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Abstract

This paperpresentsa new setof hemisphericalbasisfunctionsdedicatedto hemisphericaldata representation.
Thesefunctionsare derivedfrom associatedLegendre polynomials.We demonstrate the usefulnessof this basis
for representationof surfacere�ectancefunctions,renderingusingenvironmentmapsandfor ef�cient global il-
luminationcomputationusingradiancecaching. We showthat our basisis more appropriate for hemispherical
functionsthansphericalharmonics.Thisbasiscanbeef�ciently combinedwith sphericalharmonicsin applica-
tionsinvolvingbothhemisphericalandsphericaldata.

Categories and SubjectDescriptors(accordingto ACM CCS): I.3.7 [ComputerGraphics]:Three-Dimensional
GraphicsandRealism- Rendering,GlobalIllumination

1. Intr oduction

High quality renderingand global illumination techniques
requirean accuratecomputationof the interactionbetween
light and surfaces.Light/surface interaction models usu-
ally rely on hemisphericalfunctions. For example, inci-
dent and outgoing radiancesat any surface point are de-
�ned on a hemisphere,and a BRDF (bi-directional re-
�ectance distribution function) is de�ned on the carte-
sian product of two hemispheres.For real time real-
istic rendering the ef�ciency and accuracy of the rep-
resentationof these hemisphericalfunctions is crucial.
Researchershave adaptedbasis functions de�ned over
spheres to represent hemispherical functions such as
BRDFsandincidentradiancefunctions(sphericalharmon-
ics [RH02,SKS02, WAT92, SAWG91, CMS87], or spheri-
cal wavelets[SS95]).However, hemisphericalfunctionsin-
troducediscontinuitiesin thesphericaldomainat thebound-
ary of the hemisphereandhencetheir accuraterepresenta-
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tion usingsphericalbasisrequiresa largenumberof coef�-
cients.

We introducea hemisphericalbasisthat ensuresa more
accuraterepresentationof hemisphericalfunctions com-
paredto sphericalharmonicsbasis.With minimal effort we
combinefunctionsrepresentedby our hemisphericalbasis
with thoserepresentedby sphericalharmonicsfor various
renderingpurposes,such as environment map rendering.
This allows our work to be easily integratedinto existing
algorithmsthat are designedfor using sphericalharmonic
basisfunctions.

Ourcontributionsin thispaperare:

² The de�nition of a set of orthogonalbasisfunctionsto
serveasahemisphericalbasis.

² Methodsfor rotatingfunctionsrepresentedusingournew
basis.

² Applicationof thesebasisfunctionsto therepresentation
of BRDFsandhemisphericalradiancefunctions.

² Application of thesebasisfunctions to extend the irra-
diancecachingscheme[War94] for non-Lambertiansur-
faces.

The organizationof the paperis as follows. After a de-
scription of the state-of-the-artrelatedto functional repre-
sentationsof hemisphericalfunctions(Section2), we show
how the shifting of associatedLegendrepolynomialscan
lead to a basisof orthogonalpolynomialsde�ned on the
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hemisphere(Section3). Section4 de�nes methodsfor ef-
�ciently rotatingfunctionsrepresentedusingourbasisfunc-
tions. In Sections5 and 6, we presentapplicationsof our
basisfor BRDF representationandradiancecachingin the
context of globalillumination.

2. PreviousWork

Three general approachesfor functional representation
of hemisphericalfunctions have been adoptedin graph-
ics. They are sphericalharmonics,sphericalwaveletsand
Zernike polynomial representations.A fourth approach,
basedon Jacobipolynomials,hasbeende�ned in the con-
text of radiative transfer.

Spherical harmonics. Spherical harmonics (referred to
as SH in the rest of the paper) represent func-
tions de�ned on the sphere. They are widely used
for representationof BRDFs and environment maps
[RH02,SKS02,WAT92, SAWG91, CMS87]. Using spheri-
cal harmonicsfor both BRDFsandenvironmentmaps,the
lighting integral canbe computedasa vectordot product.
Moreover SH areusedto storeprecomputedshadowing and
inter-re�ection data[SKS02].NotethatBRDFs,shadowing
andinter-re�ectionsat a point areall functionsde�ned on a
hemisphere,whereasthe SH basisfunctionsarede�ned on
thewholesphere.Hencea largernumberof SH coef�cients
is requiredfor accuraterepresentation.

Sloanet al. [SHHS03] proposeda solutionto thedomain
mismatchby paddinga hemisphericalfunction with a mir-
rored copy of the function itself (“even re�ection”). This
processsigni�cantly improvestheaccuracy of therepresen-
tation of a hemisphericalfunction. However, with this ap-
proach,theSH coef�cients no longerrepresenttheoriginal
function. Problemsappearwhencombiningwith a spheri-
cal environmentmap,sincethenonzerovaluesin the lower
hemisphereyield erroneousdot product result. To distin-
guishthis processof hemisphericalfunction representation
from the standardSH representationwe will refer to it as
ESH (for Even re�ection SphericalHarmonics)representa-
tion.

