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General Properties of Determinants

1. The value of a determinant is not altered if its rows are written as columns
in the same order.

i
2
-1

= O e
b = O
i
=R ¥ R
e = AT o

[ N e

2. If any two rows (or columns) of a determinant are interchanged, the value
of the determinant is multiplied by -1.

2 6 4 1 3 0
1 3 bl==|2 % 4
' =1 0 2 =)

3. A factor of the elements of any row (or column) can be placed before the
determinant.

4 6 1 4 2.3 1 4 2 1
3 =8 =l 3 =3.3 Fl=3 3 =3I 2
=¥ 32. 95 -1 4.3 5 -1 4 5




4. If all the elements of one row (or column) of a determinant are multiplied
by the same factor k, the value of the determinant is k times the value of

the original determinant.
2 5 @ 3-2 3-5 3.7 2 3
Given |1 4 0] = 1 4 0 |=3(1 4 0O
3 2 8 5 2 3 53 2 2

5. If corresponding elements of two rows (or columns) of a determinant are
proportional, the value of the determinant is zero.

g =3 i 4 -2 1 4 -2 1
12 -6 3|=3|4 -2 1|=3-D]|4 -2 1|=0
-1 12 8| |-1 12 % £ 12, &

6. The value of a determinant remains unchanged if the elements of one row
(or column) are altered by adding to them any constant multiple of the
corresponding element in any other row (or column).

=G 21 «—30 -6+1:7 21-3-7 =3045.7
1 -3 5 |= 1 H 5
27 -4 2 g -4
1 0 5
=1 -3 5
2 7 -4
I © 5
=10 -3 0
2 7 -4
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SHOW ALL WORK!

Problem 3 (20pts)

For the system of equations Ax = b below

a)  Find the inverse of matrix 4 (if it exists) using the method of cofactors.
b)  Use the inverse A" (if it exists) to find the solution to the system of equations.

X + Iy + 3z = 6
2x - 3y - z = o)
5% + 4y - bz = 3
-\
= m= L A B ) = a B
2 -% - } =
S 4o = 4 2 Ly 9 b
g,
\ns - 73 -2
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THE ECHELON FORM

The echelon form of the augmented matrix ( A|b) is obtained by performing a

sequence of elementary row operations. Ones are placed in the i row and i column
element and zeros below. The echelon form results when the procedure terminates. The
echelon form reveals the nature of the solutions to the original system of equations Ax =
‘b where A is the m by n coefficient matrix. Several examples follow.

Example | A system of 4 equations in 3 unknowns (m=4, n=3)

X =+ v o F-4 =
2x - ¥y - z =
3x - 2y + z =
X + 4y + 2z = =1
I 4 4w 1 1 10 I 1 10
2 -1 -1} 3 B o 503 6 1 1fe
(Alb) = t ~ . ~ i
3 2 Ad 2 0 -5 .29 2 O & <21 2
1 4 2i-1 0 3 11~ 0 3 1i-l
L1 1o 1110 11 1} 0
01 1!-l i 4 Frad 0 Fill=t
“loo 33l T Joo -l T fo oo 11
00 =212 00 111 00010

The final matrix is the echelon form of the augmented matrix. The original system
has reduced to a consistent system of 3 equations with 3 unknowns. Hence, one of the 4
original equations was redundant (linearly dependent) and the resulting 3 by 3 system has
a unique solution. The solution can be obtained by backward substitution in the 3 linearly
independent equations obtained from the echelon form as in a Gauss Elimination.
Alternatively, the Gauss-Jordan method can be used to insert zeros above the ones
resulting in the identity matrix in the first 3 columns and the solution in the 4™ column.
Both methods are illustrated below.

I. Gauss Elimination z= =] from the 3rd equation
yrz=-1 = y=0 from the 2nd equation
x+y+z= 0 = x=1 from the 1st equation

=y




1. Gauss-Jordan
11 1] 0% 1 1 0l B 10 0k
I | I
(Alb)={0 1 1!/-1f[~|0 1 0! Of~]0 1 0! 0| = =x=1, y=0, z=-1
00 1i-1) lo o 1i-1) lo o 11-1

There is a convenient matrix function in MATLAB which converts a matrix to its
row reduced echelon form. This is similar to the echelon form discussed here except that
zeros appear above as well as below the ones in the respective columns. It is actually
more convenient to have the echelon form expressed in this way because the solution(s)
to the system of equations become more apparent.

