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Computability

The study of models of
computation and what can/cannot
be done via purely mechanical
means



Provide precise characterizations (computational
models) of the class of effective procedures / algorithms.

Study the boundaries between complete and incomplete
models of computation.

Study the properties of classes of solvable and
unsolvable problems.

Solve or prove unsolvable open problems.

Determine reducibility and equivalence relations among
unsolvable problems.

Our added goal is to apply these techniques and results
across multiple areas of Computer Science.
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 Useful Notations

— f(x)] means procedure f
converges/halts/produces an output, when
evaluated at x.

—f(x)T means procedure f diverges, when
evaluated at x.

—fis an algorithm iff vx f(x)|
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 Set -- A collection of atoms from some
universe U. @ denotes the empty set.

* (Decision) Problem -- A set of questions
about elements of some universe. Each
qguestion has answer “yes” or “no”. The
elements having answer “yes” constitute a
set that is a subset of the corresponding
universe. Those having answer “no”
constitute the complement of the “yes” set.
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« Solvable or Decidable -- A problem P is said to be
solvable (decidable) if there exists an algorithm F
which, when applied to a question g in P, produces
the correct answer (“yes” or “no”). This is an
Inherent property of P.

« Solved -- A problem P Is said to solved if P is
solvable and we have produced its solution. This is
a temporal property in that P may have been
unsolved for many years before being solved.

« Unsolved, Unsolvable (Undecidable) --
Complements of above
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« Recursively enumerable -- A set S is recursively
enumerable (re) if S is empty (S = @) or there exists an
algorithm F, over the natural numbers N, whose range is
exactly S. A problem is said to be re if the set
assoclated with it is re.

« Semi-Decidable -- A problem is said to be semi-
decidable if there is an effective procedure F which,
when applied to a question g in P, produces the answer
“yes” if and only if g has answer “yes”. F need not halt
if g has answer “no”.

- Semi-decidable is the same as the notion of
recognizable used in the text.
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* P solved implies P solvable implies P
semi-decidable (re, recognizable).

* P non-re implies P unsolvable implies P
unsolved.

* P finite Iimplies P solvable.
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« P enumerable iff P semi-decidable.

* P solvable iff both S, and (U - Sp) are re
(semi-decidable).

* We will prove these later.
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« A counting argument

— The number of mappings from N to N is at least as
great as the number of subsets of N. But the number
of subsets of N is uncountably infinite (X,). However,
the number of programs in any model of computation
IS countably infinite (X,). This latter statement is a
consequence of the fact that the descriptions must be
finite and they must be written in a language with a
finite alphabet. In fact, not only is the number of
programs countable, it is also effectively enumerable;
moreover, its membership is decidable.

« A diagonalization argument
— Will be shown later in class
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Diophantine Equations are
Unsolvable

One Variable Diophantine
Equations are Solvable



In 1900 declared there were 23 really important
problems in mathematics.

Belief was that the solutions to these would help
address math’'s complexity.

Hilbert's Tenth asks for an algorithm to find the
iIntegral roots of polynomials with integral
coefficients. For example

6x3yz2 + 3xy? — x3 — 10 = 0 has roots
X=5y=3;z2z=0

This is now known to be impossible to solve (In
1970, MatiyaceviC showed this undecidable).
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« Consider over one variable: P(x) =0

« Can semi-decide by plugging In
0,1,-1,2 -2, 3, -3 ...

 This terminates and says “yes” if P(x)
evaluates to 0, eventually. Unfortunately, it
never terminates if there is no x such that
P(x) =0.

» Can easily extend to P(Xy,X,,..,X) = 0.
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o -1 —
cC,X"+cCc X"+ .. +Cc, X+C,=0
* X"=-(Cc,, X" + ...+, X+ Cp)c,

¢ X S (XY .+ x| + 1
o |XN| < C (N X" )/]|C, |, Since
* |X| < nxc . /|c,|
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« Can bound the search to values of x in range [*£
n*(c,./Cy)l, where
n = highest order exponent in polynomial
Chax — largest absolute value coefficient
Cc,, = coefficient of highest order term

* Once we have a search bound and we are
dealing with a countable set, we have an
algorithm to decide if there Is an x.

e Cannot find bound when more than one
variable, so cannot extend to P(Xy,X,,..,X,) = 0.
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Undecidability

We Can’t Do It All



Given an arbitrary program P, in some language L, and
an input x to P, will P eventually stop when run with input
X?

The above problem is called the "Halting Problem.” It is
clearly an important and practical one — wouldn't it be
nice to not be embarrassed by having your program run
“forever” when you try to do a demo?

Unfortunately, there’s a fly in the ointment as one can
prove that no algorithm can be written in L that solves
the halting problem for L.

2/20/2020 © UCF CS 17



We will say that a procedure, f, converges on input x if it eventually
halts when it receives x as input. We denote this as f(x)4..

We will say that a procedure, f, diverges on input x if it never halts
when it receives x as input. We denote this as f(x)T.

Of course, if f(x)¥ then f defines a value for x. In fact we also say
that f(x) is defined if f(x)J and undefined if f(x)T.

Finally, we define the domain of f as {x | f(x){}.
The range of fis {y | f(x)¥ and f(x) =y }.
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Assume we can decide the halting problem. Then there exists some total
function Halt such that

1 if @ (y) ¥

0 if o (y) T

Here, we have numbered all programs and ¢, refers to the x-th program in
this ordering. Now we can view Halt as a mapping from & into 8 by

treating its input as a single number representing the pairing of two numbers
via the one-one onto function

Halt(x,y)

pair(x,y) =<x,y>=2* 2y +1)-1

with inverses
<z>; = |0g,(z+1)

<z>,=(((z+1)//2<z1)=-1)1l2
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Now if Halt exist, then so does Disagree, where

0 if Halt(x,x) = 0, i.e, if ¢, (x) T
Disagree(x) =

uy (y == y+1) if Halt(x,x) = 1, i.e, if o, (X) ¥

Since Disagree is a program from & into &8 , Disagree can be
reasoned about by Halt. Let d be such that Disagree = @q4, then

Disagree(d) is defined < Halt(d,d) =
& gq(d) T
< Disagree(d) is undefined

But this means that Disagree contradicts its own existence. Since
every step we took was constructive, except for the original
assumption, we must presume that the original assumption was in
error. Thus, the Halting Problem is not solvable.
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While the Halting Problem is not solvable, it is re, recognizable or
semi-decidable.

To see this, consider the following semi-decision procedure. Let P
be an arbitrary procedure and let x be an arbitrary natural number.
Run the procedure P on input x until it stops. If it stops, say “yes.” If
P does not stop, we will provide no answer. This semi-decides the
Halting Problem. Here is a procedural description.

Semi_Decide_Halting() {
Read P, x;
P(x);
Print “yes”;
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A guestion that might come to mind is why we could not just have a
model of computation that involves only programs that halt for all
Input. Assume you have such a model — our claim is that this model
must be incomplete!

Here's the logic. Any programming language needs to have an
associated grammar that can be used to generate all legitimate
programs. By ordering the rules of the grammar in a way that
generates programs in some lexical or syntactic order, we have a
means to recursively enumerate the set of all programs. Thus, the
set of procedures (programs) is re. using this fact, we will employ
the notation that ¢, is the x-th procedure and (px(y) IS the x-th
procedure with input y. We also refer to x as the procedure’s index.
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First, we can all agree that any complete model of
computation must be able to simulate programs in its
own language. We refer to such a simulator (interpreter)
as the Universal machine, denote Univ. This program
gets two inputs. The first is a description of the program
to be simulated and the second of the input to that
program. Since the set of programs in a model is re, we
will assume both arguments are natural numbers; the
first being the index of the program. Thus,

Univ(x.,y) = ox(y)

2/20/2020 © UCF CS
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 There are even “practical” problems that are worse than
unsolvable -- they're not even semi-decidable.

« The classic non-re problem is the Uniform Halting
Problem, that is, the problem to decide of an arbitrary
effective procedure P, whether or not P Is an algorithm.

« Assume that the algorithms can be enumerated, and that
F accomplishes this. Then

F(x) = F,

where F,, F;, F,, ... is a list of indexes of all and only the
algorithms
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Define G(x)=Univ (F(X),x)+1=0g(X)=F(x)+1

But then G is itself an algorithm. Assume it is the g-th one
F9)=Fg=G
Then, G(g)=F,9)+1=G(g) +1

But then G contradicts its own existence since G would need to be
an algorithm.

This cannot be used to show that the effective procedures are non-
enumerable, since the above is not a contradiction when G(g) is
undefined. In fact, we already have shown how to enumerate the
(partial) recursive functions.
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 To capture all the algorithms, any model of computation
must include some procedures that are not algorithms.

« Since the potential for non-termination is required, every
complete model must have some for form of iteration
that Is potentially unbounded.

* This means that simple, well-behaved for-loops (the kind
where you can predict the number of iterations on entry
to the loop) are not sufficient. While type loops are
needed, even if implicit rather than explicit.
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Insights



 No generative system (e.g., grammar) can produce
descriptions of all and only algorithms

« No parsing system (even one that rejects by
divergence) can accept all and only algorithms

« Of course, if you buy Church’s Theorem, the set of all
procedures can be generated. In fact, we can build an
algorithmic acceptor of such programs.

2/20/2020 © UCF CS
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« How do you achieve divergence, I.e., what are the
various means of unbounded computation in each of
our models?

« GOTO: Turing Machines and Register Machines

* Minimization: Recursive Functions
— Why not just simple finite iteration or recursion?

Fixed Point: Ordered Petri Nets,
(Ordered) Factor Replacement Systems

2/20/2020 © UCF CS
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|t sometimes doesn’t matter

Turing Machines, Finite State Automata,
Linear Bounded Automata

* [t sometimes helps

Push Down Automata

|t sometimes hinders

2/20/2020

Factor Replacement Systems, Petri Nets
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Models of Computation

Turing Machines

Register Machines
Factor Replacement Systems
Recursive Functions



Turing Machines

15t Model
A Linear Memory Machine



A Turing machine is a 7-tuple

(Q’ 21 r1 61 Jo» qaccepv Qreject)
Q Is finite set of states

2., IS a finite input alphabet not containing the
blank symbol L

« [ Is finite set of tape symbols that includes 2 and
L commonly [' = 2 U {U}

e 0:QXI'— QXTI x{R,L}
* (o Starts, guccept ACCEPLS, G gject rejects
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The Turing description just given requires you to write a new symbol
and move off the current tape square

Post had a variant where
0: QXM= Qx(ITu{R,L})
Here, you either write or move, not both

Also, Post did not have an accept or reject state — acceptance is
giving an answer of 1; rejection is 0; this treats decision procedures
as predicates (functions that map input into {0,1})

The way we stop our machines from running is to omit actions for
some discriminants making the transition function partial

| tend to use Post’s notation and to create macros so machines are
easy to create

| am not a fan of having you build Turing tables
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We will use a simplified form that is a variant of Post’s models.

Here, each machine is represented by a finite set of states Q,
the S|mple alphabet {0,1}, where 0 is the blank symbol, and
each state transition is defined by a 4-tuple of form

gaxs

where g a is the discriminant based on current state q,
scanned symbol a; X can be one of {R, L, O, 1}, signifying
move right, move Ieft print 0, or 1; and s is theé new state.

Limiting the alphabet to {0,1} is not really a limitation. We can
represent a k-letter alphabet by encoding the J-th letter via |

1’ Sclln succession. A 0 ends each letter, and two 0’ s ends a
wor

We rarely write quads. Rather, we typically will build
machines from simple forms.
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R -- move right over any scanned symbol
L -- move left over any scanned symbol
e 0O --write a0 In current scanned square
 1--write al in current scanned square

« We can then string these machines together with
optionally labeled arc.

« A labeled arc signifies a transition from one part of the
composite machine to another, if the scanned square’s
content matches the label. Unlabeled arcs are
unconditional. We will put machines together without
arcs, when the arcs are unlabeled.

2/20/2020 © UCF CS 36



® -- move right to next O (not including current square)

.211...10... = ...?11...10... [ o | 1
£ -- move left to next O (not including current square)

011012, = ...011..17.... -
S C ¢

2/20/2020 © UCF CS
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* These machines can be used to move
over encodings of letters or encodings of
unary based natural numbers.

* In fact, any effective computation can
easily be viewed as being over natural
numbers. We can get the negative
Integers by pairing two natural numbers.
The first is the sign (O for +, 1 for -). The
second is the magnitude.

2/20/2020 © UCF CS
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A reasonably standard definition of a Turing
computation of some n-ary function F is to
assume that the machine starts with a tape
containing the n inputs, x1, ... , xn in the form

...01¥101%20...01*Q...
and ends with

...01¥101%20...01*01Y0...
where y = F(x1, ..., xn).

\
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Need the copy family of useful
submachines, where C, copies k-th

preceding value.
1

K

-

| f f
The add machine 1s then
C,C,L1®LO
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* Two tracks

* N tracks

* Non-deterministic ******xx*
 Two-dimensional

« K dimensional

* Two stack machines
 Two counter machines

2/20/2020 © UCF CS
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Register Machines

2"d Model
Feels Like Assembly Language



A register machine consists of a finite length program,
each of whose instructions is chosen from a small
repertoire of simple commandes.

The Instructions are labeled from 1 to m, where there are
m Instructions. Termination occurs as a result of an
attempt to execute the m+1-st instruction.

The storage medium of a register machine is a finite set
of registers, each capable of storing an arbitrary natural
number.