In [SHHS03] Sloan et al. also proposea least squares
optimalsphericalharmonics(LSOSH)projectionfor hemi-
sphericalfunctions.Althoughthismethodimprovestherep-
resentationaccuracy in the upper hemisphere,any hemi-
sphericalfunction projectedusing this methodwould con-
tain nonzerovaluesin the lower hemisphere.Thereforethis
methodis only suitablefor evaluationpurposes,sincethe
addednonzerovaluesyield erroneousresultswhencomput-
ingdotproductwith otherLSOSH-projectedfunctions.Con-
sequentlythismethodwill notbefurtherdetailed.

Spherical wavelets. Waveletsarewell known for ef�cient
representationof functions de�ned on a plane. Schröder
and Sweldens[SS95] extendedwavelets to the spherical

domain for ef�cient representationof sphericalfunctions.
They demonstratedthe usefulnessof sphericalwaveletsto
accuratelyrepresenthemisphericalfunctions, particularly
BRDFs.Waveletsareadvantageousespeciallyfor functions
of complex shape.But usinga smallnumberof waveletco-
ef�cients to approximatea smoothfunction might lead to
aliasing(seeFigure13 in [SS95]).Aliasing affects the vi-
sual quality of the generatedimagesmore than an incor-
rect, althoughsmooth,BRDF shapeobtainedby spherical
harmonicsor our new basis.Moreover thehierarchicaldata
structureproposedin [SS95] is not well suitedfor current
graphicshardware.

Zernike polynomials. Zernike polynomials [WC92] are
basisfunctionsde�ned onadisc.Thosefunctionshavebeen
adaptedby Koenderinket al. [KvDS96] to build a hemi-
sphericalbasis.The CUReT BRDF database[DvGNK99]
uses these basis functions for representingmeasured
BRDFs.However, Zernike polynomialshave a high evalu-
ation cost (up to 10 times more than associatedLegendre
polynomialsusedfor sphericalharmonics),androtationma-
tricesarenotavailablefor them.

Makhotkin hemispherical harmonics Thesebasisfunc-
tions [Mak96,Sme98] arederived from shiftedadjoint Ja-
cobi polynomials. The basis functions can be evaluated
quickly using a simple recurrencerelation,but this repre-
sentationlacksrotationmatrices.

In this paperwe proposea new basisde�ned directly on
the hemisphere.Representationof hemisphericalfunctions
using this basisis naturaland we demonstratethat sucha
representationis ef�cient aswell.

3. A Novel HemisphericalBasis

In thissection,wede�ne ahemisphericalbasisasanadapted
versionof SHthatreliesontheassociatedLegendrepolyno-
mials.In particular, we proposeto shift theassociatedLeg-
endrepolynomialsto deriveournew basis.

Orthogonal Polynomials. A setof polynomialsf pl (x)gare
saidto beorthogonaloveraninterval [a;b] if pl (x) is apoly-
nomialof degreel , andfor n;m¸ 0

Z b

a
w(x)pn(x)pm(x)dx = dnmcn (1)

wherednm is 0 or 1 accordingasn 6= mor n = m, andw(x) is
a nonnegative weightingfunction. If cn = 1 thenthepoly-
nomialsareorthonormal.

Shifted Polynomials. We de�ne shifting asa linear trans-
formationof x to k1x+ k2, wherek1 6= 0. If thepolynomials
f pl (x)g are orthogonalover an interval [a;b] with weight
function w(x), thenthe polynomialsf pl (k1x+ k2)g areor-
thogonalover the interval [ a¡ k2

k1
; b¡ k2

k1
] with the weighting
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function w(k1x + k2) [Sze75]. If f pl (x)g are orthonormal
then f (signk1) l p jk1j pl (k1x + k2)g are orthonormal.The
polynomialsf pl (k1x+ k2)g are said to be the shifted ver-
sionsof f pl (x)g.

AssociatedLegendrePolynomials. TheassociatedLegen-
drepolynomials(or ALP from now on),

©
Pm

l (x)
ª

wherem2
f 0; ::; lg, area setof polynomialsorthogonalover [¡ 1;+ 1]
with respectto l with the weighting function w(x) = 1
[Wei04]:

Z 1

¡ 1
Pm

l (x)Pm
l0 (x)dx =

2(m+ l)!
(2l + 1)( l ¡ m)!

dl l0: (2)

Replacingtheargumentx with cosq, wegetasetof func-
tions,

©
Pm

l (cosq)
ª

de�ned over the angularinterval [0;p].
RealvaluedSH functions,orthogonalover [0;p] £ [0;2p),
areconstructedfrom Pm

l (cosq) as:

Ym
l (q; f ) =

8
>>>><

>>>>:

p
2Km

l cos(mf )Pm
l (cosq) if m> 0

p
2Km

l sin(¡ mf )P¡ m
l (cosq) if m< 0

K0
l P0

l (cosq) if m= 0
(3)

whereKm
l is theSHnormalizationvalue:

Km
l =

s
(2l + 1)( l ¡ jmj)!