In Example 1 the echelon form revealed a consistent system with a unique solution.
Additional work was required to find the solution. If we utilize the MATLAB function
“rref” to obtain the row reduced echelon form of ( A|b), the solution is obtained at the
same time.

A=
1 1 1 0
-1 -1 3
3 21 2
1 4 2 -1
EDUp rref(A)
ans =
1 0 0 1
0 1 0 0
0 0 1 -1
0O 0 0 0

The nonzero rows of the row reduced echelon form are identical to those in the
matrix obtained by the Gauss-Jordan method.

Y2
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Example 2 A system of 5 equations in 3 unknowns (m=35, n=3)

X, + Xy + X, -
74 8 - X - X, = 3
2x, - X =
3%, -  2x + X, = -1
4x, = 3% + b = -l

(1 1 EOY (3 T 1}y 7L A 1 oY 1 Ok o
2 =y =1t 3| [ooes sl ol loa alal e ¢ ads
(Ab)=[0 2 -1} 4|~]o 2 -1l 4|~|0 0 3i-6|~|0 0 1]=2
32 1i-1| 0o -5 2i-1 [0 0 3}-6| [0 0 0] 0
4 =3 1i-1) o0 =7 -3i-1) o 0 4i-8) (0 0 0} 0

The echelon form of the augmented matrix indicates that 2 of the original 5
equations were redundant and the remaining 3 equations comprise a consistent system
with a unique solution.

Example 3 A system of 6 equations in 3 unknowns (m=6, n=3)

X, + Xy + Xy =
2x, - Xy - X, = 3
2x, - Xy
3x, - 2x, + X, -1
4x, - 3x + i -1
10x, - 3x, + ;% = 4

The augmented matrix and its echelon form are given below.

(1 1 1! 0) (1 1 1] O
I I
2 -1 -1} 3 01 1'-]
| |
0 2 =lhad 00 112
(Ab) = ! SR :
3 -2 11— 00010
- 1!-1 ﬂﬂ{}jﬂ
10 =3 1] 4) 0 0 0i-1)




34

In this case the echelon form implies the original system of equations was
inconsistent as a result of the last line, which in equation form reads Ox + 0y + 0z = -1.
In fact, the system of equations in Example 3 are the same as in Example 2 with one
additional equation. The left side of the added equation is simply the sum of the left side
of all the equations above it. For the new system of equations to be consistent, it follows
that the right hand side constant in the last equation must also be the sum of the constants
in the original 5 equations. However; it is not and therefore the complete original system
of equations is inconsistent.

Example4 A system of m = 6 equations in n = 5 unknowns

a + B + - d - 3 = 3

a - b - ¢ - 34 + e = -1
2h + + - 2e = 4

a + 2c - — 1

. 2a - b + £ - 34 - de = 0

3a - 2 - 6d — 3 = -1
i T G - - T S T k)
1, 28], af ¥ § u [ I T S S T |
0 22 1 1 =2 4 0 2 1 ] w3 ¢

(Ab) = g

I 0O 2 0 =5 Bu=] § T =¥ =3
2. =1 I :=3:=4 @ s A (N T S
3 -2 0 -6 =3 -l 0 =5 -3 -3 6 -10,
(1 1 1 -1 =3 3) f1 1 1 =1 <=3 3)
g1 1 I =2 3 01 1 1 =2 2
00 =1 =1 2 0 001 1 =2
00 2 2 —4 0 000 0 00
09 3 2 4B 000 0 00
00 2 2 -4 0 000 0 0 0

In this example, the echelon form has reduced to an equivalent system with 3
equations and 5 unknowns. Since the last three rows consist entirely of zeros, the original




system of equations is consistent and equivalent to a system of 3 equations in 3
unknowns. In this case, two of the five variables may be chosen arbitrarily. The criterion
for selecting which variables may be arbitrary is discussed later. Regardless of that
decision, an infinite number of solutions are possible due to the existence of arbitrary
unknowns,

One additional example is included to illustrate the case where there are fewer
equations than unknowns.

