Arithmetic Sequences
An arithmetic sequence is a sequence of numbers with a common difference. For example, 3, 5, 7, 9, … is an arithmetic sequence with the first term 3 and a common difference of 2. We will typically denote the first term of an arithmetic sequence as a1 and its common difference as d. It's not too difficult to show that

an = a1 + (n-1)d, where an denotes the nth term of the sequence.

Consider the specific problem of determining the sum of the first hundred positive integers (which, incidentally is also an arithmetic sequence with the first term 1 and a common difference of 1, with 100 terms.) Let S be this sum.

S = 1  +  2  + 3 +  4 +  …                                + 97 + 98 + 99 + 100

Now, consider adding these terms backwards:

S = 100+99+98+97 +  …                                + 4 + 3 + 2 + 1

Then, consider adding these two equations:

S =     1+  2  +  3 + 4 +  …                                + 97 + 98 + 99 + 100

S = 100+99  +98+97 +  …                                +   4 +   3 +   2 +     1

----------------------------------------------------------------------------------

2S = 101+101+101+101+                                 +101+101+101+101

The neat thing that occurs here is that each column adds to the same value. After thinking about it for a moment, this makes perfect sense. When you move over one space on the top row, you are adding one, while when you move over one space on the bottom row, you are subtracting one. Thus, the net change in the sum of each column is zero. You can visualize it as follows: Imagine two piles of jelly beans, one with 100 jelly beans and the other with one. Now, imagine taking one jelly bean from the large pile and moving it to the smaller pile so that now we have two piles with 99 and two jelly beans respectively. Clearly the sum of the two piles has remained unchanged because collectively they have the same jelly beans. In essence, this is what's happening as we move from the first column to the second column in the sum above.
Before we move on, let's note a couple ideas:

1) It helps to assign variables to quantities we don't know. (If we never assigned the variable S, then we would have been less likely to have discovered this technique.)

2) Adding (and subtracting) sets of equations with similar terms can yield some pretty cool results.

Now, let's consider using this technique to find the sum of an arithmetic sequence of n terms in general. (Let our sequence have the sum S, the first term a1 the common difference d, and n terms.)
S = a1                 + a2       + a3   + …                    + an-1         + an 

S = an                 + an-1     + an-2 + …                    + a2           + a1
-------------------------------------------------------------------------------

2S = (a1+an) + (a1+an) + (a1+an)+ …                    +(a1+an)+ (a1+an)
2S = n(a1+an)

S = 
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The reason each column sums to the same thing is because of the same reason as before: as we move from one column to the other, the value in the top row increases by d while the value in the bottom row decreases by d. Algebraically, we can show this idea as follows:

We wish to prove that ai + aj = ai+1 + aj-1, where j is an integer greater than 1 and i is a positive integer.

ai + aj = a1 + (i-1)d + a1 + (j-1)d

          = 2a1 + (i + j – 2)d

          = (a1 + id) + (a1 + (j-2)d)

          = ai+1 + aj-1, as desired.

Ultimately, most questions about arithmetic sequences can be handled by using these two formulas we've derived:

an = a1 + (n-1)d and S = 
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One final note is that the sum equation can be intuitively understood by noting that 
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 represents the average term in the sequence since it’s the average of the first and last term and each term is evenly spaced apart, and that there are n terms in the sequence. The sum of a set of number is always the average of those numbers multiplied by the total number of numbers. (This directly follows from the definition that the average of a set of number is their sum divided by the number of numbers.)

Geometric Sums

A geometric sequence is a sequence of numbers with a common ratio between terms. For example, 3, 6, 12, 24, … is a geometric sequence with the first term 3 and a common ratio of 2. We will typically denote the first term of an geometric sequence as a1 and its common ratio as r. It's not too difficult to show that

an = a1rn-1, where an denotes the nth term of the sequence.