4p(l + jmj)!
(4)

ShiftedALPs. Usingthelineartransformationof x to2x¡ 1
wegetshiftedALPs [Wei04] over theinterval x 2 [0;1]:

ePm
l (x) = Pm

l (2x¡ 1) (5)

Therationalebehindthis shifting is thatby replacingthear-
gumentx with cosq, we get functionsf ePm

l (cosq)g thatare
de�ned in theinterval q 2 [0; p

2 ], thepolaranglerangeof the
hemisphere:

ePm
l (cosq) = Pm

l (2cosq ¡ 1) with q 2 [0; p
2 ]: (6)

TheshiftedALPs remainorthogonal,but thenormalization
changesaccordingto thede�nition givenabove.Thefollow-
ing equationshows theorthogonalrelationwith respectto l
with 1 astheweightingfunction.

Z 1

0
ePm
l (x) ePm

l0 (x)dx =
Z 1

0
Pm

l (2x¡ 1)Pm
l0 (2x¡ 1)dx

=
(m+ l)!

(2l + 1)( l ¡ m)!
dl l0 (7)

From Shifted ALPs to Hemispherical Basis. In thesame
way thatSH functionsareconstructedfrom ALPs, we con-
structour hemisphericalbasisfunctions

©
Hm

l (q; f )
ª

from

shiftedALPs.

Hm
l (q; f ) =

8
>>>><

>>>>:

p
2eKm

l cos(mf ) ePm
l (cosq) if m> 0

p
2eKm

l sin(¡ mf ) eP¡ m
l (cosq) if m< 0

eK0
l

eP0
l (cosq) if m= 0

(8)
with thefollowing normalizationvalue:

eKm
l =

s
(2l + 1)( l ¡ jmj)!

2p(l + jmj)!
(9)

By analogy with spherical harmonics, we name the
Hm

l (q; f ) basisfunctions “hemisphericalharmonics”(ab-
breviatedby HSH in theremainderof this document).HSH
areorthogonalover[0; p

2 ]£ [0;2p) with respectto bothl and
m. 3D plotsof the�rst few HSH functionsaregivenin Ap-
pendixA. The following sectionpresentsrotationmethods
for HSH-projectedfunctions.

4. HSH Rotation

In the context of realisticrenderingusingHSH, onemight
have to rotateHSH-projectedfunctionsef�ciently (Section
6.2).This sectioncontainsthreemethodsdealingwith such
rotations:by convertingto sphericalharmonics,usingspher-
ical harmonicsrotationmatrices,andprecomputingrotation
matrices.

The�rst methodworksasfollows : in section6.1we de-
�ne amatrixC usedto convertcoef�cients from SHto HSH
andvice-versa.TheHSHrotationcanbecarriedoutby con-
verting the HSH coef�cients to SH usingC, thenapplying
a SH rotationmatrix,and�nally convert theSH coef�cients
backto HSH usingC¡ 1. SincetheSH representationis less
accuratethanHSH,we proposeto usea non-squareconver-
sion matrix: the intermediateSH representationusesmore
coef�cients thanHSH.It mustbenotedthatthismethodau-
tomaticallyremovesthedatathatdisappearsunderneaththe
horizonduringrotation(Figure2(c)).

The two next methodsrely on Euler's rotation theorem:
any rotation may be describedusing three angles. We
representour rotationsby the ZYZ convention,whereZ is
the vertical axis of a right handedorthogonalcoordinate
system.

The rotation of HSH functions around the Z axis is
the sameasthat of SH functions[SAWG91]. The rotation
aroundthe Y axis is lossy for all hemisphericalfunctions:
after sucha rotation,a part of the function must be set to
zero(Figure2). Hencewe carry out theY axis rotation in
two steps.

In the�rst stepwe deletethehemispheredigonI (Figure
1) that disappearsafter the rotationaroundaxisY by angle
b (Figure2(b)). We carry out this deletionasa coef�cient
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vectortransformationwith a matrix M(b). Theelementsof
thismatrixarede�ned as:

Mm;m0

l ;l0 (b) =
Z

H¡ I
Hm

l (q; f )Hm0

l0 (q; f ) sinqdqdf (10)

whereH ¡ I is thehemisphereaftertheremoval of thedigon.
As the digon deletionaddshigh frequenciesin the signal,
this matrix is dense.For practicalpurposes,we precompute
matricesfor asetof rotationangles,thenlinearly interpolate
themfor any otherangleat runtime.
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Figure1: Hemisphereanda digon[Dutre2003].Thedigon
is theshadedpart of thehemisphere.
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Figure 2: HSH rotation aroundY axis.Hemisphere before
rotation(a), shadeddigonthat is setto zero (b), Hemisphere
after rotation(c).