Any given register machine has a finite, predetermined
number of registers, independent of its input.
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* A register machine partially computing some n-
ary function F typically starts with its argument
values in registers 1 to n and ends with the
result in the O-th register.

* We extend this slightly to allow the computation
to start with values in its k+1-st through k+n-th
register, with the result appearing in the k-th
register, for any k, such that there are at least
k+n+1 registers.
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« Each instruction of a register machine is of
one of two forms:

INC,[i] -
Increment r and jJump to |I.

DECr[p1 Z] _
If register r > 0, decrement r and jump to p

else jump to z
* Note, we do not use subscripts if obvious.
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Addition (rO < rl1 +r2)

1. DECO[1,2] . Zero result (r0) and work (r3) registers
2. DEC3[2,3]

3. DEC1[4,6] . Add rl1to r0, saving original r1in r3
4. INCOQ[5]

5. INC3[3]

6. DEC3[7,8] . Restorerl

7. INC1[6]

8. DEC2[9,11] : Addr2to r0, saving originalr2inr3
9. INCO[10]

10.INC3[8]

11.DEC3[12,13] : Restorer2

12.INC2[11]

13. . Halt by branching here

In many cases we just assume registers, other those with input, are zero
at start. That would remove the need for instructions 1 and 2.
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Subtraction (rO « rl - r2, if r12r2; 0, otherwise)

DECO[1,2] . Zero result (r0) and work (r3) registers
DEC3[2,3]

DEC1[4,6] . Add rl1to r0, saving original r1in r3
INCO[5]

INC3[3]

DEC3J7,8] . Restorerl

INC1[6]

DEC2[9,11] : Subtract r2 from r0, saving original r2in r3
. DECO[10,10] : Note that decrementing 0 does nothing
10.INC3[8]

11.DEC3[12,13] : Restorer2

12.INC2[11]

13. . Halt by branching here

O©CONOUAWNE
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Factor Replacement
Systems

3'd Model
Deceptively Simple



A factor replacement system (FRS) consists of a finite
(ordered) sequence of fractions, and some starting
natural number X.

A fraction a/b Is applicable to some natural number X,
just in case x is divisible by b. We always chose the first
applicable fraction (a/b), multiplying it times x to produce
a new natural number x*a/b. The process is then
applied to this new number.

Termination occurs when no fraction is applicable.

A factor replacement system partially computing n-ary
function F typically starts with its argument encoded as
powers of the first n odd primes. Thus, arguments
x1,x2,...,xn are encoded as 3*'5%2...p*". The result
then appears as the power of the prime 2.
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Addition is 3¥15%2 pecomes 2*x1+x2

or, in more details, 203%¥15%2 pecomes 2x1*x2 3050
213
215

Note that these systems are sometimes presented as
rewriting rules of the form

bx — ax

meaning that a number that has can be factored as bx
can have the factor b replaced by an a.
The previous rules would then be written

3X — 2X
5X — 2X
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Limited Subtraction by FRS

Subtraction is 3*15%2 pecomes 2max(0.x1-x2)

35X = X
33X — 2X
X —> X

2/20/2020 © UCF CS
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* The ordering of rules are immaterial for the
addition example but are critical to the workings
of limited subtraction.

 In fact, If we ignore the order and just allow any
applicable rule to be used, we get a form of non-
determinism that makes these systems
equivalent to Petri nets.

 The ordered kind are deterministic and are
equivalent to a Petri net in which the transitions
are prioritized.
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To see why determinism makes a difference, consider

3-5x = X
3X — 2X
bx —> X

Starting with 135 = 3351, deterministically we get
135> 9=6=4=2?

Non-deterministically we get a larger, less selective set.

135= 9=6=4=22
135> 90=>60=>40=>8 =23
135= 45=3=2=21
135= 45=15=1=20
135> 45=15=5=1=20
135> 45=15=3=2=21
135= 45=9=6=4=22
135= 90=>60=>40=8=23

This computes 22 where 0 < z<x,. Think about it.
2/20/2020 © UCF CS
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In general, we might get an infinite set
using non-determinism, whereas
determinism might produce a finite set. To

see this consider a system
2X — X

2X — 4X
starting with the number 2.
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Present a Register Machine that computes IsOdd. Assume R1=x at
starts; at termination, set RO=1 if x is odd; O otherwise. We
assume RO=0 at start. We also are not concerned about destroying
Input.

1. DEC1[2, 4]

2. DEC1[1, 3]

3. INCO[4]

4.

Present a Factor Replacement System that computes IsOdd.
Assume starting number is 3*x; at termination, result is 2=2"1 if X
Is odd; 1= 2"0 otherwise.

3*3 X > X
3X—>2X
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Present a Factor Replacement System that computes IsPowerOf2.
Assume starting number is 3* 5; at termination, result is 2=21 if X is
a power of 2; 1= 29 otherwise

3%*5 x — 5*7 x

3*5*7 X —> X

3*5X > 2 X

OF7 X —> 7*11 X

7*11 x —> 3*11 x

11X —>5X

35X — X

7 X—X
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Systems Related to FRS

Petri Nets:

— Unordered

— Ordered

— Negated Arcs

Vector Addition Systems:

— Unordered
— Ordered

Factors with Residues:
—ax+c —» bx+d

Finitely Presented Abelian Semi-Groups
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« Finite number of places, each of which can hold zero of more
markers.

« Finite number of transitions, each of which has a finite number of
Input and output arcs, starting and ending, respectively, at places.

« A transition is enabled if all the nodes on its input arcs have at least
as many markers as arcs leading from them to this transition.

« Progress is made whenever at least one transition is enabled.
Among all enabled, one is chosen randomly to fire.

« Firing a transition removes one marker per arc from the incoming
nodes and adds one marker per arc to the outgoing nodes.
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A Petri Net starts with some finite number of markers distributed
throughout its n nodes.

« The state of the net is a vector of n natural numbers, with the i-th
component’s number indicating the contents of the i-th node. E.g.,
<0,1,4,0,6> could be the state of a Petri Net with 5 places, the 2nd,
3rd and 5th, having 1, 4, and 6 markers, resp., and the 1st and 4th
being empty.

« Computation progresses by selecting and firing enabled transitions.
Non-determinism is typical as many transitions can be
simultaneously enabled.

« Petri nets are often used to model coordination algorithms,
especially for computer networks.
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« A Petri Net is not computationally complete. In fact, its halting and
word problems are decidable. However, its containment problem
(are the markings of one net contained in those of another?) is not
decidable.

« A Petri net with prioritized transitions, such that the highest priority
transitions is fired when multiple are enabled is equivalent to an
FRS. (Think about it).

« A Petri Net with negated input arcs is one where any arc with a

slash through it contributes to enabling its associated transition only
If the node is empty. These are computationally complete. They can

simulate register machines. (Think about this also).

2/20/2020 © UCF CS
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« Start with a finite set of vectors in integer n-space.

« Start with a single point with non-negative integral
coefficients.

« Can apply a vector only if the resultant point has non-
negative coefficients.

« Choose randomly among acceptable vectors.

« This generates the set of reachable points.

« Vector addition systems are equivalent to Petri Nets.
 If order vectors, these are equivalent to FRS.
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« Each component of a point in n-space
represents the quantity of a particular
resource.

* The vectors represent processes that
consume and produce resources.

* The issues are safety (do we avoid bad
states) and liveness (do we attain a
desired state).

e Issues are deadlock, starvation, etc.

2/20/2020 © UCF CS
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 Rules are of form
—ax+c, > byx+d,
— There are n such rules

— Can apply if number is such that you get a residue
(remainder) c; when you divide by a,

— Take quotient X and produce a new number
b, X +d,
— Can apply any applicable one (no order)

* These systems are equivalent to Register
Machines.
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Abellan Semi-Group

S = (G, ¢) is a semi-group if

G Is a set, ¢ is a binary operator, and

1. Closure:lfx,y e Gthenxey € G

2. Associativity: x e (yez)=(X°y) ez
S is a monoid If

3. ldentity:dee GVx e Gleex=x°*e=X]
Sisagroup if

4. Inverse:VXx e GAx1e G[xtex=xex1=¢]
S Is Abelian If < is commutative

2/20/2020 © UCF CS
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« S =(G, ), asemi-group (monoid, group), is finitely
presented if there is a finite set of symbols, X, called the
alphabet or generators, and a finite set of equalities
(o, = B;), the reflexive transitive closure of which
determines equivalence classes over G.

* Note, the set G is the closure of the generators under the
semi-group’s operator e.

* The problem of determining membership in equivalence
classes for finitely presented Abelian semi-groups is
equivalent to that of determining mutual derivability in an
unordered FRS or Vector Addition System with inverses

for each rule.
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Recursive Functions

Primitive and u-Recursive



Primitive Recursive

An Incomplete Model



« The primitive recursive functions are defined by
starting with some base set of functions and
then expanding this set via rules that create new
primitive recursive functions from old ones.

 The base functions are:
C, (Xq5:e0sXp) = @ . constant functions
|3 (X g5 e0sXp) = X - identity functions
. aka projection
S(x) =x+1 . an increment function
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« Composition:
If G, Hy, ..., H, are already known to be primitive
recursive, then so is F, where
F(X15eeesXp) = G(H{(X 50005 Xp)y wen s H(Xq50005X,))
* lteration (aka primitive recursion):

If G, H are already known to be primitive recursive, then
so is F, where

F(O, X15-:05X) = G(Xqy-245Xp)

F(Y+1, Xq,..5X) = H(Y, Xq5--05X, F(Y, Xq50005X,))
We also allow definitions like the above, except iterating
on y as the last, rather than first argument.
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Addition & Multiplication

Example: Addition
+0,y) =11(y)
+(x+1,y) = H(X,y,+(X,y))
where H(a,b,c) = S(13(a,b,c))
Example: Multiplication
*(0,y) = Coly)
*(X+1,y) = H(X,y,*(X,y))
where H(a,b,c) = +(13 (a,b,c),1 2 (a,b,c))
=b+c =y +*(x)y) = (x+1)*y
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* Any time you have already shown some functions to be
primitive recursive, you can show others are by building
them up through composition

 Example#l: If g and h are primitive recursive functions
(prf) then so is f(x) = g(h(x)). As an explicit example
Add2(x) = S(S(x)) =x+2is a prf

« Example#2: This can also involve multiple functions and
multiple arguments like, if g, h and j are prf's then so is
f(x,y) = g(h(x), J(¥))
The problem with giving an explicit example here is that
Interesting compositions tend to also involve induction.
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« A function F can be defined inductively using existing
prf’s. Typically, we have one used for the basis and
another for building inductively.

« Example#1: We can build addition from successor (S)
x+0 = x (formally +(x,0) = I(x) )
X+y+1 = S(x+y) (more formally +(x,y+1) = S(+(X,y) )

« Example#2: We can build multiplication from addition
x*0 = 0 (formally *(x,0) = C,)
x*(y+1) = +(X,x*y)) (more formally *(x,y+1) = +(X,*(X,y)) )
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X+ 1:

X +1=35(x)
X —1:
0-1=0
(x+1)-1=xX
X +Y:
X+0=x

X+ (y+1) = (x+y) +1

X —Yy: I/ limited subtraction
X—=0=xX
X—=(y+1) = (x-y) -1
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X *YV:
Xx*0=0
X *(y+1l) =x*y + X

X!:

-dzl
(x+1)! = (x+1) * x!
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X == 0:

0==0=1

(y+1) ==0=0
X ==y:

x==y =((xX=-y) +(y—x)) ==
XSy :

XSy = (X —y) ==
X2Yy:

X2y = ySX
X>Y .

x>y = ~(x<Sy) /* See ~ on next page */
X<Y:

X<y = ~(x2y)
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~X:
~Xx =1-=x or (x==0)

signum(x): 1if x>0; 0 if x==
~(x==0)

X && y:
X&&Y = signum(x*y)

x|ly:
X[ly = ~((x==0) && (y==0))
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One case

g(x) if P(x)
f(x) =
h(x) otherwise

f(x) = P(x) * g(x) + (1-P(x)) * h(x)

Can use induction to prove this is true for all k>0, where

g1(x) if Py(x)
d,(X) If Py(X) && ~P4(X)
f(x) =
Ik (x) If P (X) && ~(Py(x) || ... || ~Py.1(X))
h(x) otherwise
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fx)=pnz(@z=sx)[P(z)]if3dsucha z,
= X+1, otherwise
where P(z) Is primitive recursive.

Can showf IS primitive recursive by
f(0) 1-P(0)

f(x+1) f(x) If f(X) S X
X+2-P(x+1)  otherwise
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fx) =pnz(@z<x)[P(z)]ifdsucha z,
= X, otherwise
where P(z) Is primitive recursive.

Can show f Is primitive recursive by

f(0) = O
fx+l)=pz(z=x)[P(2)]

2/20/2020 © UCF CS

80



X /ly:
x/I0 =0 . silly, but want a value
xl(y+1) = p z (z<x) [ (z+1)*(y+1) > X ]

X |y: xi1s adivisor of y
Xy = ((y//x) * X) ==
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firstFactor(x): first non-zero, non-one factor of x.
firstfactor(x)= pz (2sz=<x)[z|x],
O if none

ISPrime(X):
ISPrime(x) = firstFactor(x) == x && (x>1)

prime(i) = i-th prime:

prime(0) =2

prime(x+1) = u z(prime(x)< z <prime(x)!+1)[isPrime(z)]
We will abbreviate this as p; for prime(i)

2/20/2020 © UCF CS 82



XY
X0 =1
XMy+1) =X * XNy

exp(x,): the exponent of p; In number x.
exp(x,1) =pz (z<x) [ ~(p"(z+1) | x) ]
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* pair(x,y) =<x,y>=2* 2y +1)-1

 With Inverses
<z>, = exp(z+1,0)
<z>,=(((z+1)/12<z1)=1)12

* These are very useful and can be extended to
encode n-tuples

<X,y,z> = <X, <y,z> > (note: stack analogy)
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Prove that the pairing function <x,y>=2"x (2y +1) - 1
IS 1-1 onto the natural numbers.
Approach 1.

