desired is (2)(4!)(6!).

Grading: 10 pts, 4 pts for deducing where males sit, 3 pts for 4! and 3 pts for 6!

6)

a) Total of 12 symbols in a command. For each of these symbols, we have 3 choices without any restrictions. These choices are independent of one another, so the total number of commands we have is 312.

b) Since we are not allowed to repeat words and word order doesn't matter, we are essentially choosing three words out of the a possible number of words. Thus, we must first figure out the possible number of words. There are three choices for each of four symbols, using the multiplication principle as we did in part a, we have 34 = 81 possible Martian words. Of these, we can choose three to make a valid command. Thus, the total number of possible commands here is 81C3 = (81)(80)(79)/6 = 85320

7) a) There are 9 choices for the first digit, and then 9 choices for the second digit (0 has been added as a choice), 8 for the third, 7 for the fourth, 6 for the fifth, and 5 for the sixth. Total = (9)(9)(8)(7)(6)(5) = 9(9!)/4! = 136080.

b) We need to separate the counting into two categories

     1) 3 is the first digit

     2) 3 is NOT the first digit

     For the first category, we have one choice for the first digit, followed by 8 choices

     for the second digit (not 3 or 6), 7 choices for the third digit, 6 choices for the

     fourth digit, 5 choices for the fifth digit and 4 choices for hte sixth digit.

     Total = (8)(7)(6)(5)(4) = 8!/3!

     For the second category, we have 7 choices for the first digit (not 0, 3, or 6), now

     we must guarantee that a 3 is picked. There are five PLACES to place the 3. For

     the remaining 4 digits, we have 7 choices, 6 choices, 5 choices and 4 choices,

     respectively for each of these. (To see this, imagine the 3 was placed 2nd. Then 

     for the third digit you could choose any number except for the first digit, 3 and 

     6. Similarly, no matter where the 3 is placed, you always have 7 choices for the

     next placed digit, then 6, etc.)

     Total = (7)(5)(7)(6)(5)(4) = 35(7!)/3! 

      The total of both of these categories is 8!/3! + 35(7!)/3! = 36120

c) Count the number of numbers that contain neither:

There are 7 choices for the first digit(not 0,3 or 6), 7 choices for the second digit, 6 choices for the third digit, 5 choices for the fourth digit, 4 choices for the fifth digit and 3 choices for the sixth digit. Total = (7)(7)(6)(5)(4)(3) = 7(7!)/2!

Now, the answer to the question given is the value above subtracted from the answer in part a. Thus, this answer is 9(9!)/4! - 7(7!)/2! = 118440.

8) a) There are 13 letters in the word COMBINATORICS, including three duplicates, two C’s, two O’s and two I’s. So, the total number of arrangements is 13!/(2!)3.

b) If all five vowels are consecutive, they form a single block. Then first we need to count permutations of the consonants and one block of vowels. Given eight consonants with one duplicate (two C’s), we have 9!/2!. But every arrangement of consonants and the block of vowels can be combined with any permutation of vowels inside the block. For five vowels including two duplicates we have 5!/(2!)2 possible permutations inside the block. Then by the product rule we get the answer: (9!(5!)/(2!)3.

c) Any arrangement is completely defined by specifying which 5 of 13 positions should be occupied by vowels (or equivalently which 8 out of 13 should be occupied by consonants). So we just need to count the number of ways to select 5 positions out of 13 (or equivalently 8 positions out of 13), that is 13!/(8!5!). Given any such selection, both consonants and vowels are distributed alphabetically into assigned slots. 

9) Under given restrictions there are two possible arrangements for letters A, C  and  E between themselves: either A appears before E , or E before A, i.e. AEC or EAC, so we have two choices for this task. After that we can choose 3 slots to place letters A, C and E out of 6 possible slots in a 6-letter word. If the order of A, C and E is fixed, we count C (6, 3) selections. After we fill 3 slots with the letters A, C and E, we can make 3! permutations of the letters B, D and F using remaining 3 slots. By the product rule the total number of orderings will be 2(C(6, 3)(3! =2(6(5(4=240.

10) a) 10!/(2!2!), since there are 10 letters total with 2Os and 2Ns.



b) Split up the counting into three separate categories:



1) Passwords with 5 distinct letters



2) Passwords with 4 distinct letters



3) Passwords with 3 distinct letters



1) We have 8 distinct letters to choose from and we are choosing 5.

              There are P(8,5) = 8!/3! ways to do this.



2) We first choose either two Ns or two Os. This can be done in 2 ways.



     Then we choose three distinct letters out of the 7 remaining. We can 

              choose the three letters in C(7,3) ways. Thus, we have




  C(7,3)x2 = 70 ways to choose our letters. Each of these choices gives



     rise to 5!/2! = 60 permutations.



3)  We have to choose all Ns and Os, which leaves us one choice out of the 




   remaining 6 letters. We can choose this letter is 6 ways. For each of these




   choices, we can make 5!/(2!2!) = 30 permutations. So there is a total of




   180 permutations of this kind to count.



Adding up, we get the total number of valid passwords to be



8!/3! + 70x60 + 180 = 6720 + 4200 + 180 = 11100.

11) a) If we ignore toppings initially, we have a problem of combinations WITH repetition. We are choosing 4 items from 10 possible items, allowing for repetition. This can be done in C(4+10-1,4) = 715. BUT, here we are counting choices that have 3 and 4 scoops of the same flavor. We need to subtract these out. So, our next sub-problem becomes to count the number of ways we can order exactly 4 scoops with one flavor repeated at least 3 times. Since only ONE flavor can be repeated at least 3 times, pick this flavor. There are 10 choices for it. Go ahead and pick 3 scoops of this flavor. Now you are left with 1 scoop to pick out of the 10 total flavors. This can be done in  10 ways as well. Thus, there are a total of 10x10 = 100 combinations of scoops with one flavor repeated at least 3 times. So we have 715 – 100 = 615 ways to choose the scoops of ice cream.

Now, the choice of toppings is independent from the scoops. There are total of 27 total combinations of toppings we can receive without restrictions. BUT, we are only allowed to get up to 5 toppings, but at least one topping. Thus we just subtract out the number of ways to get 0, 6 or 7 toppings. There is C(7,0) = 1 way to get zero toppings,  C(7,6) = 7 ways to choose 6 toppings, and C(7,7)=1 way to choose all 7 toppings. So there are a total of 27 – 1 – 7 – 1  = 119 ways to choose the toppings.

This gives us a final answer of 615x119 = 73185 possible orders for the customer.

b) This question is the same as how many injections are there from a set of size 7 to a set of size 10. Imagine the domain being the toppings. Since we are forced to pick each topping exactly once, and none of the flavors are repeated, we are mapping each topping to a distinct element from the co-domain, the set of flavors. We can do this is P(10,7) ways. P(10,7) = 10!/3! = 604800.
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