Systems of Equations
The standard technique to solve a system of equations can be simplified as follows:

Given two equations in n variables, one can typically produce one equation in n-1 variables by eliminating one variable.

This is done by picking a variable to eliminate and multiplying each equation by an appropriate factor, and then adding the two equations together.

For example, if we have:

3x – 2y + z = 7

5x + y + 4z = 18

and we want to eliminate x, we can multiply the first equation by 5 and the second one by -3 to yield:

15x – 10y + 5z = 35

-15x – 3y – 12z = -54, adding these we get

--------------------------

         –13y – 7z = –19

In general, this technique can be executed as long as neither coefficient of the variable to be eliminated is 0.

Basically, repeating this n-1 times with a system of n linear equations in n variables will typically yield n-1 linear equations in n-1 variables. This process is repeated until one is left with one equation in one variable. Then, once this variable is solved for, all the rest can be obtained by plugging in known values into the appropriate intermediate expressions.

Continuing the example above, imagine that the third equation was

2x – 5y – 3z = 1.

Combine this with the first original equation

3x – 2y + z = 7

and repeat the first set of steps described to yield

6x – 4y + 2z = 14 and

-6x + 15y + 9z = -3

------------------------

11y + 11z = 11, which we can divide by 11 to yield y + z = 1.

Now we have a system of two equations in two variables:

         –13y – 7z = –19


   y +   z =    1

Now repeat this process for n=2:


–13y – 7z  = –19


13y   +13z =   13

            ---------------------



6z  = -6, an equation in one variable. Solving, we get z = -1

Now, plug that into y + z = 1 from the previous step: y – 1 = 1, so y = 2.

Finally, plug in y = 2, z = -1 into one of the original equations, 2x – 5y – 3z = 1,

yielding 2x – 5(2) – 3(-1) = 1, so 2x = 8 and x = 4, so the solution is

x = 4, y = 2, z = -1.

Systematically, we can represent this process using an augmented matrix. One advantage of an augmented matrix is that reduces the amount of writing because each variable isn't written every time.
In essence, the idea is that a system of equations can be represented using matrices. The system of three equations above could be represented as follows:
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To see this, simply use the definition of matrix multiplication to yield
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and by the definition of matrix equality, we simply find that this holds if the original three equations are satisfied.

Ultimately, we can represent our original work with matrices as follows:
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From here, the "back substitution" proceeds as before.

In the augmented matrix form, we just remove the matrix with x, y and z and write the following:
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. (Note: typically the column of dots extends all the way down)
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For a standard set of n linear equations in n variables, there is one unique solution. In these cases, if the use of a calculator is permitted, then the simplest way to solve the system of equations is as follows:

Let M = 
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To input this into your calculator, simply define the matrix M. Then calculate M-1 (M inverse) and multiply it by the appropriate column matrix. The result will store the answers for each variable, as long as M-1exists.
If it does NOT, then the matrix M is called singular. A square matrix is singular if and only if its determinant is 0. 
Here is how to calculate a determinant for both 2x2 and 3x3 matrices:
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A system of equations that is formed using a singular matrix has either 0 solutions or an infinite number of solutions.

The only way to determine which of these is the case is to use the augmented matrix and simplify as long as possible. Ultimately, the augmented matrix will yield a line with the following format:

0 0 0 … 0 : c

where coefficients to each variable are 0. Since it's impossible for 0x+0y+0z to equal anything but 0, we conclude that if c is 0 there are an infinite number of solutions. Otherwise there are no solutions. The proof behind why there are an infinite number of solutions in this case is fairly complicated and not included here.
Here is a sample problem that makes use of this idea:

For what value of k does the following system of equations have a solution?


x + y + 2z = 1


3x – y – z = 4

         -5x + 7y+ 11z = k

Let's solve the problem using an augmented matrix:
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For this system to have a solution, it is necessary for k+8 = 0. Thus, k = -8.

Finally, one might ask how we might describe the set of solutions for such a system like the one above when k=8.

We can describe it as a relationship between the variables x, y and z as follows:


x + y + 2z = 1


3x – y – z = 4

         -5x + 7y+ 11z = -8

Combine the first two equations and eliminate y (any of the three variables can be chosen, y is chosen for ease):

4x + z = 5

Now, just solve for z: z = 5 – 4x.

This time, eliminate x from the first two equations:

-4y – 7z = -1

4y + 7z = 1

Once again, solve for z: 
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Putting these two equations together we get the solution of the system to be
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Sometimes there are problems where although you can't solve for each individual variable, you can solve for some expression.

Consider the following:

Given that x+2y+z = 5 and 2x+y+2z = 7, determine the value of x+y+z.

Adding the two equations yields 3x + 3y + 3z = 12. 

Dividing by 3 shows that x + y + z = 4.

But, given these two equations, it is impossible to solve for one unique solution. For example, both x=2, y=1, z=1 and x=1, y=1, z=2 are solutions to the two given equations.
Here is an example using non-linear equations:

Given that

(x + y + z)2 = 36

xy + xz + yz = 11
determine the value of  x2 + y2 + z2.
(x + y + z)2 = x2 + y2 + z2 + 2xy + 2xz + 2yz

36               = x2 + y2 + z2 + 2(xy + xz + yz)

36               = x2 + y2 + z2 + 2(11)

x2 + y2 + z2 = 14.

For this particular problem, the solutions for x, y and z are not unique. For example, both x = 1,y = 2,z = 3 and x = -2,y = -3,z = -1 are valid for the system of two equations.

Both of these problems illustrate that sometimes it is possible to manipulate a set of given equations to solve for a quantity without having to solve for each individual variable in that quantity. Furthermore, in certain situations, doing the latter may be impossible because more than one unique solution exists.
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