Oncethis “deletion” transformationis applied,we have
to computeandapply a rotationmatrix for rotationaround
Y. SinceHSH de�nition is closeto SH,we choseto useSH
rotationmatrices[IR96] to deriveHSHrotations.

Applying aSHrotationmatrixof anglebSH aroundY axis
to aHSHvectorof coef�cients f fig is equivalentto:

² shifting the HSH-projectedfunction fHSH to the whole
sphere(Eqs.11,12),yielding fSH (Figure3(b)).

fHSH (q; f ) = å
i

fiHi(q; f ) [0;
p
2

]£ [0;2p] ! R (11)

fSH (q; f ) = å
i

fiYi(q; f ) [0;p] £ [0;2p] ! R (12)

² applyingaSHrotationmatrixRSH
bSH

to fSH (Figure3(c))

² shifting RSH
bSH

( fSH ) to the upper hemisphereto obtain

RHSH
bHSH

( fHSH ) (Figure3(d))

(a) Original function fHSH (b) fSH obtained by shifting
fHSH to the entire sphere(i.e.
usingSH insteadof HSH basis
functions)

(c) Spherical harmonics rota-
tion appliedto fSH

(d) The rotated hemispherical
function is obtainedby shifting
RSH

bSH
( fSH ) to the upper hemi-

sphere

Figure 3: HSH rotation process: the original hemispheri-
cal functionis �r st shiftedto thewholesphere, thenrotated
usingSH rotation matrices.Thelast stepshifts the rotated
functionback to thehemisphere.

Our aim is to determine the relation between bSH
and bHSH : since SH and HSH domains are different,
bSH 6= bHSH . UsingEquation6, a rotationof anglebHSH
on thehemisphereis equivalentto a rotationof anglebHSH
(Eq.13).

bSH = arccos(2cosbHSH ¡ 1) (13)

This equationshows that theSH rotationmatricescanbe
appliedto HSH for a rotationaroundY axis provided that
no partof theoriginal functionmovesinto the lower hemi-
sphereafter rotation(this conditionis ful�lled by removing
theconsidereddigon(Eq.10)).

The last rotationmethodconsistsof the inclusionof the
rotation in the precomputedmatricesin Equation10. The
matrixelementvaluesarede�ned by

MR
m;m0

l ;l0 (b) =
Z

H¡ I
Hm

l (q; f )Hm0

l0 (Rb (q; f )) sinqdqdf

(14)
whereH ¡ I is the hemisphereafter removing the digon,
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Figure 4: Accuracy versusnumberof coef�cients for ap-
proximationofaPhonglobe, (cosa )5, usingHSH,SH,ESH,
ZernikeandMakhotkinapproaches.

andRb (q; f ) representsthedirection(q; f ) rotatedaround
Y axisby angleb.

The accuracy of this methodcomesat the expenseof
memory:anaccuraterotationrequiresalargenumberof pre-
computedmatrices.The two next sectionspresentapplica-
tionsof HSH in thecontext of imagesynthesis.

5. HSH for HemisphericalFunction Approximation

The [0; p
2 ] £ [0;2p) domainof HSH basisfunctionsmakes

them ideal for representationof hemisphericalfunctions
such as BRDFs and radiance functions around surface
points.In this sectionwe show a accuracy comparisonbe-
tweenHSHrepresentationandpreviousmethods.

We �rst show theapproximationof aPhonglobe[Pho75]
(cosa )5, wherea is theanglebetweenthespecularre�ec-
tion directionandthe viewing direction.Figure4 plots the
approximationaccuracy asfunctionof thenumberof coef�-
cientsin HSH,SH,ESH,ZernikeandMakhotkin'srepresen-
tation.We estimatethis accuracy by computingthefraction
of the total energy capturedfor a given numberof coef�-
cients[RH02]:

Accuracy =

n

å
l= 0

l

å
m= ¡ l

j f m
l j2

Z 2p

0

Z p
2

0
f (q; f )2sinqdqdf

(15)

Theobservationin this�gure andtheresultsin latersections
show that the HSH representationindeedprovidesa better
representationthan SH with fewer coef�cients. Moreover,
our basisperformscomparablyto Makhotkin's method,and
exhibits a higheraccuracy thanboth ESH andZernike ap-
proachesin thePhongcase.

HSH Representationof BRDFs. BRDFsarefunctionsde-
�ned over the cartesianproductof two hemispheres,corre-
spondingto incomingandoutgoingdirections.Onecanuse
eitherof thefollowing two approachesto representthemus-
ing HSH basis.Oneapproachis to usetwo successive HSH
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Figure 5: Accuracyversusnumberof coef�cients for HSH,
SH,ESH,ZernikeandMakhotkinrepresentations.Theseval-
uesareobtainedfor ananisotropicWard BRDFwith kd = 0,
ks = 1, ax = 0:2, ay = 0:5.

transformations,one for the incoming hemisphereand the
otherfor the outgoinghemisphere(similar to the approach
usedby Westinet al. [WAT92] usingSH basis).The other
approachis to discretizethe outgoinghemisphereanduse
HSH to representthe incoming hemispherecorresponding
to eachoutgoingdirection(similar to theapproachusedby
Kautzetal. [KSS02]).

