Portfolio Assignment: Investigating a Common Sum
Type #1: Mathematical Investigation
Assigned: Monday, 2/4/08
Due: Friday, 2/15/08
In this assignment, we will investigate how to derive formulas for sums of the form 
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, where k is a positive integer.

As a warm-up, we will prove that 
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 using several different techniques, then we will utilize these same techniques to solve for 
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1) Before we solve the the sum directly, we will use the integration technique to find a lower and upper bound for the sum. In particular, any sum of positive values with a summation index ranging from 1 to n can be represented by n rectangles, each with unit width, and a height equal to that of each term in the sum. The sum of the areas of these rectangles equals the value of the sum. We can provide lower and upper bounds for this area by finding two functions, one of which is bounded by the rectangles, and another one which bounds the rectangles. The first is a lower bound for the sum and the second is an upper bound. Using this technique, find both a lower and upper bound for 
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 in terms of n. 
2) Write a calculator program that asks the user to enter a positive integer value for n, and sums up the values one-by-one instead of using the formula above. Run your program for three separate values for n and verify that the output is consistent with the formula above. State the values of n you chose and the output produced by your program in those three instances.
3) Through some intelligent guesswork, it can be ascertained that the formula we seek is a quadratic function in n. Thus, we can guess that 
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. Using the three specific values of n chosen in problem 2, obtain three equations in three variables, a, b, and c. Use matrices and your calculator to solve this system of equations for a, b and c.

4) Use induction to prove that 
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5) Now, consider proving this sum in a different way. In particular, utilize the fact that 
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 to solve for the sum directly, without using induction.

6) Next, prove this sum utilizing the pertubation method. In particular, utilize the fact that 
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. This fact is derived from noting that all the terms in the two sums are the same except that the first sum contains (n+1)2 while the second one does not, and the second one contains 12, while the first one does not. In order to complete the proof, assume that the sum 
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, is known. (In general, when using this method, it will be assumed that all the sums of the form 
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are known for values of k lower than the exponent for which the sum is being solved.)
7) Apply the integration technique to find lower and upper bounds for the sum 
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. Can you generalize this work to quickly find lower and upper bounds for general sum 
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? If so, what are these bounds?

8) Write a calculator program that asks the user to enter a positive integer value for n, and sums up the values one-by-one instead of using the formula above. Run your program for five separate values for n and state the values of n you chose and the output produced by your program in those instances.

9) Assuming that 
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, for some constants a, b, c, d, and e, use the five values you got in question 8 to create five equations and these five variables. Solve this system using matrices and your calculator. Thus, give a formula for 
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10) Now that you have a good idea of what 
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, use induction to verify your work from question 9.

11) What types of generalizations and conclusions can you draw about calculating closed-form formulas for sums of the form 
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, for positive integer values of k?
12) For extra credit, use the pertubation method to derive the sum. (Note: This is very, very tedious, so don't feel obligated to do this. Also, if you don't do it, it won't count against your IB score for this assignment.) In order to use this method, you must use the following formulas: 
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