Example 5 A system of 4 equations in 5 unknowns (m=4, n=5)

X O+ x o+ x = x + 3x = 3
2x - v e g S e, S gwL. = 2
X S X % i2x, ¥ 2% = 0

=¥ Ak o E Gxy o Ty = 1

The row reduced echelon form from MATLAB is given below,

100 0 01

0 05 251

A = 1y ¢ 1 _is -051 1
000 0 010

Once again the equations are consistent, however, one of the original equations
was redundant. Similar to Example 4, a pair of arbitrary variables can be selected from
the set (X, , X, X% } As a result, an infinite number of solutions exist.

These previous examples illustrate the rationale for transforming the augmented
matrix representing the system of equations into an echelon form. The echelon form is
also useful in other ways. Example 6 demonstrates another useful application of the
echelon form.

Example 6  Find the value(s) of K for which the system of equations are consistent.

W
o4




b

X X Fox F g o= 2
2, = x + x = 3

3x, =2x, +3x, = 1
3x, —-3x +4x, -2x, = K

Before we look at the echelon form of the augmented matrix, its a good idea to
check the coefficient matrix. For the 4 by 4 system denoted by Ax=b, if |A| were

other than zero, the matrix inverse A" would exist as would a unique solution for any
value of K. Consequently, the equations would be consistent for all values of K. After
confirming that |A| = 0, we turn to the echelon form for the answer.

( b 3= df 2 1 1 1 i1 2
3: 1. 4. @3 0 =3 -1 .=31 =l
(Alb) = i ~ i
0 3 -2 311 0 3 =2 31 1
(3 =3 4 21K 0 -6 1 -51K-6
1.1 1 1! 2 11 1 I} 2
| |
3 ¢ 5¢ 4 013 31 3
00 -3 1 0 0011 o
0 0 3 —1iK-4) 000 0iK-4

A consistent system of equations with infinite solutions results when the last row
of the echelon form is all zeros. Therefore, the only solution is K = 4.
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ARBITRARY UNKNOWNS

The echelon form of the augmented matrix confirms the existence of arbitrary
unknowns, 1.e. a consistent system of eguations in which one or more variables can be
chosen arbitrarily, There are several ways to establish if indeed a certain vanable can be
included in the subset of arbitrary unknowns. A few simple examples illustrate the point.

Example I  For the system of equations below, establish the existence of 1 arbitrary
unknown and determine if x, y, and z can each be arbitrary.

S R O T i
2x — vy - Z = 3
x + 4y + 4z = -3
x — 2y - 2z = 3
(I R I & OE B [1 1 1% o)
| I
: 2 =1 =1 3 0 =3 =3! 3 01 1!-1
(Alb) = | Ll -
!1 4 413 0 3 31-3 00 0! 0
\1 -2 =21 3 0 -3 =313/ loo0o0:o0

The 4 by 4 system has been reduced to a 2 by 3 system. That is, there are only 2
linearly independent equations in the 3 variables (unknowns) and hence one of the
variables 1s arbitrary. These equations are

x + y + z = 0

y + =z = -l

Now, suppose we try to make z the arbitrary unknown. This requires that
solutions for x and y be expressed in terms of z. This can be attempted in one of two
ways. One approach is to simply transfer all terms involving z over to the right side of
the equations and consider z as a parameter, This yields




All that remains is substituting y = -1 - z into the first equation and then solving
for x. The final solution can be expressed as

x=1, y=-l-z, z=arbitrary
Clearly, an infinite number of solutions exist since there is a different solution for

each arbitrarily assigned value for z. A slightly different approach involves reformulating
the reduced equations from the echelon form as
¥

gl - 1 1 - -z
Ax=b where A= ; b= >
0 1 ~1-z

i.e. as a new system in matrix form with modified coefficient matrix A , constant vector
b . and vector of unknowns X. The identical solution as given above is easily obtained
from the modified augmented matrix

=l ] - ]
b 0 1)-1-z 0 1]=1-z

x=1, y=-1-z, z=arbitrary

FoH

The second approach is somewhat more instructive because the modified
coefficient matrix A determines whether the variables placed on the right hand side (z in
this example) are arbitrary. When A, which will always be a square matrix, is
nonsingular, AX=b has a unique solution and the variables moved to the right hand
side are indeed arbitrary.