We usethelatterapproach,in which then-th orderrepre-
sentationof a BRDF f(qo;f o) for any givenoutgoingsample
direction(qo; f o) is

f(qo;f o)(qi ; f i) ¼
n

å
l= 0

l

å
m= ¡ l

cm
l (qo; f o)Hm

l (qi ; f i) ; (16)

where

cm
l (qo; f o) =

Z 2p

0

Z p=2

0
f (qo; f o;qi ; f i)Hm

l (qi ; f i) sinqidqidf i :

(17)
We sample the outgoing hemispherefor (qo; f o) using
parabolicparametrizationproposedby Heidrich andSeidel
[HS99].

Figure 5 plots the approximationaccuracy of the HSH,
SH, ESH, Zernike and Makhotkin's representationof an
anisotropicWardBRDF [War92] asa functionof thenum-
ber of coef�cients. The plot shows that althoughthe ESH
providesbetterresultsin thiscase,theHSHrepresentationis
still moreaccuratethantheSHrepresentationwhenthesame
numberof coef�cients is used.As in thepreviousexample,
HSH, Zernike andMakhotkin's methodperformcompara-
bly.

Figure6 shows imageframesfrom our GPU basedreal-
time renderer. The teapotsshown in the images are lit
by a single point light source.Those in the left column
are assigneda PhongBRDF, and in the right column an
anisotropicWard BRDF. The renderingsin the threerows
from top to bottomcorrespondto analyticBRDF functions,
andtheir HSH andSH representationsrespectively. 32£ 32
outgoingsampledirectionsare usedfor the HSH and SH
representations.Thecoef�cients andthebasisfunctionval-
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uesarestoredastextures.For any incomingdirection(qi ; f i)
and outgoingdirection (qo; f o), cm

l (qo; f o) and Hm
l (qi ; f i)

valuesarecomputedby bilineartextureinterpolation.Equa-
tion 16 for f(qo;f o)(qi ; f i) is evaluatedusing a multi-pass
pixel shaderprogram.The imagesusing HSH representa-
tion (Figures6(c) and(d)) arevisually closerto the images
obtainedusinganalyticalBRDFs.Notetheringingin theim-
agesobtainedusingSHrepresentationof theBRDF(Figures
6(e)and(f)).

(a) (b)

(c) (d)

(e) (f)

Figure6: ImagesrenderedusingPhongBRDF(left column)
and anisotropic Ward BRDFs (right column).Figures (a)
and(b) useanalyticBRDFs;Figures(c) and(d) useorder7
HSHrepresentationandFigures(e) and(f) useorder 7 SH
representation.

Figures5 and6 demonstratethat HSH representationof
BRDFusingagivennumberof coef�cients outperformsSH
representationboth in termsof computedandvisual accu-
racy.

6. HSH in RealisticRendering

6.1. Envir onmentMap Rendering

Hardwarerenderingof surfaceswith arbitraryBRDFsillu-
minatedby environmentmapshasrecentlyreceivedwideat-
tention[KSS02,RH02,SKS02]. Environmentmapsaredis-
creterepresentationsof incomingradiancefrom directions
de�ned on a whole sphere.Consequentlythey can be ap-
proximatedusinga sphericalbasissuchasSH. In this sec-
tion, weshow thataSHrepresentationof environmentmaps
is straightforwardto combinewith a HSH representationof
BRDFs.We demonstrateinteractive hardwarerenderingus-
ing HSH representationfor BRDFsandSH representation
for environmentmaps.

SinceSHandHSHbasesarenotmutuallyorthogonal,we
cannotdirectly computean integral containinga SH repre-
sentationof anenvironmentmapanda HSH representation
of a BRDF. However, incominglight from theenvironment
atany surfacepoint is only de�ned onahemisphere.Conse-
quently, we proposeto convert theenvironmentmapcoef�-
cientsfrom SH to HSH after rotatingthemfrom theglobal
to thelocal frame.Thisconversionis achievedby transform-
ing therotatedSHcoef�cients with abasischangematrixC.
Eachelementof thismatrix is de�ned by:

Cm;m0

l ;l0 =
Z 2p

0

Z p=2

0
Hm

l (q; f )Ym0

l0 (q; f ) sinqdqdf (18)

This matrix is very sparse,nonzerovaluesoccur only for
m = m0, which signi�cantly reducesthe costof the trans-
formation from SH to HSH representation.Note that this
transformationis not invertible sincethe integration in the
interval q 2 [0;p=2] only accountsfor the informationbe-
longing to onehalf of the sphere,andcompletelydiscards
the information in the otherhalf. For l < 3 and l 0< 3 the
conversionmatrixC3;3 is:
0