We will look at two cases, where we use the following
modification of the pairing function, <x,y>+1, which implies
the problem of mapping the pairing function to Z*.
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Case 1:

For x =0, <0,y>+1 = 29(2y+1) = 2y+1. But every odd
number is by definition one of the form 2y+1, where y=0;
moreover, a particular value of y is uniquely associated
with each such odd number and no odd number is
produced when x=0. Thus, <0,y>+1 is 1-1 onto the odd
natural numbers.
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Case 2:

For x > 0, <x,y>+1 = 2%(2y+1), where 2y+1 ranges over all odd number
and is uniquely associated with one based on the value of y (we saw
that in case 1). 2X must be even, since it has a factor of 2 and hence
2X(2y+1) is also even. Moreover, from elementary number theory, we
know that every even number except zero is of the form 2%z, where
x>0, z is an odd number and this pair X,y is unique. Thus, <x,y>+1 is 1-
1 onto the even natural numbers, when x>0.

The above shows that <x,y>+1 is 1-1 onto Z*, but then <x,y> is 1-1 onto
N, as was desired.
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Approach 2:

Another approach to show a function f over S is
1-1 onto T Is to show that

f-1(f(x)) = x, for arbitrary xeS and that
f (f* (2)) = z, for arbitrary zeT.

Thus, we need to show that

(<X, ¥y>1,<X,¥>,) = (X,y) for arbitrary (x,y)e XxX and
<<z>,,<z>,> =z for arbitrary ze \.
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Let x,y be arbitrary natural number, then <x,y> = 2X(2y+1)-1.
Moreover, <2*(2y+1)-1>; = Factor(2*(2y+1),0) = x, since 2y+1 must be
odd, and

<2X(2y+1)-1>, = ((2*(2y+1)/2"Factor(2X(2y+1),0))-1)/2 = 2y/2 = y.
Thus, (<x,y>;,<Xx,y>,) = (X,y), as was desired.

Let z be an arbitrary natural number, then the inverse of the pairing is
(<z>1,<z>))

Moreover, <<z>,,<z>,> = 2'<z>, *(2<z>,+1)-1
= 2"Factor(z+1,0)*(2*((z+1)/ 2"Factor(z+1,0))/2-1+1)-1

= 2"Factor(z+1,0)*( (z+1)/ 2"Factor(z+1,0))-1
=(z+1) -1
=z, as was desired.
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Show that prfs are closed under Fibonacci induction. Fibonacci
Induction means that each induction step after calculating the
base is computed using the previous two values, where the
previous values for f(1) are f(0) and 0O; and for x>1, f(x) is based on
f(x-1) and f(x-2).

The formal hypothesis is:
Assume g and h are already known to be prf, then so is f, where

f(0,x) = g(x);
f(1,x) = h(f(0,x), 0): and

f(y+2,x) = h(i(y+1,x), f(y.x))

Proof is by construction
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Let K be the following primitive recursive function, defined by induction
on the primitive recursive functions, g, h, and the pairing function.

K(0,x) = B(x)

B(x) = < g(x), Cy(x) > /[l this is just <g(x), 0>

K(y+1, x) = J(y, X, K(y,X))

J(Y,X,2) = <h(<z>, <z>,), <z>; >

Il this is < f(y+1,x), f(y,x)>, even though f is not yet shown to be prf!!
This shows K is prf.

fIs then defined from K as follows:
f(y,x) = <K(y,x)>; /I extract first value from pair encoded in K(y,x)
This shows it is also a prf, as was desired.
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u Recursive

4th Model

A Simple Extension to Primitive
Recursive



 All primitive recursive functions are algorithms
since the only iterator is bounded. That's a clear
limitation.

* There are algorithms like Ackerman’s function
that cannot be represented by the class of
primitive recursive functions.

 The class of recursive functions adds one more
iterator, the minimization operator (u), read “the
least value such that.”

2/20/2020 © UCF CS 93



« A1, j)=2jforj=1

« A(l, 1)=A(-1, 2) fori 22

« A(, ))=AG-1, A, j-1)) fori, j2 2

 Wilhelm Ackermann observed in 1928 that this is not a
primitive recursive function.

« Ackermann’s function grows too fast to have a for-loop
Implementation.

« The inverse of Ackermann’s function is important to analyze
Union/Find algorithm. Note: A(4,4) is a super exponential
number involving six levels of exponentiation. A(5,5) exceeds
the number of atoms in known universe

1 a(n) = AY(n,n) grows so slowly that it is less than 5 for any
value of n that can be written.
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e Start with a collection S of unrelated elements —
singleton equivalence classes

 Union(x,y), x and y are in S, merges the class
containing x ([x]) with that containing y ([y])

* Find(x) returns the canonical element of [X]
« Can see If x=y, by seeing if Find(x)==Find(y)
 How do we represent the classes?
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* Minimization:
If G is already known to be recursive, then
so Is F, where
F(x1,...,xn) = ny (G(y,x1,...,xn) == 1)
* \We also allow other predicates besides
testing for one. In fact any predicate that

IS recursive can be used as the stopping
condition.
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Equivalence of Models

Equivalency of computation by
Turing machines,

register machines,
factor replacement systems,
recursive functions



« Constructions do not, by themselves,
prove equivalence.

* To do so, we need to develop a notion of
an “instantaneous description” (id) of each
model of computation (well, almost as
recursive functions are a bit different).

* We then show a mapping of id’s between
the models.
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* An instantaneous description (id) is a finite description of
a state achievable by a computational machine, M.

« Each machine starts in some initial id, id,.

* The semantics of the instructions of M define a relation
—>u Such that, id; =,, i1d,,,, 120, If the execution of a
single instruction of M would alter M's state from id, to
id.,, or if M halts in state id, and id;,,=Id..

« =%, IS the transitive closure of =,

« =*, IS the reflexive transitive closure of =,
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For a register machine, M, an id is an s+1 tuple of the form
(1, ryy...,r' )y SPecifying the number of the next instruction to be
executed and the values of all registers prior to its execution.

For a factor replacement system, an id is just a natural number.

For a Turing machine, M, an id is some finite representation of the
tape, the position of the read/write head and the current state. This
IS usually represented as a string agxp, where a () is the shortest
string representing all non-blank squares to the left (right) of the
scanned square, X is the symbol at the scanned square and q is the
current state.

Recursive functions do not have id’s, so we will handle their
simulation by an inductive argument, using the primitive functions as
the basis and composition, induction and minimization in the
Inductive step.
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« Assume we have a machine M in one model of computation and a
mapping of M into a machine M’ in a second model.

« Assume the initial configuration of M is id, and that of M’ is id’,

« Define a mapping, h, from id’s of M into those of W’, such that,
R,y ={h(d) | d is an instance of an id of M }, and

— id’)=>*, h(idy), and h(id,) is the only member of Ry, in the
configurations encountered in this derivation.

— h(id)=>"yh(id;,,), 20, and h(id,,,) is the only member of R, in
this derivation.

The above, in effect, provides an inductive proof that

— idy=>*,, id implies id’;=*,,- h(id), and

— If id’y=*) id’ then either id;=*,, id, where id’ = h(id), or
id’ ¢ R,
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All Models are Equivalent

Equivalency of computation by
Turing machines, register machines,
factor replacement systems,
recursive functions



* We will now show
TURING £ REGISTER = FACTOR =
RECURSIVE = TURING
where, by A £ B, we mean that every
iInstance of A can be replaced by an
equivalent instance of B.

* The transitive closure will then get us the
desired result.
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TURING = REGISTER



« Assume that we have an n state Turing machine. Let
the states be numbered 0,..., n-1.

« Assume our machine is in state 7, with its tape
containing
...001010011q7000...

 The underscore indicates the square being read. We
denote this by the finite id
1010011970

 In this notation, we always write down the scanned
square, even if it and all symbols to its right are blank.
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* Anid can be represented by a triple of natural numbers,
(R,L,1), where R is the number denoted by the reversal
of the binary sequence to the right of the qi, L is the
number denoted by the binary sequence to the left, and |
IS the state index.

¢ S0,
...001010011q7000...
IS just (O, 83, 7).
...0010q9g5101100...
IS represented as (13, 2, 5).

« We can store the R part in register 1, the L part in
register 2, and the state index in register 3.
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1. DEC3J[2,90] . Go to simulate actions in state 0
2. DEC3J[3,91] . Go to simulate actions in state 1
n. DEC3[ERR,gn-1] : Go to simulate actions in state n-1
qj. IF_r1 _ODDI[qj+2] : Jump if scanning a1l

qj+1. JUMP[set_K] :1f (qj 00 gk) is rulein TM

gj+1. INC1[set K] 1 (qj 01 gk)isrulein T™M

qj+1. DIV _r1 BY 2 :1f (g O R gk) is rule in TM

MUL_r2_ BY 2
JUMP[set_K]
qj+1. MUL_r1l BY 2 2 1f (qj OL gk)isrulein TM
IF r2_ODD then INC1
DIV _r2_ BY_2[set K]

set_n-1. INC3[set_n-2] : Set r3to index n-1 for simulating state n-1
set_n-2. INC3[set_n-3] : Set r3to index n-2 for simulating state n-2
set_O. JUMP[1] : Set r3 to index O for simulating state O
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* Need epilog so action for missing quad
(halting) jumps beyond end of simulation
to clean things up, placing result in rO.

« Can also have a prolog that starts with
arguments In registers rl1 to rn and stores
valuesinrl, r2 and r3 to represent Turing
machines starting configuration.

2/20/2020 © UCF CS 108



Example assuming n arguments (fix as needed)

1. MUL_rn+1_BY_2[2] : Set rn+1 =11...10,, where, #1's =r1

2. DEC1[3,4] : rl will be setto O

3. INCn+1[1] ;

4. MUL_rn+1_BY_2[5] : Set rn+1 =11...1011...10,, where, #1's =r1, then r2
5. DEC2[6,7] : r2 will be set to O

6. INCn+1[4] ;

3n-2. DECn[3n-1,3n+1] : Setrn+1=11...1011...1011...1,, where, #1's = r1, r2,...
3n-1. MUL rn+1 BY 2[3n]: rn will besetto 0

3n. INCn+1[3n-2] ;

3n+l DECn+1[3n+2,3n+3] : Copy rn+ltor2,rn+lissetto 0

3n+2. INC2[3n+1] ;

3n+3. . r2 = left tape, rl = 0 (right), r3 = 0 (initial state)
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DEC3[1,2] : Set r3to O (Just cleaning up)
IF r1 ODDI[3,5] . Are we done with answer?
INCO[4] . putting answer in rO
DIV_rl BY 2[2] :stripalfromrl

. Answer is now in r0

gk Wb PE
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REGISTER < FACTOR



- This is a really easy one based on the fact that every member of Z*
(the positive integers) has a unique prime factorization. Thus all
such numbers can be uniquely written in the form

ki ko k;
Py Py P,
where the p,'s are distinct primes and the k;'s are non-zero values,
except that the number 1 would be represented by 2°.

 Let R be an arbitrary n+1-register machine, having m instructions.

Encode the contents of registers r0,...,rn by the powers of pg,...p, -
Encode rule number's 1,...,m by primes p,.,1 s--+s Prn+m

Use p,.m+1 @S prime factor that indicates simulation is done.
« This is, in essence, a Godel number of the RM'’s state.
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* Now, the J-th Instruction (1sjsm) of R has
associated factor replacement rules as follows:

i. INCr[i]

pn+jX —> pn+iprx
]. DECr]s, f]

pn+jprx — pn+sx

pn+jX —> pn+fX

« We also add the halting rule associated with
m+1 of
Pram+1X —> X
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 The relative order of the two rules to
simulate a DEC are critical.

« To test If register r has a zero Iin it, we, In
effect, make sure that we cannot execute
the rule that is enabled when the r-th
prime Is a factor.

* If the rules were placed in the wrong order,
or iIf they weren't prioritized, we would be
non-deterministic.
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Present a Register Machine that computes IsOdd. Assume R1=x at
starts; at termination, set RO=1 if x is odd; O otherwise. We
assume RO=0 at start. We also are not concerned about destroying
Input.

1. DEC1[2, 4]

2. DEC1[1, 3]

3. INCO[4]

4.

Present a Factor Replacement System that computes IsOdd.
Assume starting number is 3*x; at termination, result is 2=2"1 if X
Is odd; 1= 2"0 otherwise.

3*3 X > X
3X—>2X
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Consider the simple machine to compute

rO:=rl1 —r2 (limited)

1.

ok Wi

2/20/2020

DEC2
DEC1
DEC1

2,3]
1.1

4.5

INCO[3]
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Start with 3x5Y7
fe3x —> 11X
7 X — 13X
1M1e3x > 77X
11 X —> /X
133x > 17X
13 X — 19X
17 x — 132X
19 x —> X
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 If we don't obey the ordering here, we could take
an input like 3°527 and immediately apply the
second rule (the one that mimics a failed
decrement).

« We then have 3°5213, signifying that we will
mimic instruction number 3, never having
subtracted the 2 from 5.

* Now, we mimic copying rl to rO and get 2°5219 .