Consider what happens when x is selected to be the arbitrary variable. The
reduced 2 by 3 system with x as the arbitrary unknown becomes

and attempting to solve for a solution by Gauss-Jordan gives

@) = 1i7) - (0 olact)
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In this case, a unique solution for y and z in terms of x was not possible. This

comes as no surprise because A is clearly singular. This confirms what was already
known from the previous case where z was arbitrary but x was constrained to be 1. In
fact, the Gauss-Jordan solution above implies that x-1 = 0 for the equations to be
consistent.

For larger systems with arbitrary unknowns, it is essential to check the modified

coefficient matrix A before continuing on with a Gauss-Jordan or backward substitution
under the assumption that one or more specific variables can be arbitrary. The following

system demonstrates this point.
X + ox + x + x + x - 2x = 3
X, + X, —: 3xy = 0
¥ + X o= Ky oo 2 4 AR = 4
2y, - x - 00X — 4x, = 1
ey 0 3E 4 2m F x + 2x, = 1
X F X o= 2y = x ¥ Bx. = 0

(L1 % 1 123
010 1 0 =3!0
P} 00 1 -3 — 11§ﬂ
= 000 1 -1 =311
{]{]ﬂﬁlﬂil
000 0 0 0f 0

The original 6 by 6 system of equations has been converted to a new 5 by 6 system with a
single arbitrary unknown. From the echelon form these equations are




X, X + x + x + x - 2x = 3
x + x, — Iy, = 0

X, = 3x, - x 11x, = 0

X, = X 3x, = -l

X5 = 1

Clearly xs is not arbitrary. The modified matrix A obtained from the columns of
the echelon form with the x; column omitted is shown below. Quite obviously its
singular, as expected, confirming that x5 is not arbitrary.

1. 4 I 3 =3
b 19 T =3
A =100 -3 11
00 0 -3
000 0

However, there may be other non-arbitrary variables in addition to x5 which are
not as obvious. For example, suppose we proceed to solve the reduced 5 by 6 system
using Gauss-Jordan with x; selected as the arbitrary unknown. Observe what happens.

1 1 1 1 -2}3-x, 1 1 1 1 -2}3-x,
G0 118 o9 s 0 0 =3:=1 111 ®
(AB) = |0 1 =3 =1 111 o] ~[00 1 0 3] —x
00 1 -1 =31 -1 00 1 -1 =31 -l
00 0 1 01 1 00 0 1 0 1)
1 1 1 1 =2} 3-x,) (1 1 1 1 23—y
G, G T C 0 1 =3 -1 11! 0
~[00 1 03] —x|~]00 1 0 -3 —x
0 0 -1 0}-l+x, 0 011-x, i
0 0 1 0 1) o 0 0 01 «x
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The bottom row of zeros in the first 5 columns signifies that a solution for x; is
impossible when x; is chosen to be arbitrary and the Gauss-Jordan method terminates
without a solution. Furthermore, for consistency the last row implies that x; must be zero,
further evidence it can’t be arbitrary. The 4™ row represents the equation

x,=1-x,
which is consistent with the last row of the echelon form which states that x5 =1.

In problems of this type, the prudent thing to do is verify that the modified
coefficient matrix A is nonsingular before proceeding to find a solution. In the previous
example, when x; was assumed to be arbitrary, A became

iR 8. § -
00 1 0 -3
A=1|(01-3- 1
00 1 -1 -3
00 0o 1 o

From MATLAB, its easy to verify that A is singular and therefore x; should not be
chosen as arbitrary.

A=
B A
00 1 0 -3
B =3 4 n
0 0 1 -1 -3
0 0 1 0

EDU» det(A)

ans‘:

0

The same approach applies when more than one variable is arbitrary. To
illustrate, consider the system of equations




"3

i X ¥ X = o9 = 3x = 3

X o= X = x5 = ¥ + x = =l

2% + cxy X = 2% = 4

X + 2x, - 5, = 1

2%, = x + x = dx = Ax = 0
Xy o BX - 6x, - 3Ix, = -l '

The echelon form of the augmented matrix has three rows consisting entirely of
zeros. The first three non-zero rows are

i 4505

1
6'F1 o2z
001 1 =210

Alternatively, the row reduced echelon form from MATLAB is shown below.

