Risk Battles Solution (Mathematical Modeling Portfolio)

Before we attempt to determine any of the desired probabilities, we will derive the following general results for rolling one or two n-sided dice, where the dice are labeled 1, 2, 3, ..., n. Let ri denote the maximum roll a team when rolling i dice. 

1. 
[image: image1.wmf]n

k

r

p

1

)

(

1

=

=

. 

2. 
[image: image2.wmf]n

k

k

r

p

1

)

(

1

-

=

<

.

3. 
[image: image3.wmf]2

2

1

2

)

(

n

k

k

r

p

-

=

=

.

4. 
[image: image4.wmf]2

2

2

)

1

(

)

(

n

k

k

r

p

-

=

<

.

The first result follows since each of n sides is equally likely.

The second result is true because the possible values that can be rolled are 1, 2, 3, ..., k-1. The probability of getting one of these is just the sum of the probabilities of getting each, which is 
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Let the ordered pair (r, s) stand for a roll where the first die rolled is r and the second die rolled is s. The possible dice rolls that have a maximum roll of k is 2k-1. These rolls are (1, k), (2, k), ... (k, k), (k, k-1), (k, k-2), ..., (k, 1). Since there are a total of n2 possible dice rolls, each of which are equally likely, and there are exactly (2k-1) values on the list above, this probability is 
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To determine the last probability, we must simply compute the following sum, which computes the probability of rolling a maximum value in between 2 and k-1, inclusive, using the result from above:
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For the following questions, let pa(A, D) denote the probability that the attacker wins a single battle using A dice versus a defender using D dice, where we will restrict both A and D to be either 1 or 2, and both can not be 2. Let pd(A, D) be the complementary probability of the defender winning a single battle. Although it's not necessary, for clarity's sake, we will let r(a,i) denote the maximum roll of the attacker rolling i dice and let r(d,i) denote the maximum roll of the defender rolling i dice.

1) We want to compute the probability that the attacker's roll is greater than the defender's roll. For each possible roll of the attacker, we must multiply it by the probability that the defender gets a smaller roll. Thus, we have:
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Plugging in n=6, we find that 
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2) Now, let's consider the case where the attacker has 1 army and the defender has 2. We can utilize the same exact logic as in question 1, but will have to plug in different probabilities for the defender rolling two dice.
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Plugging in n=6, we find
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. Thus, 
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Switching the situation, let the attacker have 2 armies and the defender 1:
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Plugging in n=6, we find that 
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Here is a summary of the results:

	Number of attackers
	Number of defenders
	Event
	Probability

	1
	1
	Defender loses 1
	15/36

	1
	1
	Attacker loses 1
	21/36

	1
	2
	Defender loses 1
	55/216

	1
	2
	Attacker loses 1
	161/216

	2
	1
	Defender loses 1
	125/216

	2
	1
	Attacker loses 1
	91/216


3) Here is a program (written for the TI-86) that will determine the probability that the attacker wins in a battle with 2 armies against 2 defending armies. (We define a win for an army to be when they lose no armies in a battle.) Comments are included for readability. (All text after two consecutive forward slashes on a line will be comments.)

// Initialize a counter to keep track of attacker's wins.

0 → F

// This nested loop cycles through each possible set of

// rolls for both the attacker and the defender. There

// are a total of 64 possible rolls.

// A and B are the dice rolls of the attacker.

For (A, 1, 6)

  For (B, 1, 6)

    // C and D are the dice rolls of the defender.

    For (C, 1, 6)

      For (D, 1, 6)

        // Check if the attacker wins by matching up the 

        // dice in both possible ways.

        If ((A > C and B > D) or (A > D and B > C)) Then

          F+1 → F // Add to the counter if necessary.

        End

      End

    End

  End

End

Disp F // Display the counter value.

