Theorem 1. 3–Colorability is NP–Complete.
Proof: Given a YES instance of 3–Colorability and a 3-coloring of the vertices is easy, in polynomial time, to verify the instance is YES. Thus 3-Coloribility is in the  set NP.
In order to transform 3SAT to 3-colorability, we have to construct a graph of nodes and edges which is 3-colorable if and only if the given instance of 3SAT can be satisfied. This means we need a graph that can be 3-colored only when a corresponding expression evaluates to true. For this example, the three colors are TRUE, FALSE and OTHER. To construct the graph, start with a node named root that is colored OTHER. Also, for every variable x in the expression, create a pair of nodes x and ¬x. This pair is connected to each other and to the root, to create a triangle for each variable:
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If this graph is to be 3-colorable, each of the variable nodes must be colored TRUE or FALSE.

With this graph in place, add gadgets for every clause containing the literals l1, l2 and l3, where a gadget is:
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Note that (1) node c is a single vertex and is common to all gadgets and is either colored TRUE or FALSE, and (2) all the literals on the left are also connected to the root node as shown in the first picture.

Lemma. G is 3-colorable if and only if the color of node c agrees with the color assigned to at least one of the three literal nodes in every gadget.

This gadget is a three input OR gate. If it is 3-colorable, it demands that one of the inputs on the left is colored TRUE. For example, if the expression consisted of the clause ( x | ¬y | ¬z ) the graph would look like this:
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This is the finished graph for ( x | ¬y | ¬z ). If we can find a way to 3-color this graph, we have also found a way to satisfy the Boolean expression. The process of 3-coloring this graph is just as complex as 3–SAT i.e. 3–Colorability is NP-complete.
Theorem 2. k-Colorability is NP-Complete.