Ab =
1 1 1 -1 -3 3
r -1 -1 -3 1 -1
o 2 1 1 -2
1 0 2 0 -5 1
2 -1 1 -3 4 0
i 2 0 -6 -3 -1

EDU» rref(Ab)

a«n.s 8
1 0 0 -2 -1 1
o 1 0 0 0 2
o 0o 1 1 -2 0
0O 0 0 0 0 0
0 0 0 0 0 0
o 0 0 0 0 0O
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In the 3 by 5 system of equations that correspond to either echelon form, there
must be 2 arbitrary unknowns. To check if say x4 and x5 can be arbitrary, we look at the

modified coefficient matrix A that results when the columns for x5 and xs are removed
from the first echelon form.

-

]
o 08 =
[ S S Y

Since A isa nonsingular matrix, there is a unique solution to A% =b

x, Iy, ¥
where &£=|x,| and b=|2-x, +2x,
X, S T o
1 =1 O3)f3+x,+3x 14 2x, +x.
. . - ay=1 &
The solution is X= [A) b=10 1 -1|{2-x,4+2x; = 2
0 0 1 —x, +2x, —x; +2x,

Le. X1=1+2xs+xs5, x2=2, x3=-x4+2x;5, xq=arbitrary, xs=arbitrary

Since we know from the previous solution that x» is not arbitrary, it should come
as no surprise that any 3 by 3 submatrix formed from the first five columns of either
echelon matrix (minus the zero rows) is destined to be singular if it excludes the second
column, the one corresponding to x;. The resulting 3 by 3 matrices obtained from the
first echelon form are given below and the reader should verify that they are all singular.

i = 3 |
1 1 =2| x,andx, columns removed 0 1 2| x,andx; columns removed
1 1 =2 01 -2
1 1 =3 11 -1
0 1 =2| x;and x, colums removed 0 1 1| x,andx; columns removed

=)
—
1
[ ]
=]
—
—

The row reduced echelon form is even more explicit as to why x; cannot be
arbitrary. It is clear from this echelon form that x; = 2 and hence not arbitrary.
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Furthermore, removing the x; column from the row reduced echelon form leaves the
following matrix

k0 @ wpl )

1
00 0 0i2
01 1 210

Regardless of which additional column is removed for the 2" arbitrary variable,

the resulting 3 by 3 modified coefficient matrix A will be singular, confirming that x»
cannot be one of the two arbitrary unknowns.

In summary, either echelon form of the original augmented matrix will reveal the
existence of arbitrary unknowns. The original m by n system of m equations in n
unknowns will be reduced to an m; by n system where m; £ m indicating that m - m,
equations from the original system were redundant. If m; is less than n, the existence of
n - m, arbitrary unknowns is assured. A particular subset of n - m; unknowns is arbitrary
provided the m; by m; submatrix of the echelon matrix obtained by removing the
columns corresponding to the n - m; unknowns is nonsingular.

The row reduced echelon form in MATLAB will identify the arbitrary variables
directly, i.e. any row with a single 1 in the first n columns implies the variable associated
with that column is not arbitrary. For example, in the following 4 by 6 row-reduced
echelon form, x; and xs cannot be arbitrary unknowns.

(1.0 0 0 0 0}2)
01053 4}1
mef(Alb) = |0 0 1 2 7 115
0000108
00000 00,
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SHOW ALL WORK!

Problem 4 (25pts)

Given the following system of equations, Ax = b

x + x + x + Kx, = 0 '
=X + X == x, = 0
2y, - x, + 3x - 8, = 0O
x + x - 2x, = 0

lal= |* 'V v K L T T ' S T
- W
\ ' = |1° 'V 2 oga = 2 ¥ 7 =l
z -V 3y -8 o ey - = B o W =L
= T TR 3 U T © © -\ Ly~
\ z Ve~
" i e~
T jeew | & | z Tl=w=i Y=y C—iny
B ik gy -~
T -~k -3
'SELH‘A% lal =
=% O T ~bik -1y
K= -3 §
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