B
B
B
B
B
B
B
B
B
B
B
B
@

0:71 0 0:41 0 0 0 0 0 0

0 0:60 0 0 0 0:19 0 0 0

0:82 0 0:71 0 0 0 0:18 0 0

0 0 0 0:60 0 0 0 0:19 0

0 0 0 0 0:53 0 0 0 0

0 0:77 0 0 0 0:51 0 0 0

0:40 0 0:78 0 0 0 0:53 0 0

0 0 0 0:77 0 0 0 0:51 0

0 0 0 0 0 0 0 0 0:53

1

C
C
C
C
C
C
C
C
C
C
C
C
A

Renderingwith environmentmapsproceedsasfollows:

² ComputeSHrepresentationof theenvironmentmap.
² ComputeHSHrepresentationof thesurfaceBRDFfor ev-

erysurfacein thescene
² For every renderedsurfacepoint:

– Rotatethe coef�cients of the environmentmapto �t
thelocal frameassociatedwith thesurfacepoint.

– Transformthecoef�cients from SH to HSH usingthe
precomputedbasischangematrixC.

– Computethe dot product betweenthe HSH coef�-
cientsof the environmentmapandHSH coef�cients
of the surfaceBRDF for the requiredoutgoingdirec-
tion.

Figure7 showsrenderingsof ateapotusingthreedifferent
environmentmaps.Table1 comparesframeratesachieved
by the HSH approximatedBRDF against the SH approxi-
matedBRDF. Our methodachieves similar frame ratesto
the SH approachfor the samenumberof coef�cients since
the conversionstepdoesnot requiremuchadditionalcom-
putation.

It shouldbe notedthat the ESH representationcan not
beusedin this context becauseof theextra non-zeroBRDF
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(a) GraceCathedral (b) EucalyptusGrove

(c) StPeter's Basilica

Figure 7: EnvironmentmaprenderingusingHSHrepresen-
tation of the BRDF (order 10). The glossyteapotis lit by
threedifferentenvironmentmaps.

informationpresentin the lower hemisphere:the dot prod-
uctbetweentheenvironmentmapandtheBRDFwould take
into accountboth upperandlower hemispheres,leadingto
erroneousresults.

Orderof
representation(n) 2 3 5 8 10

HSH(fps) 220 138 26.2 3.1 1.6

SH(fps) 223 160 29 3.28 1.73

Table 1: Timing results(in framesper second)for environ-
mentmapsrenderingusingHSH and SH representationof
BRDFs.The timing wasobtainedon a 2.4GHzIntel Xeon
with ATI Radeon9800Pro card for an image size700x600.
Theteapotmodelusedhas1873vertices.

6.2. RadianceCaching for Ef�cient Global Illumination
Computation

MonteCarlo(MC) raytracingremainsthemethodof choice
for accuratelycomputingglobalillumination.It is, however,
very expensive whenit comesto computingillumination on
surfaceswith low frequency BRDFs.Many samplerayshave
to be tracedto get a reasonableestimateof the following
illumination integralatapoint.

L(qo; f o) =
Z 2p

0

Z p=2

0
Li(qi ; f i) f (qi ; f i ;qo; f o) cosqi sinqidqidf i

(19)
whereL is the outgoingradiance,Li is the incomingradi-
anceand f is theBRDF. Variousalgorithmshave beenpro-
posedto reducethe costof this computation.Ward et al.'s
[WRC88] irradiancecachingis one of suchalgorithms.It
signi�cantly reducesthe amortizedcostof the illumination

for (everyBRDF in thescene)do
- ComputetheHSHrepresentationof theBRDF.

end for
for (every surfacepoint ~P visible throughthe image
pixels)do

if ( radiancecachesamplesexist near~P ) then
- ComputeHSH coef�cients of the incomingra-
dianceat~P by gradientbasedinterpolation.

else
- Monte Carlo samplethe incominghemisphere
around~P andget the incomingradiancealonga
numberof incomingdirections
- ComputeHSH coef�cients of the incomingra-
diancefunctionat~P by MonteCarloquadrature.
- Computethegradientof thecoef�cients at~P.
- Store the coef�cients and the gradientsin the
radiancecache.

end if
- Computethe outgoing radianceat ~P as the dot
productof the HSH coef�cients of incoming radi-
anceandsurfaceBRDF.

end for

Figure8: Outlineof our radiancecachingalgorithm.

integral estimationat Lambertiansurfacesby cachingand
reusingirradiance.

We extendthis algorithmto supportnon-Lambertiansur-
facesby cachingandreusingtheincomingradiancefunction
insteadof irradiance.The incomingradianceis represented
by hemisphericalharmonics.