Now, consider determining the sum of a general geometric sequence of n terms:

S = a1  +  a1r  +  a1r2  + …  + a1rn-2 + a1rn-1 
Let us multiply this equation by r to yield:

rS = a1r  +  a1r2  + a1r3  +…  + a1rn-1 + a1rn
When we do this, we notice that most of the terms are EXACTLY the same in the first and second sums. This immediately infers that subtraction of the two equations would be a great idea, since many terms would fall out. Here we get:

    S     = a1  +  a1r  +  a1r2  + …    + a1rn-2 + a1rn-1 
- rS     =           a1r  +  a1r2  + a1r3  +…      + a1rn-1 + a1rn
---------------------------------------------------------------

(1-r)S = a1                                                              - a1rn
S = 
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, where r isn't equal to one.

Although it doesn't make sense to have an infinite arithmetic series (can you figure out why?) it does make sense to have an infinite geometric series, so long as the absolute value of the common ratio is strictly less than one. (This ensures that the absolute value of each subsequent term is decreasing, whereas no such guarantee can be made about an arithmetic sequence of any sort. Note however that this observation does NOT guarantee a convergent sum.)
Imagine the same derivation above as n approaches infinity. In essence, we find:
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, since |r| < 1, it follows that rn approaches 0 as n grows large.

These three formulas can pretty much be used to solve most standard questions on geometric series. Also, note the following:

Multiplying equations through by a constant and combining that with the original equation can yield some pretty interesting results. In this case, a telescopic sum.

Telescopic Sums

I will briefly introduce these here since I mentioned the term on the previous page. In general, these are quite difficult to detect. A telescopic sum is simply one that can be expressed as a difference of terms, where the next term in one part of the sum cancels with the other part of the current term. 

Before I go over this idea, let's briefly review summation notation:
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, assuming that a and b are integers such that a < b.

A telescopic sum is one where each term can be expressed as the difference of consecutive terms of another sequence. Consider the following:
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This is most likely easier to see visually as follows:

S =        1     +     3         +     5          + … + (2n-1)

S = (12 – 02) + (22 – 12)  + (32 – 22)  +…   +(n2 – (n-1)2)
   =         12 + 22 + 32 + … + (n-1)2 + n2 

      - 02- 12  - 22   - 32    -       - (n-1)2
      ------------------------------------------

      - 0                                              + n2
As you might imagine, the most difficult part of using a telescopic sum is determining how to represent a regular sum as a telescopic one. Consider the following two examples:
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Two More Techniques for Dealing with Sums (neither geometric nor arithmetic)
Consider the following infinite sum S = 
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After writing out a couple terms, you will recognize that the sum is neither an arithmetic series nor a geometric one. But, the previously shown idea of multiplying the sum by a constant and subtracting equations is useful here:
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Now, multiply this equation by one-half:
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Although the terms in the second equation aren't identical to those in the first, they are similar. In particular, if we line up terms by the power to which one-half is raised, we see that they always differ by one:
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Although terms didn't completely cancel, what we are left with on the right-hand side here is an infinite geometric series with a first term of one and a common ratio on one-half. (This series has the sum of 2, if we use the previously derived formula.)

Thus, we find that 
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and the original sum, S, is equal to 4.

A second way to determine that sum is to notice the following:
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, assuming that |x| < 1, using the sum of an infinite geometric sequence.

Now, take the derivative with respect to x of both sides to yield:
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Substitute x = .5 into this equation and the sum above is solved.
Notes about these two techniques:

1) The same general ideas apply here as before: multiplying equations through by constants and adding and subtracting equations in various ways and yield some very interesting results.

2) The derivative technique becomes more useful as one has more equations such as 
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to work with where one side represents a sum and the other side is a "closed-form" solution of that sum.
_1210498579.unknown

_1210499147.unknown

_1210499187.unknown

_1210499470.unknown

_1210499601.unknown

_1210499523.unknown

_1210499302.unknown

_1210499161.unknown

_1210498851.unknown

_1210499032.unknown

_1210498629.unknown

_1210495989.unknown

_1210497419.unknown

_1210497885.unknown

_1210496382.unknown

_1210495440.unknown

_1210495470.unknown

_1210495409.unknown