* We then remove the 19 and have the wrong
answer.
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FACTOR < RECURSIVE



 In the process of doing this reduction, we will
build a Universal Machine.

* This Is a single recursive function with two
arguments. The first specifies the factor system
(encoded) and the second the argument to this
factor system.

 The Universal Machine will then simulate the
given machine on the selected input.
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* Let (n, ((a.by), (@z,by), ... ,(ay,by)) be
some factor replacement system, where
(a;,b;) means that the iI-th rule Is

ax — b
* Encode this machine by the number F,

2'P5>7%11%..p* p>p, . P,
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We can determine the rule of F that applies to x by

RULE(F, x) =pnz(1=z=<exp(F, 0)+1) [ exp(F, 2*z-1) | x ]
Note: exp(F,2%*i-1) = a, where a is the exponent of the prime factor
P, Of F.

If X is divisible by a;, and i is the least integer, 1<isn, for which this is
true, then RULE(F,x) = 1.

If X is not divisible by any a;, 1<isn, then x is divisible by 1, and
RULE(F,x) returns n+1. That's why we added p,,,.1 Ponqo-

Given the function RULE(F,x), we can determine NEXT(F,x), the
number that follows x, when using F, by

NEXT(F, x) = (x // exp(F, 2*RULE(F, x)-1)) * exp(F, 2*RULE(F, X))
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Simulation by Recursive # 2

« The configurations listed by F, when started on x, are
CONFIG(F, x, 0) =X
CONFIG(F, x, y+1) = NEXT(F, CONFIG(F, x, y))

« The number of the configuration on which F halts is
HALT(F, x) = py [CONFIG(F, x, y) == CONFIG(F, x, y+1)]

This assumes we converge to a fixed point as our
means of halting. Of course, no applicable rule meets
this definition as the n+1-st rule divides and then
multiplies the latest value by 1.
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* A Universal Machine that simulates an arbitrary Factor
System, Turing Machine, Register Machine, Recursive
Function can then be defined by

Univ(F, x) = exp (CONFIG ( F, x, HALT (F, x) ), 0)

« This assumes that the answer will be returned as the
exponent of the only even prime, 2. We can fix F for any
given Factor System that we wish to simulate. It is that
ability that makes this function universal.
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e 203a5b — pab
3*5x > x or 1/15
5x > x or 1/5
3X > 2x or 2/3

e Encode F=2331551757111133172191 231

e Consider a=4, b=2

 RULE(F,X)=pz(1<z<4)[exp(F, 2*z-1) | x]
RULE (F,345%) =1, as 15 divides 34 52

 NEXT(F, x) = (x /l exp(F, 2*RULE(F, x)-1)) * exp(F, 2*RULE(F, X))
NEXT(F,345%) =(345%//15* 1) = 3351
NEXT(F,3351)=(3351//15*1) =32
NEXT(F,3%) = (3% // 3*2)=2131
NEXT(F, 213%) = (2131 [/ 3 * 2) = 22
NEXT(F, 29) =(22//1*1) =22
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« CONFIG(F, x, 0) =x

CONFIG(F, x, y+1) = NEXT(F, CONFIG(F, X, y))
 CONFIG(F,3452,0) = 3452

CONFIG(F,34 5%,1) = 3351

CONFIG(F,34 52,2) = 32

CONFIG(F,34 52,3) = 2131

CONFIG(F,34 5%,4) = 272

CONFIG(F,34 52,5) = 22
 HALT(F, x)=uy[CONFIG(F,X,y)==CONFIG(F,x,y+1)] =4

 Univ(F, x) = exp (CONFIG (F, x, HALT (F, x)), 0)
= exp(2%,0)=2
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* A side result Is that every computable
(recursive) function can be expressed In
the form

F(x) = G(ny H(x,y))

where G and H are primitive recursive.
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RECURSIVE < TURING



« Our notion of standard Turing computability of
some n-ary function F assumes that the
machine starts with a tape containing the n
Inputs, x1, ..., Xn in the form
...01x101x20...01*"0...
and ends with
...01X101x20...01*"01Y0...

where y = F(x1, ..., Xn).
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 To build our simulation we need to construct some useful
submachines, in addition to the ®, £, R, L, and C, machines already

defined.

- T --translate moves a value left one tape square
...20170... = ...21%00... R1IRLO

« Shift -- shift a rightmost value left, destroying value to its left

...01¥101:20... = ...01%20... C .. ]
LL 0T

| 1
5 T
* Rot, -- Rotate a k value sequence one slot to the Teft
...01¥101%20...01%0... I—‘I_k+1—kk
= ...01x20...01*01x10... R—— R 1L oTX K-
‘ k -k
5 LT L
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All Basis Recursive Functions are Turing
computable:

o C_M(Xqy0eeyXy) = @

(R1)2R
* 1 (Xg5eeesXp) =X

Cn-i+1
¢ S(X) =x+1

C,1R
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If G, Hy, ..., H, are already known to be Turing computable, then so
IS F, Where

F(X15ee5X1) = G(HL(X1y0045Xp)5 oen » HK(X{50445X1))

To see this, we must first show that if E(X,...,X,) is Turing
computable then so is

E<mM>(X1,..05X, YiseensYm) = E(Xqy-205X})

This can be computed by the machine

£ (Rot,, )" ®*M E M+l (Rot,, )™ @M+l
Can now define F by

H, H,<1> H,<2> ... H,<k-1> G Shiftk
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To prove that Turing Machines are closed under induction (primitive
recursion), we must simulate some arbitrary primitive recursive function
F(Y,X{,X,, ..., X,) ON @ Turing Machine, where

F(O, X{,X5, -.., X)) = G(Xq,Xs, -\ Xp)

F(y+1, X{,X5, ..., X)) = H(Y, X1,X5, ..y X0, F(Y,X,Xs, ...y X))

Where, G and H are Standard Turing Computable. We define the
function F for the Turing Machine as follows:

0 R+
T—l O®**H Shift £1

G L
:

Since our Turing Machine simulator can produce the same value for
any arbitrary PRF, F, we show that Turing Machines are closed under
Induction (primitive recursion).

2/20/2020 © UCF CS 133



If G Is already known to be Turing
computable, then so is F, where

F(Xl!""xn) = Hy (G(Xl!"'!xn’ y) —= 1)

This can be done by
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 Theorem: The computational power of
Recursive Functions, Turing Machines, Register
Machine, and Factor Replacement Systems are
all equivalent.

* Theorem: Every Recursive Function (Turing
Computable Function, etc.) can be performed
with just one unbounded type of iteration.

« Theorem: Universal machines can be
constructed for each of our formal models of
computation.
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Undecidability

We Can’ t Do It All



Let's go over some important facts to this point:

1.
2.

3.

>* denotes the set of all strings over some finite alphabet X

| Z* | = |M, where Nis the set of natural numbers = the smallest
Infinite cardinal (the countable infinity)

A language L over X is a subset of £*; that is, L € P(X*) = 2%
Here P denotes the power set constructor

| L | is countable because L < ¥* (thatis, |L|<|Z*| =|4#)

| 2* | < | P(Z*) | (uncountable infinity) implies there are an
uncountable number of languages over a given alphabet, X.

A program, P, in some programming language L, can be
represented as a string over a finite alphabet, X, that obeys the
rules of constructing programs defined by L. As P € 5%, there are

at most a countably infinite number of programs that can be formed
In the language L.
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1. Each program, P, in a programming language L, defines a function, Fg:
X* > Xo* where %, is the input alphabet and % is the output alphabet.

8. F- defines an input language P, for which FP is defined (halts and
produces an output). This is referred to as its domain in our terminology
(%, is its universe of discourse). The range of Fp, P, is the set of outputs.
Thatis, Po={y|3xinP,andy =F; (X) }

9. Since there are a countable number of programs, P, there can be at most
a countable number of functions F; and consequently, only a countable
number of distinct input languages and output languages associated with
programs in L. Thus, there are only a countable number of languages
(input or output) that can be defined by any program, P.

10. But, there are an uncountable number of possible languages over any
given alphabet — see 3 and 5.

11. Thus there must be languages over a given alphabet that have no
descriptions — in terms of a program — or in terms of an algorithm. Thus,
there are only a countably infinite number of languages that are
computable among the uncountable number of possible languages.
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1. Programming languages that we use as software developers are in a sense

“‘complete.” By complete we mean that they can be used to implement all

procedures that we think are computable (definable by a computational

model that we can “agree” covers all procedural activities).

Challenge: Why did | say “agree” rather than “prove”?

We mostly like programs that halt on all input (we call these algorithms), but

we know it's always possible to do otherwise in every programming

language we think is complete (C, C++, C#, Java, Python, et al.)

4. We can, of course, define programming languages that define only
algorithms.

5. Unfortunately, we cannot define a programming language that produces all

and only algorithms (all and just programs that always halt).

The above (#5) is one of the main results shown in this course

However, before focusing on #5 we should recall that finite-state, push

down and linear bounded automata are computational models that produce

only algorithms (when we monitor the latter two for loops) — it’s just that

these get us a subset of algorithms.

W N

~N o
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Given an arbitrary program P, in some language L, and
an input x to P, will P eventually stop when run with input
X?

The above problem is called the “Halting Problem.”
Book denotes the Halting Problem as Ay,

It is clearly an important and practical one — wouldn't it
be nice to not be embarrassed by having your program
run “forever” when you try to do a demo for the boss or
professor? Unfortunately, there’'s a fly in the ointment as
one can prove that no algorithm can be written in L that
solves the halting problem for L.
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We will say that a procedure, f, converges on input x if it eventually
halts when it receives x as input. We denote this as f(x)4..

We will say that a procedure, f, diverges on input x if it never halts
when it receives x as input. We denote this as f(x)T.

Of course, if f(x)¥ then f defines a value for x. In fact we also say
that f(x) is defined if f(x)J and undefined if f(x)T.

Finally, we define the domain of f as {x | f(x){}.
The range of f is {y | there exists an x, f(x)4 and f(x) =y }.
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Any programming language needs to have an
associated grammar that can be used to generate all
legitimate programs.

By ordering the rules of the grammar in a way that
generates programs in some lexical or syntactic order,
we have a means to recursively enumerate the set of all
programs. Thus, the set of procedures (programs) is re.

Using this fact, we will employ the notation that ¢, Is the
X-th procedure and @, (y) Is the x-th procedure wrtyh Input
y. We also refer to x as the procedure’s index.
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First, we can all agree that any complete model of
computation must be able to simulate programs in its
own language. We refer to such a simulator (interpreter)
as the Universal machine, denote Univ. This program
gets two inputs. The first is a description of the program
to be simulated and the second of the input to that
program. Since the set of programs in a model is re, we
will assume both arguments are natural numbers; the
first being the index of the program. Thus,

Univ(x.,y) = ox(y)
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Assume we can decide the halting problem. Then there exists some total
function Halt such that

1 If @, (y) is defined
Halt(x,y)

0 if @, (y) is not defined

Now we can view Halt as a mapping from Ninto N by treating its input as a
single number representing the pairing of two numbers via the one-one onto
function pair discussed eatrlier.

pair(x,y) = <x,y>=2* 2y +1)-1

with inverses
<z>, = exp(z+1,1)

<z>,=(((z+1)//2<z1)-1)II2
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Now if Halt exist, then so does Disagree, where

0 if Halt(x,x) = 0, i.e, if @,(X) is not defined
Disagree(x) =

ny (y == y+1) if Halt(x,x) = 1, i.e, if ¢,(x) is defined

Since Disagree is a program from Ninto N , Disagree can be
reasoned about by Halt. Let d be such that Disagree = [d], then
Disagree(d) is defined < Halt(d,d) =0

< @y4(d) is undefined

< Disagree(d) is undefined

But this means that Disagree contradicts its own existence. Since
every step we took was constructive, except for the original
assumption, we must presume that the original assumption was In
error. Thus, the Halting Problem (A+,,) is not solvable.
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While the Halting Problem is not solvable, it is re, recognizable or
semi-decidable.

To see this, consider the following semi-decision procedure. Let P
be an arbltrary procedure and let x be an arbitrary natural number.
Run the procedure P on input x until it stops. If it stops, say “yes.” If
P does not stop, we will provide no answer. This semi-decides the
Halting Problem. Here is a procedural description.

Semi_Decide Halting() {
Read P, x;
P(x);
Print “yes”;
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Includes comment on our notation
versus that of others



« Others consider functions of n arguments, whereas we
had just one. However, our input to the FRS was actually
an encoding of n arguments.

« The fact that we can focus on just a single number that is
the encoding of n arguments is easy to justify based on
the pairing function.

« Some presentations order arguments differently, starting
with the n arguments and then the Godel number of the
function, but closure under argument permutation follows
from closure under substitution.
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o @M(f, Xy,...,%,) = Univ (f, T1.p)

* We will sometimes adopt the above and
also its common shorthand

O (X yeeesX) = O, Xqyena0X,)
and the even shorter version

Pr(X15eesX) = OO(F, Xqpua0sX,)
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* Our CONFIG Is essentially a snapshot
function as seen In other presentations of
a universal function
SNAP(f, x, t) = CONFIG(f, x, t)

* Termination in our notation occurs when
we reach a fixed point, so
TERM(f, X) = (NEXT(f, x) == x)

« Again, we used a single argument but that can
be extended as we have already shown.
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« STP(f, x1,...,xn, t ) Is a predicate defined
to be true iff ¢; (x1,...,xn) converges in at
most t steps.