Figure8 brie�y outlinesthestepsof our radiancecaching
algorithm. They are similar to those used by Ward et
al. [WRC88] in their irradiancecaching.Wemakeuseof the
samebasicobservationthattheindirectilluminationchanges
slowly over eachsurfacewith low-frequency BRDFs.The
main differenceis that we cachethe directional radiance
functioninsteadof scalarirradiance.This allows usto com-
puteoutgoingradiancefrom surfaceswith non-Lambertian
BRDFs.

Thoughthis methodcansupportall typesof BRDFs,we
would like to point out that the accuraterepresentationof
sharpBRDFsrequiresa large numberof HSH coef�cients.
Hence,for high frequency BRDFs, direct computationof
theoutgoingradianceby MC importancesamplingis likely
to be more ef�cient than interpolationbasedcomputation.
The variousstepsof the algorithm shown in Figure 8 are
describedin the following paragraphs.For a moredetailed
descriptionof radiancecachingpleasereferto [KGPB04].

BRDF Representation. WeprecomputetheHSHrepresen-
tationof surfaceBRDFsusingthemethoddescribedin Sec-
tion 5. Notethatwe premultiplyBRDFsby thecosineterm,
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cosqi , of theilluminationintegral(Eq.19)beforecomputing
theirHSHrepresentation.

Incoming Radiance Computation. We representthe in-
comingradiancefunctionLi atapoint~P by avectorof HSH
coef�cients l m

l :

Li(q; f ) ¼
n

å
l= 0

l

å
m= ¡ l

l m
l Hm

l (q; f ); (20)

wheren is theorderof HSHrepresentationand

l m
l =

Z 2p

0

Z p=2

0
Li(q; f )Hm

l (q; f ) sinqdqdf : (21)

We computel m
l by MC quadraturewith uniform sampling

of thehemisphereof incomingdirections.Theequationfor
thisquadratureis

l m
l =

2p
N

N

å
k= 1

Li(qk; f k)Hm
l (qk; f k); (22)

whereLi(qk; f k) is the incomingradiancecomingfrom the
sampleddirection (qk; f k) and N is the numberof sample
directions.Weusea �x ednumberN of sampledirections.

RadianceGradient computation. Therearetwomajordif-
ferencesbetweenthegradientbasedinterpolationusedhere
andby WardandHeckbert[WH92].

² We rotate the radiancefunctions before interpolation,
hencewedonotuseany rotationalgradient.

² We use uniform samplingfor computing l m
l , whereas

WardandHeckbert[WH92] usecosinesamplingfor com-
puting irradiance.Henceour translationalgradientcom-
putationis different.

WecomputethetranslationalgradientÑl m
l =

h
¶l m

l
¶x ; ¶l m

l
¶y ;0

i

for eachl m
l . The translationalgradientis de�ned in the lo-

cal coordinateframe at a samplepoint ~P. The derivative
¶l m

l =¶x at ~P is computedby displacingthe samplepoint
~P alongthe local X axisby Dx to ~P0. Thecoef�cient l m

l
0at

~P0 is computedas

l m
l

0=
2p
N

N

å
k= 1

k~Wk ¡ ~Pk2

k~Wk ¡ ~P0k2

cosx0

cosx
Li(qk; f k) Hm

l
¡
q0

k; f 0
k
¢

;

and¶l m
l =¶x is computedas

¶l m
l

¶x
=

l m
l

0¡ l m
l

Dx
;

wherethedenotationis:
(qk; f k) Direction of the k-th ray usedto samplethe

hemisphereat~P.
Li(qk; f k) Incoming radiance from the direction

(qk; f k).
~Wk Ray- surfaceintersectionpoint for direction

(qk; f k).
x Anglebetweenthevector~Wk ¡ ~P andthesur-

facenormalat ~Wk.
(q0

k; f 0
k) Directionfrom ~P0 to ~Wk.

x0 Anglebetweenthevector~Wk ¡ ~P0andthesur-
facenormalat ~Wk.

The computationof ¶l m
l =¶y proceedsin a similar way.

Thederivationof thoseformulasis givenin [KGPB04].

RadianceInter polation. We usea weightedinterpolation
schemesimilar to theoneproposedin [WH92] for interpo-
lating coef�cients l m

l at any requiredsurfacepoint ~P. The
only differencein theschemesis thatwe replacetheuseof
therotationalgradientby applyingarotationto thevectorof
coef�cients L i = f l m

l;ig. This alignsthecoordinateframeat

thesamplepoint~Pi with theframeat~P. Theweightwi(~P) of
sample~Pi is

wi(~P) =

Ã
k~P¡ ~Pik

Ri
+

q
1¡ ~N ¢~Ni

! ¡ 1

; (23)

where~N is thesurfacenormalat~P, ~Ni is thesurfacenormal
at~Pi , andRi is theharmonicmeandistanceto objectsvisible
from ~Pi . Thecoef�cient vectorL = f l m

l g of theinterpolated
radianceis:

