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= Jacobi

m Next Time
Relaxation
Non-linear systems

Lecture 19



" J
The inverse of a square
m If [A] is a square matrix, there is another matrix [A]!,

called the inverse of [A], for which [A][A]'=[A][A]=[I]

m The inverse can be computed in a column by column
fashion by generating solutions with unit vectors as the
right-hand-side constants:
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Canonical base of an n-dimensional vector space

100...... 000
010...... 000
001...... 000
000....... 100
000....... 010
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The response of a linear system

m The response of a linear system to some stimuli can be found
using the matrix inverse.

[Interactions |{response } = {stimuli}

Ar =S
A"Ar=A"s
A"A=|
r=A"s
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Gauss-Seidel Method

m The Gauss-Seidel method is the most commonly used iterative method for
solving linear algebraic equations [A[{x}={b}.

m The method solves each equation in a system for a particular variable, and
then uses that value in later equations to solve later variables. For a 3x3
system with nonzero elements along the diagonal, for example, the jt
iteration values are found from the j-1t iteration using:
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Jacobi lteration

m The Jacobi iteration is similar to the Gauss-Seidel
method, except the j-1th information is used to update

all variables in the jth iteratinn-

First iteration

Gauss-Seidel Xy = by — @k, — GaXs)iay (o= by — @i — @i %) 0
. L
Jacobi
Xy = (by — ay %y — a23x3)/a22 X [F (b — agx) — a23x3)/a22
|
Xy = (by — ayx — 332«’52)/“33 X3 )= (by — a3 x; — aszxz)/‘133

L

Xy = (by — ayox, — azxs)/ay,

Xy = (by — ayx) — a23x3)/a22

+ Second iteration

X3 = (by — ay X — aznxy)/as

(a)

A
r :, |
X, = (b — apx, — aj3x;)/ay,
Xy = (by — ayx; — a23x3)/a22

X3 = (by — ayx; — anxy)/ay

(b)
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Convergence

m The convergence of an iterative method can be
calculated by determining the relative percent change of
each element in {x}. For example, for the it" element in
the jti iteration,

x/ —x/™
& =[—{*100%
m The method is ended whenall élements have converged
to a set tolerance.
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Diagonal Dominance

m The Gauss-Seidel method may diverge, but if the system
Is diagonally dominant, it will definitely converge.

m Diagonal dominance means:
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function x = GaussSeidel (A,b,e=, . maxit)
£ GaussSeidel: Gauss Seidel method
& X = GaussSeidel {A,b): Gauss Seidel without relaxation

% input;

2 A = coefficient matrix

% b = right hand side vector

% eg8 = stop criterion (default = 0.00001%)
% maxit = max iterations {(default = 50)

% cutput:

k3

x = solution vector

if nargin<2,error('at least 2 input arguments reguired®'),end
if nargin<d|isempty(maxit) maxic=50;end
if nargin<l|isempty(es),es=0.00001;end
[m,n] = siza(A);
if m-=n, error(‘'Matrix A must be square®'); end
C = KA
for § = 1:
oo o B e
¥(i) = 0;
end
b LTt i
for i
o
end
for i = 1:n
dli) = bli)fAlL,i]);
end
iter = 0;
while (1}
xold = x;
for 1 =1:n
) =d b =001 ) %xx;
if x{i) ~= 1D
ea(i) = abs{{x(i) - xold(z))/x(1})) * 100;
aend
end
iter = iters+l;
if max(eal<=es | iter >= maxit, break, end
end

I
0;

i:n
sn) = Cli,l:m) A{i, i);
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function snew=Jacobi (A, b,maxerr maxiter, guass])
if (nargin <2}
erpor ("at least two arguments Deguioed®)
r&eturn
e
if(nargin < 3}
maxsrr=0 _00001;
e
if ([nargin =< 4}
maxitear=100;7
e
[Aa, =] = sixaik);
i [(nA=—=m)
erporc {("A 15 ot &8 sguars matrix"}
r&turng
e
[y kl]=size (L)
if [k=~=n)
error {("the dimensions of A and b do not match®)
r&turng
=nd
if (nargin < 35}
for i=l:n

guess(1)1=0_0

=nd i
=g
for i=l:n
sum=0
for j=l:n
IE (§e=i)
sum = sum + Afiyj)
erd
end
if [ALLi,3) = =um ]
arror " conwergencs critearia is not satisfiesdt)r
re=turn
e
e

mrEmwe=raras (nl;
D=xe&ras (n,n)
for i=l:n
Dfi, 2)=A{i, i)
e
R=zreros (n,nl
R=f-D
D1l = inw (D)
C=D1*k
E=D1*R
xoldt = guess®
for i=l-maxiter
F=E*xoldt
anewt = O-F
P e s
a1l d=maldt "
for k=1l:n
relarreraras (A) 5
relerr (k) = abs{(xnew(l, k) -xold(l,k)) f=new(l,k)) s
end
1f [@max (relarr) < SEaxerr)
returng
and
waldt = wnewt
iteratiormr=i
and

Error using ==> Jacobhi at 3
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Relaxation

m To enhance convergence, an iterative program can introduce
relaxation where the value at a particular iteration is made up of a
combination of the old value and the newly calculated value:

X =™ + (1 /13
where X is a weighting factor that is assignied a value between 0 and

2.
0O<A<1: underrelaxation
A=1: no relaxation
1<A<2: overrelaxation
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Nonlinear Systems

m Nonlinear systems can also be solved using the same
strategy as the Gauss-Seidel method - solve each
system for one of the unknowns and update each
unknown using information from the previous iteration.

m This is called successive substitution.
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Newton-Raphson

m Nonlinear systems may also be solved using the Newton-Raphson
method for multiple variables.

m For a two-variable system, the Taylor series approximation and
resulting Newton-Raphson equations are:

I, I,

g 7., o ay P
ﬁ,i+1:fi,i+(x1,i+1_x11)d;l +(le+1 le)dé: x1,i+1=x1,i @Fll @le @{11 @le
o, o, o, oX,

@T, F,

% 7., P, M
f2,i+1:f2,i+(x1,i+1_xlz)@: +(x21+1 le)d: Xyis1 =Xp; — @!il @1‘21 @fll QTZz
&, &, &, &,
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function [x,f,=2a,iter] =newtmult (func, 0,23, maxit,varargin)

E A

i

newtmilt: Newton-Faphson root zeroes nonlinear systems
[, f,=2a,iter] =newtmult (func, =x0,es, maxit,pl,pd,...):
us=s the Newton-PFaphson method to f£ind the roots of
a system of nonlinear sguations

% input:

% func = function handle to function that returns £ and J
3 *x0 = initial gu=sss

% 23 = desired percent relative error (default = 0.0001%)
% maxit = maximum allowable iterations (default = 50)

3 Pl,p2,... = additional parameters used by function

% output:

¥ = wector of roots

i

% f = wector of functions evaluated at roots
% ea = approximate percent relative error (%)
5 iter = number of iterations

-

if nargin<Z,error('at least 2 1input arguments redquired'),end

if nargin<3| | isemptvies) ,=es5=0.0001;=nd

if nargin<4| | isemptvyimaxit) ,maxit=50;=nd

iter = 0O;

»=x0:

whiles (1)
[J,f]=funcix,varargin{:}):
dx=J"£:
w=x—dx;
iter = iter + 1;:

ea=100*max (abs (dx./x) ) ;
if iterr=maxit| |=a<=es3, bresak,
end
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