« STP Is primitive recursive since It can be
defined by

STP(f, X, t ) = TERM(f, CONFIG(f, X, 1) )

Extending to many arguments is easily done as
before.
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 VALUE(f, x1,...,xn, t) Is a primitive
recursive function (algorithm) that returns
@; (x1,...,xn) so long as
STP(f, x1,...,xn, t ) Is true.

 VALUE(f, x1,...,xn, t) =
exp (CONFIG ( F, x, t), 0)

« VALUE(f, x1,...,xn, t) returns a value Iif

STP(f, x1,...,xn, t) Is false, but the
returned value Is meaningless.
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Recursively Enumerable

Properties of re Sets



« Some texts define re in the same way as | have defined
semi-decidable.

S ¢ X is semi-decidable iff there exists a partially
computable function g where

S={xe&|gxN}
| prefer the definition of re that says

Sc NXisreiff S = @ or there exists a totally computable
function f where

S={y|3Ixf(x)==y}
« We will prove these equivalent. Actually, f can be a
primitive recursive function.
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Theorem: Let S be semi-decided by Gs. Assume
Gg Is the gs—th function in our enumeration of
effective procedures. If S =@ then Sis re by
definition, so we will assume wlog that there Is
some a € S. Define the enumerating algorithm
Fs by
Fo(<x,t>) = X *STP(ge, X, t)

+a* (1-STP(g., X, t))

Note: F¢ Is primitive recursive and it enumerates
every value in S infinitely often.
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Theorem: By definition, Sis re iff S == @ or there
exists an algorithm Fg, over the natural numbers
&, whose range Is exactly S. Define

py [y ==y+1] if S ==

Ys(X) =
Ay[F<s(y)==X], otherwise

"his achieves our result as the domain of yg Is
the range of Fg, or empty if S == @. Note that
this is an existence proof in that we cannot test If
== ()
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Corollary: S is re/semi-decidable iff S is the
domain / range of a partial recursive predicate
Fe.

Proof. The predicate ys we defined earlier to semi-

decide S, given its enumerating function, can be
easily adapted to have this property.

wy [y ==y+1] 1fS==0

Ys(X) =
X * 3y[Fs(y)==X], otherwise
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Theorem: Recursive implies re.

Proof. S Is recursive implies there is a total
recursive function fg such that

S={xeN|f.(x)==1}

Define g4(x) = py (fs(x) == 1)

Clearly

dom(gs) ={x e ¥ | gs(x}
={xeN [T, (x)==1}
=S
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Theorem: Sis re iff S is semi-decidable.
Proof: That's what we proved.

Theorem: S and ~S are both re (semi-decidable)
Iff S (equivalently ~S) is recursive (decidable).

Proof: Let fg semi-decide S and fo, semi-decide ~S. We can
decide S by g¢

0s(X) = STP(fg, x, ut (STP(fs, X, t) || STP(fg ,X, 1))
~S Is decided by gg:(X) = ~gs(x) = 1- gs(X).

The other direction is immediate since, if S is decidable
then ~S is decidable (just complement gs) and hence
they are both re (semi-decidable).

2/20/2020 © UCF CS 159



 Define
W, . ={x e Nl(p(n,x)i«}
* Theorem: A set B Is re Iff there exists an n

such that B = W,,.
Proof: Follows from definition of ¢(n,X).

* This gives us a way to enumerate the
recursively enumerable sets.

* Note: We will later show (again) that we
cannot enumerate the recursive sets.
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e K={neX|neW, }
* Note that
n e W, < o(n,n¥ < HALT(n,n)

* Thus, K Is the set consisting of the indices
of each program that halts when given its
own index

« K can be semi-decided by the HALT
predicate above, so itis re.
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 Theorem: We can prove this by showing
~K IS not re.

 [f ~K Is re then ~K = W,, for some I.

« However, this Is a contradiction since
leKoileWolie~-KesigK
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Theorem: If S # & then the following are equivalent:
Sisre

S is the range of a primitive rec. function

S Is the range of a recursive function

S is the range of a partial rec. function

S Is the domain of a partial rec. function

S is the range/domain of a partial rec. function whose domain
IS the same as its range and which acts as an identity when it
converges. Below, assume fg enumerates S.

Os(X) = x*STP(fg, x, ut (STP(fg, X, 1)) or

Os(X) = x* 3t STP(fg, X, t)

R o A
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S-m-n Theorem



 Theorem: For each n,m>0, there is a prf
S,,"(y, Uq,...,u,) such that

OMM(Y, XqyeeesX s Uggenn,U)
= (P(m)(smn(y’uls---sun)’ Xla---a Xm)
* The proof of this is highly dependent on
the system in which you proved
universality and the encoding you chose.
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*  We would need to create a new FRS, from an existing one F, that
fixes the value of u; as the exponent of the prime p,...

« Sketch of proof:
Assume we normally start with p** ... p,*" p"t ... Pran" ©
Here the first m are variable; the next n are fixed; ¢ denotes prime
factors used to trigger first phase of computation.
Assume that we use fixed point as convergence.
We start with just p,*! ... p,*™, with g the first unused prime.

gax—>qpx replaces a x— B x in F, for each rule in F
gX—>qXx ensures we loop at end
X >0 Pmer"t oes Pnn" X

adds fixed input, start state and q

this is selected once and never again

Note: g = prime(max(n+m, lastFactor(Product[i=1to r] o B;))+1)
where r is the number of rules in F.
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The number of F (called F, also) is 2"3215P1, .. p,, ;3P P°r

Sm,n(F’ ula--'un) = 2r+23qxa15qxb1___pzr_quarpzrqxbr

Ui ... u

This represents the rules we just talked about. The first
added rule pair means that if the algorithm does not use
fixed point, we force it to do so. The last rule pair is the
only one Initially enabled and it adds the prime q, the
fixed arguments uy,...u,, the enabling prime q, and the ¢
needed to kick start computation. Note that o could be a
1, iIf no kick start is required.

Sin=S,," is clearly primitive recursive. I'll leave the
precise proof of that as a challenge to you.
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Quantification 1 &2



« S is decidable iff there exists an algorithm x¢ (called S’s
characteristic function) such that
X €S ys(X)
This is just the definition of decidable.

« Sis re iff there exists an algorithm Ag where
X € S & dt Ag(X,t)
This is clear since, If g Is the index of the procedure yq
that semi-decides S then
X € S<& Jt STP(gg, X, 1)
So, Ag(X,t) = STPgg( X, 1), where STPgq IS the STP
function with its first argument fixed.

 Creating new functions by setting some one or more
arguments to constants is an application of S,,".
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« Sisre Iff there exists an algorithm Ag such that
X g S Vi Ag(X,t)
This is clear since, if gg Is the index of the procedure yg
that semi-decides S, then
X ¢ S ~dt STP(gg, X, t) © Vt ~STP(gg, X, 1)
So, Ag(x,t) = ~STPgg( X, t), where STPyq Is the STP
function with its first argument fixed.

* Note that this works even if S is recursive (decidable).
The important thing there is that if S is recursive then it

may be viewed in two normal forms, one with existential
guantification and the other with universal quantification.

- The complement of an re set is co-re. A set is recursive
(decidable) iff it is both re and co-re.
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Diagonalization and
Reducibility



 There are even “practical” problems that are worse than
unsolvable -- they're not even semi-decidable.

« The classic non-re problem is the Uniform Halting
Problem, that is, the problem to decide of an arbitrary
effective procedure P, whether or not P Is an algorithm.

« Assume that the algorithms can be enumerated, and that
F accomplishes this. Then

F(x) = F,

where F,, F;, F,, ... Is a list of all the algorithms
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* Define G(x)=Univ (FX),x)+1=0p(F(x),x)+1 =F(x)+1

« But then G is itself an algorithm. Assume it is the g-th one
F9)=Fg=G
Then, G(g)=F,9)+1=G(g) +1

 But then G contradicts its own existence since G would need to be
an algorithm.

« This cannot be used to show that the effective procedures are non-
enumerable, since the above is not a contradiction when G(g) is
undefined. In fact, we already have shown how to enumerate the
(partial) recursive functions.
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* The listing of all algorithms can be viewed
as

TOT={f e & | Vxof, x)¥ }
 We can also note that

TOT={fe N |W, =)

* Theorem: TOT Is not re.
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 To capture all the algorithms, any model of computation
must include some procedures that are not algorithms.

« Since the potential for non-termination is required, every
complete model must have some form of iteration that is
potentially unbounded.

* This means that simple, well-behaved for-loops (the kind
where you can predict the number of iterations on entry
to the loop) are not sufficient. While type loops are
needed, even if implicit rather than explicit.
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Insights



 No generative system (e.g., grammar) can produce
descriptions of all and only algorithms

« No parsing system (even one that rejects by
divergence) can accept all and only algorithms

« Of course, if you buy Church’ s Theorem, the set of all
procedures can be generated. In fact, we can build an
algorithmic acceptor of such programs.
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« How do you achieve divergence, I.e., what are the
various means of unbounded computation in each of
our models?

« GOTO: Turing Machines and Register Machines

« Minimization: Recursive Functions
—  Why not primitive recursion/iteration?

Fixed Point: (Ordered) Factor Replacement Systems
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|t sometimes doesn’t matter

— Turing Machines, Finite-State Automata,
Linear Bounded Automata

* It sometimes helps
— Push Down Automata

* It sometimes hinders
— Factor Replacement Systems, Petri Nets

2/20/2020 UCF @ CS 179



Reducibility



 Proofs by contradiction are tedious after you’ ve
seen a few. We really would like proofs that
build on known unsolvable problems to show
other, open problems are unsolvable. The
technique commonly used is called reduction. It
starts with some known unsolvable problem and
then shows that this problem is no harder than
some open problem in which we are interested.
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The issues with diagonalization are that it is tedious and is
applicable as a proof of undecidability or non-re-ness for only
a small subset of the problems that interest us.

Thus, we will now seek to use reduction wherever possible.

To show a set, S, is undecidable, we can show it is as least
as hard as the set K,. That is, K, £ S. Here the mapping used
In the reduction does not need to run in polynomial time, it just
needs to be an algorithm.

To show a set is co-re, non-recursive, we can show it is the
complement of an re, non-recursive set.

To show a set, S, is not re and not even co-re, we can show it
IS as least as hard as the set TOTAL (the set of algorithms).
That is, TOTAL = S. We can also do this by showing it is the
complement of a non-re, non-co-re set.

2/20/2020 © UCF CS 182



We can show that the set K, (Halting) is no harder than
the set TOTAL (Uniform Halting). Since we already
know that K, Is unsolvable, we would now know that
TOTAL is also unsolvable. We cannot reduce in the
other direction since TOTAL is in fact harder than K.

Let o be some arbitrary effective procedure and let x be
some arbitrary natural number.

Define F,(y) = oe(X), forall y € ¥
Then F, is an algorithm if and only if ¢ halts on x.

Thus, K, £ TOTAL, and so a solution to membership in
TOTAL would provide a solution to K,, which we know is
not possible.
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In all cases below we are assuming our variables are over .

HALT = { <f,x> | o; (X)¥ } is unsolvable (undecidable, non-recursive)
TOTAL = {f| vx @; (X)¥ } = {f| W; =N} is not even recursively
enumerable (re, semidecidable)

« Show ZERO = {f| ¥x ¢@; (X) = 0 } is unsolvable.
<f,x> e HALT iff g(y) = ¢; (X) - ¢; (X) is zero for all y.
Thus, <f,x> € HALT iff g € ZERO (really the index of g).
A solution to ZERO implies one for HALT, so ZERO is unsolvable.

« Show ZERO = {f]| Vx ¢; (X) =0 } Is non-re.
f € TOTAL iff h(x) = o: (X) - ¢ (X) IS zero for all x.
Thus, f € TOTAL iff h € ZERO (really the index of h).
A semi-decision procedure for ZERO implies one for TOTAL, so
ZERO is non-re.
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 The universal language
Ko=L,={<f x>] ¢ (X)Is defined }

* Membership problem for L is the Halting Problem.
- ThesetslL,,andL, where

NON-EMPTY =L, ={f |3 x ¢; (X) }
EMPTY =L, ={f|Vxe (x) T}

are the next ones we will study.
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* L,.Is enumerated by

F(<f, x,t>)=1t*STP(f, x,1)

* This assumesthatOisinL, since 0 probably
encodes some trivial machine. If this isn’t SO,
we’'ll just slightly vary our enumeration of the
recursive functions so it is true.

* Thus, the range of this total function F Is exactly
the indices of functions that converge for some
input, and that's L,....
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Note in the previous enumeration that F is a function of
just one argument, as we are using an extended pairing
function <x,y,z> = <x,<y,z>>.

* Now L, cannot be recursive, for if it were then L (K) IS
recursive by the reduction we showed before.

 In particular, from any index x and input y, we created a
new function which accepts all input just in case the x-th
function accepts y. Recall F,(y) = @oe(x), forall y € ¥.

* Hence, this new function’s index is in L, . just in case
<X,y> isinL, (K.

* Thus, a decision procedure for L, (equivalently for L)
implies one for L, (K,).
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« Can do by observing that

fel,o3<xt>STP(f, x,t)

* By our earlier results, any set whose
membership can be described by an existentially
guantified recursive predicate Is re (semi-

decidable).
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* If L, were re, then L, . would be recursive
since it and its complement would be re.

» Can also observe that L, Is the
complement of an re set since

fel, ©V<xt>~STP(f,x,1)

< ~3 <x,t> STP( f, x, 1)
ofel,,
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Reduction and Equivalence

m-1, 1-1, Turing Degrees



« Let A and B be two sets.