Running this program yielded a display of 295 for F. Thus, the probability that the defender loses two armies is 
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A very similar program can be written to determine the probability that the attacker loses two armies. If fact, the only change that has to be made to the previous program is in the if statement, so that a different set of rolls can be counted. Here is the change:

If ((A ≤ C and B ≤ D) or (A ≤ D and B ≤ C)) Then

Here we are checking to see if both of the attacker's rolls are less than or equal to the defender's rolls. This is precisely when the attacker loses both armies. Running this second program yields that the probability that the attacker loses two armies is 
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To determine the probability that each team loses one army, simply subtract the sum of the two probabilities above from one: 
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	Number of attackers
	Number of defenders
	Event
	Probability

	2
	2
	Defender loses 2
	295/1296

	2
	2
	Each loses 1
	420/1296

	2
	2
	Attacker loses 2
	581/1296


Programs to verify results for question #2 will include one less loop than the program on the previous page with a similar if statement to count only rolls that lead to a particular outcome.

4) After a certain number of battles, one team will defeat the other (ie. leave them with 0 armies.) When raising this transition matrix to a power n, each entry represents the probability of starting in one state and ending in another state after n battles. Thus, the sum of the entries for D, E and F signify the probability that the ending state of a set of battles will be either (1,0), (2,0), or (3,0), meaning that the attacker has either 1, 2 or 3 armies left while the defender has none. Basically, this sum is the probability that starting with 3 attacking armies versus 2 defending armies will lead to a win for the attacker. A power that is high enough is one that guarantees that the set of battles results in a winner. In the first battle, 2 armies will be lost. In all subsequent battles, 1 army will be lost. In the worst case, the end of the set of battles culminates with one winning army left and no losing armies. If we start with 5 total armies, and lose 2 the first battle and 1 each battle thereafter, in the worst case we must wage three battles before a winner is decided. Thus, the power that is "high enough" to raise the matrix to is 3.

5) To fill out the transition matrix, we simply have to use the probabilities from above. To save space, decimal approximations (to three decimal places) will be used instead of the exact fractions. We note that whenever a team has exactly 1 army left, that is the number that will be in the battle. Otherwise, two armies will be in the battle from a particular team.

	
	(1,1)
	(1,2)
	(2,1)
	(2,2)
	(3,1)
	(3,2)
	(0,1)
	(0,2)
	(1,0)
	(2,0)
	(3,0)

	(1,1)
	0
	0
	0
	0
	0
	0
	.583
	0
	.417
	0
	0

	(1,2)
	.255
	0
	0
	0
	0
	0
	0
	.745
	0
	0
	0

	(2,1)
	.421
	0
	0
	0
	0
	0
	0
	0
	0
	.579
	0

	(2,2)
	.324
	0
	0
	0
	0
	0
	0
	.448
	0
	.228
	0

	(3,1)
	0
	0
	.421
	0
	0
	0
	0
	0
	0
	0
	.579

	(3,2)
	0
	.448
	.324
	0
	0
	0
	0
	0
	0
	0
	.228

	(0,1)
	0
	0
	0
	0
	0
	0
	1
	0
	0
	0
	0

	(0,2)
	0
	0
	0
	0
	0
	0
	0
	1
	0
	0
	0

	(1,0)
	0
	0
	0
	0
	0
	0
	0
	0
	1
	0
	0

	(2,0)
	0
	0
	0
	0
	0
	0
	0
	0
	0
	1
	0

	(3,0)
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0
	1


To illustrate one of the squares being filled out, consider the entry in row (3,2) and column (2,1). This is the probability that given that the attacker has 3 armies and the defender has 2, that they will end up with 2 and 1, respectively after a battle. This is equal to the probability that in a battle between 2 attacking armies and 2 defending armies that each team will lose one army. Note that the last five values in the lower diagonal are all one because these are terminal states. Once you are in the state (0,1), you will definitely remain there after one more "move."
6) Cubing this matrix yields the following values for D, E and F (to 6 decimal places): 

D = .104451
E = .187543
F = .227623

Thus the probability of the attacker winning (when starting with 3 armies versus 2 defending armies) is D+E+F = .519617 (to 6 decimal places.)

_1140244425.unknown

_1140244655.unknown

_1140322568.unknown

_1140322625.unknown

_1140322688.unknown

_1140322594.unknown

_1140245625.unknown

_1140322505.unknown

_1140245690.unknown

_1140245436.unknown

_1140244514.unknown

_1140244600.unknown

_1140244432.unknown

_1140243650.unknown

_1140243993.unknown

_1140244037.unknown

_1140243921.unknown

_1140242225.unknown

_1140242443.unknown

_1140242466.unknown

_1140241547.unknown