L (~P) =
å
S

Ri

µ
L i + dx

¶L i

¶x
+ dy

¶L i

¶y

¶
wi(~P)

å
S

wi(~P)
; (24)

whereS= f ijwi(~P) > 1=ag anda is a userde�ned desired
accuracy. Thede�nition of thesetS is thecriterionusedto
decidewhich radiancecachesamplescan be usedfor in-
terpolation.Derivatives¶L i=¶x and¶L i=¶y are the trans-
lational gradientcomponentsand(dx, dy) arethe displace-
mentsof ~P¡ ~Pi along the X andY axes of the samplei's
local coordinateframe.Ri is the HSH rotation(Section4)
thatalignsthecoordinateframeat ~Pi with theframeat ~P. It
transformsthewholecoef�cient vectorL i = f l m

l;ig afterthe
translationalgradientis applied.

Outgoing RadianceComputation. As both the incoming
radianceLi and the BRDF f in the illumination integral
(Eq.19)arenow representedasHSHcoef�cient vectors,the
integral computationreducesto thedotproduct

L(qo; f o) =
n¡ 1

å
l= 0

l

å
m= ¡ l

l m
l f m

l (qo; f o);
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Figure9: Cornellboxwith glossyback wall renderedusingradiancecaching. Radiancefunctionat samplepointsarecomputed
asits HSHcoef�cients. 1121radiancesamplesareusedto renderthecenterview (b).Thenumberof additionalsamplesneeded
whentheviewpointchangesto left (a) andright (c) is 250and198.Thesizeof each of theimagesis 850£ 850.

wherel m
l is an interpolatedincoming radiancecoef�cient

and f m
l (qo; f o) is a BRDF coef�cient at ~P for theoutgoing

direction(qo; f o).

Results. Figure9 shows threerenderingsof a Cornell box
with glossy back wall (Phong,exponent22), taken from
threedifferentviewpointsat resolution850£ 850.Thenum-
berof rayscastto sampleeachhemisphereis N = 4000.The
orderof HSH usedis n = 10. Exceptfor the backwall, all
objectsareLambertian.Direct lighting and�rst bouncere-
�ection for thebackwall wereusedto generatetheimages.
The timings given heredo not include direct illumination
computation.Image9(b)took25:8 sec.to render† with 1121
radiancecachesamples.Images9(a) and(c) took 11:2 and
10:3 secondsto rendersinceonly 250and198additionalra-
diancecachesampleswereneeded.Memoryconsumptionof
the radiancecachewas1:5 MB. The timingscomparewell
with 260 secondsrenderingtime for the imagesof approx-
imately the samevisual quality generatedwith MC impor-
tancesampling.

7. Conclusion

Thispaperdescribedanew basisfor hemisphericaldatarep-
resentation.This basisis idealfor therepresentationof low-
frequency hemisphericalfunctions.Thesefunctionsareof-
tenencounteredin many applicationswherethe interaction
betweenapointonasurfaceandits environmentneedsto be
computed.We demonstratedits usefor the following rep-
resentative setsof applications:ef�cient representationof
BRDFs,real-timeenvironmentmaprenderingof non-diffuse
surfacesand ef�cient global-illuminationcomputation.As

† Thetimingsin thissectionweremeasuredona2.26GHzPentium
4 with 512MBRAM runningWindowsXP.

shown, thisbasisprovidesamorecompactandaccurateway
of representinghemisphericalfunctionsthansphericalhar-
monics.
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Appendix A: HSHFunctionPlots

In Figure10 we show theshapeof the �rst few HSH func-
tions.

(a) jH0
0 j

(b) jH¡ 1
1 j (c) jH0

1 j (d) jH1
1 j

(e) jH¡ 2
2 j (f) jH¡ 1

2 j (g) jH0
2 j

(h) jH1
2 j (i) jH2

2 j

Figure10: Functionplotsof Hm
l for l from0 to 2.

Appendix B: AssociatedLegendrePolynomials

TheALPsarede�ned as

Pm
l (x) = (¡ 1)m(1¡ x2)m=2 dm

dxmPl (x) (25)

=
(¡ 1)m

2l l !
(1¡ x2)m=2 dm+ l

dxm+ l (x2 ¡ 1) l (26)

wherethePl (x) aretheunassociatedLegendrePolynomials.
Thesepolynomialscanbecomputedef�ciently usingthefol-
lowing recurrencerelations:

(l ¡ m)Pm
l (x) = x(2l ¡ 1)Pm

l¡ 1(x) (27)

¡ (l + m¡ 1)Pm
l¡ 2(x)

Pm
m(x) = (¡ 1)m(2m¡ 1)!! (1¡ x2)m=2 (28)

Pm
m+ 1(x) = x(2m+ 1)Pm

m(x) (29)

wheren!! is thedoublefactorialof n, i.e. theproductof all
positiveintegerslessthanor equalto n with sameparityasn.
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