 We say A many-one reduces to B,
A <. B, If there exists a total recursive function f
such that
Xe Asf(x)eB

 We say that A Is many-one equivalent to B,
A= B IfAL BandB <, A

e Sets that are many-one equivalent are in some
sense equally hard or easy.
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* The relationship A =, B is an equivalence
relationship (why?)

* If A=, B, we say A and B are of the same
many-one degree (of unsolvability).

« Decidable problems occupy three m-1 degrees:
J, N, all others.

* The hierarchy of undecidable m-1 degrees is an
infinite lattice (I'll discuss in class)
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« Let A and B be two sets.

* We say A one-one reduces to B, A <, B,
If there exists a total recursive 1-1 function f
such that
Xe Asf(x)eB

 We say that A Is one-one equivalent to B,
A= B, IfAL,BandB < A

« Sets that are one-one equivalent are in a strong
sense equally hard or easy.
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« The relationship A =, B Is an equivalence
relationship (why?)

« If A=, B, we say A and B are of the same one-
one degree (of unsolvability).

« Decidable problems occupy infinitely many 1-1
degrees: each cardinality defines another 1-1
degree (think about It).

* The hierarchy of undecidable 1-1 degrees is an
Infinite lattice.
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« Let A and B be two sets.

 We say A Turing reduces to B, A £, B, if the
existence of an oracle for B would provide us
with a decision procedure for A.

« We say that A Is Turing equivalent to B,
A=B,IfALBandB < A

« Sets that are Turing equivalent are in a very
loose sense equally hard or easy.
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* The relationship A =, B is an equivalence
relationship (why?)

* If A= B, we say A and B are of the same Turing
degree (of unsolvability).

« Decidable problems occupy one Turing degree.
We really don’t even need the oracle.

* The hierarchy of undecidable Turing degrees is
an infinite lattice.
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« AsetCisre 1-1 (m-1, Turing) complete if, for
anyresetA, A< (5,,%)C.

 The set HALT Is an re complete set (in regard to
1-1, m-1 and Turing reducibility).

* The re complete degree (Iin each sense of
degree) sits at the top of the lattice of re
degrees.
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e Halt=Ky=L,={<f, x>| o (x) 4}

« Let A be an arbitrary re set. By definition, there exists an
effective procedure @, such that dom(¢g,) = A. Put
equivalently, there exists an index, a, such that A = W.,.

« X € Alff x e dom(q,) Iff (pa(x)»l« Iff <a,x> e K,

* The above provides a 1-1 function that reduces A to K,
(A <, Ko)

* Thus the universal set, Halt = K, =L, Isanre
(1-1, m-1, Turing) complete set.
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K={f]|@sf)is defined }

« Define f,(y) = @:(x), for all y. The index for f, can be
computed from f and x using S, ;, where we add a

dummy argument, y, to @;. Let that index be f,. (Yeah,
that's overloading.)

« <f,x>e K, Iff x € dom(Qy) iff ‘v’y[(pfx(y)i«] Iff f, e K.

* The above provides a 1-1 function that reduces K, to K.

* Since K, is an re (1-1, m-1, Turing) complete set and K
IS re, then K is also re (1-1, m-1, Turing) complete.

2/20/2020 © UCF CS 199



Quantification # 3 and the
Overall Picture



 The Uniform Halting Problem was already
shown to be non-re. It turns out its complement
IS also not re. We'll cover that later. In fact, we
will show that TOT requires an alternation of
guantifiers. Specifically,

fe TOTe VX3t (STP(f, x,t))

and this is the minimum gquantification we can
use, given that the quantified predicate is total
recursive (actually primitive recursive here).
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UNIVERSE OF SETS

RE- R
Complete RE E CO'RE

C

NRNC

NonRE = (NRNC U Co-RE) - REC



Reduction and Rice’s



« Let P be some set of re languages, e.g. P ={ L | L is infinite re }.

- We call P a property of re languages since it divides the class of all
re languages into two subsets, those having property P and those
not having property P.

« P is said to be trivial if it is empty (this is not the same as saying P
contains the empty set) or contains all re languages.

« Trivial properties are not very discriminating in the way they divide
up the re languages (all or nothing).
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Rice’s Theorem: Let P be some non-trivial
property of the re languages. Then

Lo ={x|dom [x] is in P (has property P) }
IS undecidable. Note that membership in Ly is

based purely on the domain of a function, not on
any aspect of its implementation.
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Proof: We will assume, wlog, that P does not
contain @. If it does we switch our attention to
the complement of P. Now, since P is non-
trivial, there exists some language L with
property P. Let [r] be a recursive function
whose domain is L (r is the index of a semi-
decision procedure for L). Suppose P were
decidable. We will use this decision procedure
and the existence of r to decide K,,.
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First we define a function F, , for r and each
function @, and input y as follows.

Feoxy(Z)=0(Xx,y)+o(r,z)
The domain of this function is L if ¢, (y)
converges, otherwise it's @. Now If we can
determine membership in L, , we can use this
algorithm to decide K, merely by applying it to
F. xy- An answer as to whether or not F,, ,, has
property P Is also the correct answer as to
whether or not o, (y) converges.
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Thus, there can be no decision procedure for P.
And consequently, there can be no decision
procedure for any non-trivial property of re
languages.

Note: This does not apply If P is trivial, nor does
it apply If P can differentiate indices that
converge for precisely the same values.
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* An I/O property, &, of indices of recursive function is one
that cannot differentiate indices of functions that produce
precisely the same value for each input.

» This means that if two indices, f and g, are such that ¢
and @, converge on the same inputs and, when they
converge produce premsely the same result then both f
and g must have property 2, or neither one has this
property.

* Note that any I/O property of recursive function indices
also defines a property of re languages, since the
domains of functions with the same 1/O behavior are

equal. However, not all properties of re languages are
I/O properties.
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Rice’s Theorem: Let ¥ be some non-trivial

/O property of the indices of recursive
functions. Then

S, ={ x| o, has property &) }

IS undecidable. Note that membership In
S, Is based purely on the input/output
behavior of a function, not on any aspect
of its Implementation.
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* Given x, Y, r, where r is In the set
S,.= {f | o; has property &},
define the function
1:x,y,r(z) - (Px(y) - (Px(y) + (Pr(z)-

* foyr(@ = 0,2 if @YV 5 = ¢ if 9,(N)T .
hus, o, (Y)Y iff f,, . has property 2, and so
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X
1 e
X —p

g
vzf v @)=¢ () Ifo (YW
rng(fX r )= mg((P )|f<P (YW
dom(fx,y,r) dom(cpr) If (px(y)¢

¢ (2)
r4 P r >

dom(f ) ) |f<P )1

X,Y.
rng(fxy b o w1t
3zf  (2)%¢ (Z) ife 1T
Black is for standard Rice’s Theorem,; e
)

Black and Red are needed for Strong Version
Blue is just another version based on range
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Weak Rice’s Theorem1: Let & be some non-trivial I1/O
property of the indices of recursive functions. Then

S, ={x|dom(p,) has property &) }
IS undecidable.
dom(f, ) = dom(e,) if @ (YN ; = ¢ if ()T

Weak Rice’s Theorem2: Let & be some non-trivial I1/O
property of the indices of recursive functions. Then

S, ={ x| range(p,) has property &) }
IS undecidable.

range(f, ) = range(o,) if o, (y)¥ ; = ¢ if ,(y)T

2/20/2020 UCF @ CS 213



Corollary: The following properties of re
sets are undecidable

a) L=0
b) L Is finite
C) L Is a regular set

d) L Is a context-free set
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Practice

Known Results:
HALT = { <f x> | f(x)¥ } is re (semi-decidable) but undecidable
TOTAL ={ f | ¥x f(x)¥ } is non-re (not even semi-decidable)

1.

Use reduction from HALT to show that one cannot decide NonTrivial, where
NonTrivial = { f | for some x, y, x #y, f(x){ and f(y){ and f(x) # f(y) }

Show that Non-Trivial reduces to HALT. (1 plus 2 show they are equally hard)

Use Reduction from TOTAL to show that NoRepeats is not even re, where
NoRepeats = { f | for all x, y, f(x){ and f(y}¥, and x # y = f(x) # f(y) }

Show NoRepeats reduces to TOTAL. (3 plus 4 show they are equally hard)
Use Rice’s Theorem to show that NonTrivial is undecidable
Use Rice’s Theorem to show that NoRepeats is undecidable
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Use quantification of an algorithmic predicate to estimate the
complexity (decidable, re, co-re, non-re) of each of the following, (a)-
(d):

a) NonTrivial = {f|for some x, y, x #y, f(x){ and f(y)J and f(x) # f(y) }
b) NoRepeats ={f|for all x, y, f(x)¥ and f(y}¥, and x # y = f(x) # f(y) }
c) FIN={f]|domain(f)is finite }

2. Let set A be non-empty recursive, and let B be re non-recursive.
ConsiderC={z|z=x*y,wherex e Aandy € B }. . For (a)-(c),
either show sets A and B with the specified property or demonstrate
that this property cannot hold.

a) Can C berecursive?

b) Can C bere non-recursive (undecidable)?

c) Can Cbenon-re?
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1. Given that the predicate STP and the
function VALUE are algorithms, show
that we can semi-decide

HZ ={f | ¢; evaluates to O for some input}

Note: STP( f, X, s ) IS true Iff @4(X)
converges in s or fewer steps and, if so,
VALUEC(f, X, S) = @«(X).
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2. Use Rice’s Theorem to show that HZ Is
undecidable, where HZ Is

HZ ={f | ¢; evaluates to O for some input}

3. Redo using Reduction from HALT.
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4. LetP ={f |3 x[ STP(f, x, x)]}. Why
does Rice’s theorem not tell us anything
about the undecidability of P?
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5. Let S be an re (recursively enumerable), non-
recursive set, and T be an re, possibly
recursive non-empty set. Let

E={z|z=x+y,wherexeSandy eT}.

Answer with proofs, algorithms or
counterexamples, as appropriate, each of the
following questions:

(@)
(b)
(€)

2/20/2020

Can E
Can E
Can E

e non re?
ne re non-recursive?

ne recursive?
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Constant time:
Not amenable to Rice’s



« CTime ={M | 3K [ M halts in at most K steps
Independent of its starting configuration | }

 RT cannot be shown undecidable by Rice’s Theorem as
It breaks property 2

— Choose M1 and M2 to each Standard Turing Compute (STC)
ZERO

— M1is R (move right to end on a zero)
— M2is £ ® R (time is dependent on argument)

— M1lisin CTime; M2 is not, but they have same I/O behavior, so
CTime does not adhere to property 2
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e CTime={M|3IKVC][STPM, C,K)]}

« This would appear to imply that CTime is not
even re. However, a TM that only runs for K
steps can only scan at most K distinct tape
symbols. Thus, if we use unary notation, CTime
can be expressed

 \We can dovetall over the set of all TMs, M, and
all K, listing those M that halt in constant time.
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« Can show It Is equivalent to the Halting
Problem for TM's with Infinite Tapes (not
unbounded but truly infinite)

 This was shown in 1966 to be
undecidable.

* |t was also shown to be re, just as we
have done so for CTime.

 Detalls Later
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What We’ve Done In
Computability



A guestion with multiple parts that uses quantification (STP/VALUE)
Various re and recursive equivalent definitions

Proofs of equivalence of definitions

Consequences of recursiveness or re-ness of a problem

Closure of recursive/re sets

GOodel numbering (pairing functions and inverses)

Models of computation/equivalences (not details but understanding)
Primitive recursion and its limitation; bounded versus unbounded p
Notion of universal machine

A proof by diagonalization (there are just two possibilities)

A question about K and/or K,

Many-one reduction(s)

Rice’s Theorem (its proof and its variants)

Applications of Rice’s Theorem and when it cannot be applied
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More Practice Problems



1. Prove that the following are equivalent
a) Sis an infinite recursive (decidable) set.

b) Sis therange of a monotonically
Increasing total recursive function.
Note: f is monotonically increasing
means that Vx f(x+1) > f(x).

2/20/2020 © UCF CS 228



2. Let A and B be re sets. For each of the
following, either prove that the set is re,
or give a counterexample that results in
some known non-re set.

a) AuB
b) AnB
c) ~A
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3. Present a demonstration that the even
function is primitive recursive.
even(Xx) =1 1f X Is even
even(x) =0 1f x Is odd
You may assume only that the base
functions are prf and that prf's are closed
under a finite number of applications of
composition and primitive recursion.
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4. Given that the predicate STP and the
function VALUE are prf’'s, show that we
can semi-decide

{ | s evaluates to O for some input}

Note: STP( f, X, s ) IS true Iff @4(X)
converges in s or fewer steps and, if so,
VALUEC(f, X, S) = @«(X).
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5. Let S be an re (recursively enumerable), non-
recursive set, and T be an re, possibly
recursive set. Let

E={z|z=x+y,wherexeSandy eT}.

Answer with proofs, algorithms or
counterexamples, as appropriate, each of the
following questions:

(@)
(b)
(€)

2/20/2020

Can E
Can E
Can E

e non re?
ne re non-recursive?

ne recursive?
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6. Assuming that the Uniform Halting
Problem (TOTAL) is undecidable (it's
actually not even re), use reduction to
show the undecidability of

{T] VX @i (X+1) > @ (X) }
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7. LetIncr ={f| VX, @(x+1)>¢X) }.

Prove that Incr =,
this one.

