Review Notes: Functions and Equations
2.1 Basics

A function maps a domain to a range, which is also known as an image. On the exam, if the domain is the real numbers, then this will be omitted.

An identity function is a function that maps all of its inputs to itself, ie. f(x)=x.

A composite function 
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is defined as f(g(x)). In order for this to be well-defined, it is necessary for the range of g to be a subset of the domain of f.

An inverse function f-1 is such that 
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are both the identity function.

We can only invert one-to-one functions. A many-to-one function is one that has more than one different x value mapping to the same y value, such as f(x) = cos x. In order to invert such a function we must apply a domain restriction, such as 
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To calculate the inverse of a function, simply solve for x in terms of y.

Sample Problem: Let f(x) = 2x +5, and g(x) = (x+1)2 – 5x. Calculate g(f(x)).

Solution: g(f(x)) = g(2x+5) = (2x+5+1)2 – 5(2x+5) = 4x2+24x+36 – 10x – 25 

                                                                                  =  4x2+14x+11

2.2 Graphing

Make sure you can utilize all the graphing features on your calculator. You must be able to find zeros of functions, find asymptotes of functions, find the intersection of functions, the max and min of functions, and appropriately adjust your window size as needed.
In general, you should be able to sketch out the graph of any reasonable function given to you. Here's some general guidelines:

1) Plot a few sample points.

2) Determine the x and y intercepts

3) Determine zeros if possible

4) Determine relative max's and min's, turning points

5) Determine asymptotes (vertical, horizontal, oblique)

From these clues, you should be able to put together a decent sketch.

2.3 Translations and Transformations

Make sure you know the effect of each of the following compared to an original given graph f(x):

1) f(x)+h
2) f(x-a)
3) pf(x)
4) f(x/q)

5) –f(x)
6) f(-x)

Answers:

1) Move Up h

2) Shift Right a
3) Stretch Vertically by factor of p

4) Stretch Horizontally by a factor of q
5) Flip over the x-axis

6) Flip over the y-axis

Note that f-1 is the reflection of f in the line y=x.

2.4 Reciprocal Function

Know now to graph f(x) = 1/x and its self-inverse nature.

2.5 Quadratic Function

This can be written in three major forms:

1) f(x) = ax2 + bx + c

2) f(x) = a(x-h)2 + k

3) f(x) = a(x-p)(x-q)

The first form is regular polynomial form. We can immediately read off the y-intercept here.

The second form helps us get the vertex of the parabola (h, k).

The third form helps us get the roots of the equation, p and q.

The axis of symmetry for a parabola written in the first form is x = -b/(2a).

2.6 Quadratic Formula

ax2 + bx + c = 0 has real solutions if and only if the discriminant b2 – 4ac >= 0.
If it is equal to 0, then the equation had two equal real roots. If it's less than 0, it has two complex roots that are complex conjugates of one another, assuming that a, b and c are real. Using the discriminant reduces work in many questions involving the quadratic.

Sample Problem: For what values of k does the equation x2 +6kx+(k+8) = 0 have real roots.

Solution: In order for the equation to have a solution, the discriminant of the quadratic on the left hand side must be non-negative. This discriminant is (6k)2 – 4(k+8). Determine for which values of k this discriminant is non-negative:

(6k)2 – 4(k+8) >= 0

36k2 – 4k – 32 >= 0

9k2 – k – 8 >= 0

(9k+8)(k-1) >= 0

This holds true for all k <= -8/9 and all k >= 1.
2.7 Exponential and Log Functions
The log function is the inverse on the exponential function, ie. its reflection over the line y=x. If a > 0, then ax > 0 for all real x. For this function, if a > 1, when x < 0, ax < 1. Similarly, if a < 1, when x > 0, ax < 1.

Since these are inverse functions, we have the following: 
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2.8 Natural Exponent and Logarithm

The function f(x) = ex is the unique function that is its own derivative. Thus, e is the base of the natural logarithm.

Some applications of this function include continuously compounded interest, radioactive decay, and population growth.

Formula for simple interest for one year: 
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, where P is the original principal, and r is the rate as a decimal.

Formula for compounding interest at rate r, k times in a year for t years: 
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Formula for continually compounding interest at rate r: 
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Given that some substance has a half-life of k years, and it originally starts out with P particles of that substance, we can calculate the number of particles left after t years as follows: 
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. In essence, this is exponential decay. In a given number of years, a given proportion of the material will decay.

Population growth will have the exact same formula as above without the negative sign.

Sample Problem: A new element Tritium has been discovered to decay exponentially and a very reliable rate. In 1980, 1 billion atoms of it were found in a sample. In 2000, only 900 million atoms of it were found in the same sample. What is the half-life of Tritium?

Solution:  At t=0, there are a billion atoms. At t=20, there are 900 million atoms. Plug in to get the following two equations:
F(0) = P(2)0 = 1000000000, so P = 1000000000

F(20) = P(2)-20/k = 900000000, substituting for P, we find:

(2)-20/k =.9

ln ((2)-20/k) = ln .9

-20ln2/k = ln .9

k = 
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Thus, the half-life of the substance is 131.576 years.

2.9 Inequalities

When you solve f(x) > g(x), one of the main things to remember is to flip the sign when you multiply through by a negative value. Also, if you don't KNOW whether you are multiplying through by a positive or negative, you could be in trouble, so sometimes it's better to work with f(x) – g(x) > 0, and then factor everything on the left-hand side.

When in doubt, double check with your calculator!

Sample Problem: Determine all x for which 
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Critical Points are: x = 4, x = -2 and x = 
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The expression above is positive when x < 
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or x > 4.

2.10 Polynomial Functions

Factor and Remainder Theorems:
Assuming that f(x) is a polynomial function,

Remainder Theorem: When dividing f(x) by x-a, the resulting remainder is also f(a).

Factor Theorem: If f(a) = 0, then x-a is a factor of f(x), and vice versa.

Typically, when we do synthetic division of x-a into f(x), we obtain the remainder. This remainder is also f(a). The factor theorem is just a specific instance of this.

In particular, we can write f(x) = (x-a)q(x) + f(a), where q(x) is the quotient function.


Sample Problem: Let f(x) = x3 + ax2 + bx + a. Given that the remainder when f(x) is divided by x-1 is 6 and f(x) is divisible by x-2, determine a and b.
Solution: Use the remainder theorem to find that:

f(1) = 2a +b + 1 = 6

f(-2) = 5a – 2b – 8 = 0

2a + b = 5

5a – 2b = 8

4a + 2b = 10

---------------
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