O
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. Note Q#6 starts
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8. LetlIncr ={f| VX @:{x+1)>p«(x) }. Use
Rice’s theorem to show Incr is not
recursive.
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9. Let S be arecursive (decidable set),
what can we say about the complexity
(recursive, re non-recursive, non-re) of T,
where T ¢ S?
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10. Define the pairing function <x,y> and Its
two inverses <z>, and <z>,, where If
Z =<X,y>, then x =<z>, andy = <z>..
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Sample Question#11

11.Assume A<, BandB <, C.
Prove A <, C.
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12.LletP={f |3 x[ STP(f, x,x)] }. Why
does Rice’s theorem not tell us anything
about the undecidability of P?
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Rewriting Systems



Post Systems



* Devised by Axel Thue

» Just a string rewriting view of finitely
presented monoids

« T=(Z, R), where X Is a finite alphabet and
R Is a finite set of bi-directional rules of
form o; < By, o, BieX*

 We define <* as the reflexive, transitive
closure of <, where w < X Iff w=yaz and
X=ypz, where o <> [

2/20/2020 © UCF CS 242



* Devised by Emil Post
* A one-directional version of Thue systems

« S=(Z, R), where X is a finite alphabet and
R Is a finite set of rules of form
o = By, ay, Pex”

* We define =* as the reflexive, transitive
closure of =, where w = X Iff w=yaz and
X=ypz, where o — [
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 Let S = (%, R) be some Thue (Semi-Thue)
system, then the word problem for S is the
problem to determine of arbitrary words w and X
over S, whether or not w <* X (W =* X))

* The Thue system word problem is the problem
of determining membership in equivalence
classes. This is not true for Semi-Thue systems.

« We can always consider just the relation =*
since the symmetric property of <* comes
directly from the rules of Thue systems.
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These are a generalization of Semi-Thue systems.

P=(%,V, R), where X is a finite alphabet, V is a finite set of
“variables”, and R is a finite set of rules.

Here the premise part (left side) of a rule can have many premise
forms, e.g, a rule appears as

Oy oP110y 1 Proee tgn Pyp g naa,s
00 P21001 P 00 Pon 0o s s

P, , P P
KO kA1YK,1 k2 k,n knk+l’
— BO QlBl Q2 énk+l nk+1+1

In the above, the Igs and Q’s are variables, the o’s and [3’s are
strings over Z and each Q must appear in at least one premise.

We can extend the notion of =* to these systems considering sets
of words that derive conclusions. Think of the original set as axioms,
the rules as inferences and the final word as a theorem to be
proved.
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* Propositional rules
P,P>oQ —Q
~P,PUQ—>Q
PNQ—>P oh,ohanmn(bnc)=an (b
PNQ—>0Q0
PNQ N"nR&PN(QNR)
PUQURPUQUR)
~(~P) < P
PUQ->QuUP
PNQ->0QnNnP

« Some proofs over {a,b,(,),~,2,u,MN}
favuc,bo~c,b}={avuc,bo~c,b,~c}=
favuc,bo~c,b,~c,cual=
{auc,b>o~c, b, ~c, cu a, a} which proves “a”
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Each rule of a Semi-Thue system is a canonical rule of
the form

PaQ — PBQ

Fach rule of a Thue system is a canonical rule of the
orm

PaQ < PBQ

Each rule of a Post Normal system is a canonical rule of

the form
aP — P

Tag systems are just Normal systems where all
premises are of the same length (the deletion number),
and at most one can begin with any given letter in .
That makes Tag systems deterministic.
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* Alphabet X = {a,b,#}. Semi-Thue rules:
aba—>Db
Hbott —> A
For above, #a"ba™# —=* A Iff n=m

« Alphabet £ ={0,1,c,#}. Normal rules:
Oc—>1
1c —> c0
#C > #1
0—->0
1->1
#Ho#
For above, binaryc# =* binary+1# where binary is some
binary number.
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« Basically, we need at least one rule for each 4-
tuple in the Turing machine’s description.

 The rules lead from one instantaneous
description to another.

* The Turing ID agap Is represented by the string
hagaph, a being the scanned symbol.

 Thetuple g ab s leads to
ga — sb

* Moving right and left can be harder due to
blanks.
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Let M = (Q, {0,1}, T), T is Turing table.

If gabs < T, add rule ga — sb I/ simple rewrite of scan

If gaRs < T, add rules
— glb —> 1sb a=1, vbe{0,1} /Il left non-blank; scan not blank
— qgqlh — 1s0Oh a=1 I right blank; scan not blank
— ¢q0b — c0sb a=0, vb,ce{0,1} /[ left and right non-blank; scan blank
— hgOb — hsb a=0, vbe{0,1} /[ left blank; right not blank; scan blank
— ¢q0h — c0s0h a=0, vce{0,1} /Il left not blank; right blank; scan blank

— hgOh — hsOh a=0 // blank tape to blank tape

If gaLs € T, add rules
— bgac — sbac va,b,ce{0,1} /I left and right had non-blanks
— hgac — hsOac va,ce{0,1} /I left blank; right not blank
— bglh — sblh a=1, vbe{0,1} /I left not blank; right blank; scan not blank
— hglh — hsOlh a=1 /I left blank; right blank; scan not blank
— bgOh — sbh a=0, Vvbe{0,1} /I left not blank; right blank; scan blank
— hgOh — hsOh a=0 I/ blank tape to blank tape
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Assume q, Is start state and only one accepting state exists g,

We will start in h1*q,0h, seeking to accept x (enter q,) or reject (run
forever).

Add rules
— Qod = (g vae{0,1}

The added rule allows us to “erase” the tape if we accept x.
This means that acceptance can be changed to generating hqgh.

The next slide shows the consequences.
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« Construction from TM, M, gets:

* h1*q,0h =y5,,* hgoh Iff xe L(M).

* hggh =™ h1%q,0h iff xe L(M).

* hggh <5 \* h1*q,0h iff xe L(M).

* Can recast both Semi-Thue and Thue
Systems to ones over alphabet {a,b} or

{0,1}. That Is, a binary alphabet is
sufficient for undecidabillity.
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More on Grammars



* Every grammar lists an re set.

« Some grammars (regular, CFL and CSG)
produce recursive sets.

* Type O grammars are as powerful at
generating (producing) re sets as Turing
machines are at enumerating them
(Proof later).
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Undecidability Continued
PCP and Traces



« Many problems related to grammars can be shown to be
no more complex than the Post Correspondence
Problem (PCP).

« Each instance of PCP is denoted: Given n>0, S a finite
alphabet, and two n-tuples of words
(Xgy ooy Xn ) (Y1s - yn)overS _ |
does there exist a sequence i, ..., ik , k>0, 1<i<n,
such that
Xil Xik: yil yik ?

« Example of PCP:
n=3,S={a,b} (aba bb,a), (bab,b,baa).
Solution 2 , 3,1,
bb a aba bb b baa bab b
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« Start with Semi-Thue System

—aba —»> ab;a—>aa;b—a
— Instance of word problem: bbbb =*? aa

e Convertto PCP

— [bbbb*ab ab aa aa a a |
| aba aba a a b 0 *aa]
—And * * a a 0 b
* * a a b 0
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Using underscored letters avoids solutions that
don’t relate to word problem instance. E.g.,
ab aa

aba a
leads to solution no matter the question

Top row insures start with [W*
Bottom row insures end with *W(]

Bottom row matches W, while top matches W,
(one Is underscored)

* Get Solution for PCP iff W, =* W;
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* Problem to determine if an arbitrary CFG
IS ambiguous

S>A | B

A->x, Al | x[1] 1<isn
Boy B[] | vli] 1<isn
A =% X, - X [ --- 1] k>0
B =%y, --- Vi, [l --- [i4] k>0

 Ambiguous If and only if there is a solution
to this PCP Iinstance.
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* Problem to determine if arbitrary CFG’s
define overlapping languages

+ Just take the grammar consisting of all the
A-rules from previous, and a second
grammar consisting of all the B-rules. Call
the languages generated by these
grammars, L, and Lg.

L, N Lg # O, if and only there is a solution
to this PCP Instance.
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IA
IA
-]

S > X% SYR Ty 1
ala —->*T*

*a —>a*
ax* —> *a
T — *

* Our only terminal is *. We get strings of
form «4*1, for some j’s if and only if there is
a solution to this PCP instance.
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* Our only terminal in previous grammar is *.
We get strings of form «2*1, for some j’s if
and only if there Is a solution to this PCP
Instance. Get @ otherwise.

 Thus, P has a solution iff
~L(G)# T
— L(G) 1s Iinfinite
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Traces and Grammars



» A valid trace
where k>1and C, =, C,,,for1 <i<k.
Here, =,, means derive in M, and C is a valid
ID (Instantaneous Description)

 An Invalid trace
where k > 1 and for some I, 1t Is false that
Ci =m Gt
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« A terminating trace of a machine M, is a word of the form
HC #HC #C,HC # .. #C #C #

where C, = C;,; 0 =i <Kk, C, Is a starting configuration and C, is a
termlnatlng con%lguratlon

 We allow some laxness, where the configurations might be encoded
IN @ manner appropriate to the machine model. Now, a context free
grammar can be devised which approximates traces by either
getting the even-odd pairs right, or the odd-even pairs right. The
goal is to then intersect the two languages, so the result is a trace.
This then allows us to create CFLs L1 and L2, where L1N L2 # 3,
just in case the machine has an element in its domain. Since this is
undecidable, the non-emptiness of the intersection problem is also
undecidable. This is an alternate proof to one we already showed
based on PCP.

« Additionally, iIf L1 n L2 = @, the complement (bad traces + non-
traces) is 2*. As this can be shown to be a CFL, determining if a
CFG generates 2* is undecidable as well.
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* We cannot decide if the set of valid
terminating traces of an arbitrary machine
M Is non-empty.

* We cannot decide if the complement of the
set of valid terminating traces of an
arbitrary machine M is everything. In fact,
this Is not even semi-decidable.
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« Given some machine M (I'll talk about specific
models later)
— The set of valid traces of M is Context Sensitive

(can prove by fact that intersection of two CFLs Is a
CSG or by direct construction)

— The complement of the valid traces of M is Context
Free; that is, the set of invalid traces of M is Context
Free (just one mistake required)

— The set of valid terminating traces of M is Context
Sensitive (same as above)

— The complement of the valid terminating traces of M
IS Context Free; again, this requires just one mistake
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 If L Is regular, then L = 2*? Is decidable

— Easy — Reduce to minimal deterministic FSA,
(, accepting L. L = Z* Iiff @, is a one-state
machine, whose only state is accepting

 If L Is context free, then L = X*? IS
undecidable

— Just produce the complement of a machine’s
valid terminating traces; if it's * then the
original machine accepted nothing
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* Inthe previous, we assumed that a trace is NOT a CFL,
but we never proved that.

 To show the trace language fora TM, M,
{#C #C,#C#C, ... #C #C #|
k>1and C, =, C,,,forl1<i<k}isnotaCFL, we can
focus on a simple machine that has just one non-blank
{1} and one state {g} and the rules
q00q
qllqg
« This machine has traces of the form
{(#C#C#C#C ...#C#C#} as it never changes the

tape contents or Its state.
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From previous slide, assume that the language of traces,
L={#C#C#C#C .. #C#C#},
involving no changes in the ID is Context Free

Pumping Lemma gives me an N>0

| choose the valid trace in Lthatis#q 1N# g 1N#q 1N #

PL breaks this up into uvwxy, |vwx| <N, |vx|>0 and

Vi20 uv'wxly € L

Case 1: vx contains some 1’s. Due to fact that |vwx| < N, the 1's can come
from at most two consecutive sequences of 1’s. If i=0, then we reduce 1’s in

at most two subsequences, but not in the third, leading to an imbalance,
and so the resultis not in L.

Case 2: vx contains no 1’s, then it must be either ‘q’, ‘#, or ‘#q’. In any
case, if i=0 then we remove a state or a divider or both and the result is not
a sequence of fixed configurations, so is not in L.

By PL, L is not a CFL.
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* The easiest way to show this for Turing machine traces is to describe an
LBA that is given a string and wants to check if it is a valid trace.

 The LBA could make a pass over to be sure the string starts with a #, ends
with a #, has no 0's immediately following a #, has a leading 0 immediately
prior to a # only if the character preceding that O is a state, and has exactly
one state between each pair of #'s.

 The LBA could then check each pair by copying the second member of a
pair under the first (2 tracks) and then marching over the two one character
at a time until a state is found in one or the other. It can then do checks that
are based on the Turing machine rules with there being a need to look at
only 4 characters in each track — state, character to immediate left of state
and up to two characters to immediate right of state on each track (think
about it). Of course, all parts of configuration that are not altered must be
checked to be sure they match on both tracks.
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There are two ways that a string might not be a valid trace.

First, it might be ill-formed, but we can easily check if a word looks like a
trace. If not, it is in the complement of valid traces

Second, we can check pairs of configurations, # C, # C.,, to see if there is a
transcription error; that is, we can check to see if it is the case that C,,, does
not follow from C, in a valid trace. This is a non-deterministic process where

we “guess” which pair might be in error and then, if the guess is correct, we

accept the string as a bad one that just looks like a trace.

How hard is it to check for one bad transcription? Well, as noted above it
starts with a guess, but then we must check. If it's a TM trace, we use
alternating ID reversals, so such a pair is either # C, # C;,,Ror# CR # C,,.
Checking an error here is just looking as was described with the LBA single
step check and can be done with a stack. What the stack cannot do is look
at sequences longer than single pairs.
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« | have chosen, once again to use the Factor Replacement Systems,
but this time, Factor Systems with Residues.
The rules are unordered and each is of the form
ax+b -cx+d

« These systems need to overcome the lack of ordering when
simulating Register Machines. This is done by
B INcr[i] pn+j X = Pnsi Py X
j' DECr[Si f] pn+j Pr X ™ Prss X
pn+j er+kpn+j _)pn+f er+kpn+f,1Sk< pr
We also add the halting rule associated with m+1 of

Primsr X — 0

« Thus, halting is equivalent to producing 0. We can also add one
more rule that guarantees we can reach 0 on both odd and even
numbers of moves

0—->0
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« Let(n, ((a1,b1,c1,d1), ... ,(ak,bk,ck,dk) ) be some factor replacement
system with residues. Define grammars G1 and G2 by using the 4k+2 rules

G:F - 1aFQch | Qaitbig]citdi 1<isk
S, - #F S, | #F# 1=5is<Kk
S, - # 1X0S,1%0# Z,is O for us

G1 starts with S; and G2 with S,
« Thus, using the notation of writing Y in place of 1Y,
L1= L(GL)={#Y HY HY, #Y; # ... &Y, #Y,, #}
where Y, = Y,,,,0s15].
This checks the even/odd steps of an even length computation.
But, L2 = L(G2)={#X g # X # X, #Xg# X, # ... B X, HXyHZ # }
where X, ;= X, ,1si k.
This checks the odd/even steps of an even length computation.

 Given that the intersection of two CFLs is at worst a CSL, we now have an
indirect way of showing that the valid terminating traces are a CSL.
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Now, X, Is chosen as some selected input value to the
Factor System with Residues, and Z, is the unique value
(0 in our case) on which the machlne halts. But,

L1 A L2 = {#X # X # X # Xy B X # o # Xy # X Zg # )

where X, = X, , 0 =1< 2k, and X = Z, . This checks
all steps of an even length computatlon But our original
system halts if and only if it produces 0 (Z,) in an even
(also odd) number of steps. Thus the mtersectlon IS
non-empty just in case the Factor System with residue
eventually produces 0 when started on X, just in case
the Register Machine halts when started on the register
contents encoded by X,.

This is an independent proof of the undecidability of the
non-empty intersection problem for CFGs and the non-
emptiness problem for CSGs.
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 Given an FRS with Residue

The set of valid traces is Context Sensitive

(can prove by fact that intersection of two CFLs is a CSG or by
direct construction or by describing an LBA that accepts this
language)

The set of valid traces is not Context Free

(can use Pumping Lemma for this like earlier)

The complement of the valid traces is Context Free; that is, the
set of invalid traces of M is Context Free (just one mistake
required)

The set of valid terminating traces is Context Sensitive but not
Context Free (same as above)

The complement of the valid terminating traces is Context Free;
again, this requires just one mistake
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Let L1= L(GL)={SHY #HY HY, #HY # .. #Y# Yy, #}

where Y, = Y,,,,0=1 5.

This checks the even/odd steps of an even length computation.

Now, let L2=L( G2 )={X S # X # X  # X, # X3 # X, # ... # X, # X # Z, #}
where X, = X, , 1 i sk and Z; is a unique halting configuration.
This checks the odd/steps of an even length computation and includes
an extra copy of the starting number prior to its $.

Now, consider the quotient of L2/L1. The only way a member of L1
can match a final substring in L2 is to line up the $ signs. But then
they serve to check out the validity and termination of the
computation. Moreover, the quotient leaves only the starting point
(the one on which the machine halts.) Thus,

L2/L1 ={X,|the system being traced halts}.

Since deciding the members of an re set is in general undecidable, we
have shown that membership in the quotient of two CFLs is also
undecidable.

Note: Intersection of two CFLs is a CSL but quotient of two CFLs is an
re set and, in fact, all re sets can be specified by such quotients.
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« Let(n, ((a1,b1,c1,d1), ... ,(ak,bk,ck,dk) ) be some factor replacement system with
residues. Define grammars G1 and G2 by using the 4k+4 rules

G:F - 1aifF1ct | 1a+biggci+di 1sisk
T, - #E T, | #F # 1sisk
A — 1A1|$#
SH — $T,
S, — AT #120# Z,is O for us

G1 starts with S; and G2 with S,

« Thus, using the notation of writing Y in place of 1Y,
L1= L(GL)={SHY HY #Y, #YX # .. #Y,#Y,, #}
where Y, = Y,,;,0si=j.
This checks the even/odd steps of an even length computation.
But,L2= L(G2)={X$ #X# X #X,#XH#X, # .. Xy HX W H L H# }
where X, ;, = X, ,1siskand X=X,
This checks the odd/steps of an even length computation, and includes
an extra copy of the starting number prior to its $.
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Now, consider the quotient L2 /L1 where L1
and L2 are the CFLs on prior slide. The only
way a member of L1 can match a final substring
in L2 is to line up the $ signs. But then they
serve to check out the validity and termination of
the computation. Moreover, the quotient leaves
only the starting number (the one on which the
machine halts.) Thus,

L2 /L1 ={ X |the system F halts on zero }.

Since deciding the members of an re set is In
general undecidable, we have shown that
membership in the quotient of two CFLs Is also
undecidable.
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Here, it is easier to show a simulation of a Turing machine than of an FRS.
Assume we are given some machine M, with Turing table T (using Post notation). We

assume a tape alphabet of X that includes a blank symbol B.

S
ga

bqgax
bqga#
#qax
#qa#
#qax
#qa#
bqgax
#qax
bga#
#qa#
bga#
#qa#

f
#

2/20/2020
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#CO#
sb
basx
basB#
#asx
#asB#
#SX#
#sB#
sbax
#sBax
sha#
#sBa#
Sh#
#sB#
A

A

Consider a starting configuration CO. Our rules will be

where C0O = aq0ap is initial ID
ifqgabseT

ifgaRs
ifgaRs
ifgaRs
ifgaRs
ifgaRs
ifgaRs
ifgals
ifgals
ifgalLs
ifgalLs
ifgalLs
ifgalLs

eT,abxeX
eT,abeX
eT,ax e X, a#B
eT,aeX a¥B
e, xeZ a=B
eT,a=B
eT,abxeX
elT,axeX
eT,ab e X, a¥B
eT,aeZ, a¥B
eT,beX a=B
eT, a=B

if fis afinal state
just cleaning up the dirty linen
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We can almost do anything with a CSG that can be done with a Type O
grammar. The only thing lacking is the ability to reduce lengths, but we can
throw in a character that we think of as meaning “deleted”. Let’s use the
Iettedr d as a deleted character and use the letter e to mark both ends of a
word.

LetG=(V, T, P,S)be an arbitrary Type 0 grammar.
Define the CSG G' = (VU {S’, D}, Tu{d, e}, S, P’), where P’ is
S’ - eSe

Dx — X D whenx e VUT

De > ed push the delete characters to far right
a - B wherea — B € P and |a| < |B]

a - BDX wherea—>pBePand|a|-|B|=k>0

Clearly, L(G')={ewe d™|w e L(G) and m=0 is some integer }

For each w € L(G), we cannot, in general, determine for which values of m,
ewed™ e L(G'). We would need to ask a potentially infinite number of
guestions of the form

“‘doese w e d™ e L(G’)” for some m=0 to determine if w € L(G).

That's a semi-decision procedure because m can be unbounded above.
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 CSGs are not closed under Init, Final, Mid, quotient with
regular sets, substitution and homomorphism (okay for
A-free homomorphism and non-length reducing
substitutions)

« We also have that the emptiness problem is undecidable
from this result. That gives us two proofs of this one
result.

« For Type 0, emptiness and even the membership
problems are undecidable.
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 IsL =0, for CSL, L? PCP reduction

« Is L=%* for CFL (CSL), L? Trace Complement
 IsL,=L,for CFLs (CSLs), L, L,? L;=2X*
 IsL,cL,for CFLs (CSLs ), L., L,? L,=2X*

* IsL;nL,=0 for CFLs (CSLs ), L, L,? PCP reduction

e Is L reqgular, for CFL (CSL), L? Think about it
* IsL;nL,aCFL for CFLs, L, L,? Think about it
 Is~L CFL, for CFL, L? Think about it
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* Is CFL, L, ambiguous? PCP

e |IsL=L?% L aCFL? Will Do

 Is L,/L, finite, L; and L, CFLS?
Language is any RE set

 Membership in L,/L,, L; and L, CFLs?
Language is any RE set

2/20/2020 UCF @ CS 284



Summary of Grammar
Results



* Everything about regular

 Membership in CFLs and CSLs
— CKY for CFLs

* Emptiness for CFLs
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* IsL =, for CSL, L?

e |s L=X*, for CFL (CSL), L?

 Is L,=L, for CFLs (CSLs), L, L,?

* IsL,cL, for CFLs (CSLs ), L,, L,?
 Is L,nL,=< for CFLs (CSLs ), L,, L,?
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* Is CFL, L, ambiguous?

e |sL=L% L aCFL?

* Does there exist a finite n, L"'=N+1?
* Is L,/L, finite, L; and L, CFLS?

* Membership in L,/L,, where L, and L, are
CFLS?
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* Recast semi-Thue system making all
symbols non-terminal, adding S and V to
non-terminals and terminal set *={a}

G: S - h1*q,0h
hgh - V
V —> aV
Vo> A

o xeL(M) iff £(G) # @ iff £(G) infinite
Iff L e £(G) Iffa € £(G) Iff £(G) =X*
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* Unsolvables
_(G)=0
_ (G) ==*
— £(G) Infinite
—w e £(G), for arbitrary w
- £(G) 2 £(G2)
_ 1(G) = £(G2)
« Latter two results follow when have
- G2:S—>aS| A aeX
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Finite Convergence for
Concatenation of Context-Free
Languages

Relation to Real-Time
(Constant Time) Execution



Let G be a context free grammatr.

Consider L(G)"

Questionl: Is L(G) = L(G)??

Question2: Is L(G)" = L(G)"*!, for some
finite n>07

‘hese questions are both undecidable.

Think about why questionl is as hard as
whether or not L(G) is Z*.

Question2 requires much more thought.
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 The pro
reducib

olem to determine if L = ¥*is Turing
e to the problem to decide if

LelL cL,solongaslLisselected from a
class of languages C over the alphabet X for
which we can decide if Z U {A} c L.

* Corollary 1:
The problem “is Le L =L, for L context free
or context sensitive?” is undecidable

2/20/2020
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Question: Does L o L get us anything new?
—l.e,IsLelL=L"7

Membership in a CFL Is decidable.

Claim is that L = Z* iff

(HDXuU{A}cL;and

(2)LeL =L

Clearly, if L = ¥*then (1) and (2) trivially hold.
Conversely, we have 2*cL*=uU o L"cL

— first inclusion follows from (1); second
from (2)
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The problem to determine, for an arbitrary
context free language L, if there exist a finite
n such that L" = L"*! is undecidable.

L, ={C#C" 3|

C,, C, are configurations },
L, ={ C#C,R$CHC,R ... $C,, #C, RS | where
k>1and, forsomel, 1<i1<2k,C, =, C, IS
false },
L=L,ul,uU{A}.
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L IS context free.

 Any product of L, and L,, which contains L, at least
once, is L,. For instance,L,elL,=L,eL, =L,0L,=
L.

* This showsthat (L, U L,)"=L,"uUL,.

e Thus,L"={A}ulL,ulL?... UL,"UL,.

 Analyzing L, and L,weseethatL,"uUL,# L,justin
case thereisawordC,#C,R$C, #C,R ...$C,, , #
C,,R$in L,"thatis notalsoin L.

 But then there is some valid trace of length 2n.

L has the finite power property iff M executes in
constant time.
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 We have that CT (Constant-Time) is many-one
reducible to Finite Power Problem (FPC) for
CFLs

 This means that if CT iIs unsolvable, so is FPC
for CFLs.

 However, we still lack a proof that CT Is
unsolvable. | am keeping that open as one of the
problems that you folks can attack in your

presentation. It takes two papers to get here. I'll
document that.
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Undecidability of Finite
Convergence for Operators on
Formal Languages

Relation to Real-Time
(Constant Time) Execution




 Concatenation
—AeB={xy|xeA&yeB}

* Insertion
—~ADB={xyz| ye A xzeB,XYV,zZe X%
— Clearly, since xcanbe ., AeBcAD> B
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o AD IKIB = {X1y1%Y5 - X YiXian |

YiYo - Yk € A
X1 X5 ... Xi Xyq € B,
Xi, ¥j € ¥}

« Clearly, Ae Bc A kIB, for all k>0
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« A(1) >IN B=ADIN B

e A (k+1) >IN1B = A DIn (A (k) >[n]B)
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« Shuffle (product and bounded product)
-AOB=uU;,,ADIIB
~AOIKB=U, . ADUIB=ADIKIB

* One Is tempted to define shuffle product as
A & B = A DLkl B where
k=puy[ADUIB=ADIMB]
but such a k may not exist — in fact, we will show
the undecidability of determining whether or not

k exists
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More Shuffles

* lterated shuffle
~AOOB=A
—A OB = (A OkIB) O B

 Shuffle closure l -

—AO'B=U o (A OIKIB)
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* Unconstrained crossover is defined by
A®,B={wz, yx | wxeA and yzeB}

* Constrained crossover is defined by
A®.B={wz, yx|wxeA and yzeB,

wi =1y, x| =1z }
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* People with no real life (me?)

 |[nsertion and a related deletion operation are
used in biomolecular computing and
dynamical systems

» Shuffle is used in analyzing concurrency as
the arbitrary interleaving of parallel events

» Crossover Is used in genetic algorithms
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* Regular languages, A and B
— A e Bisregular
— A D> [kI B is regular, for all k>0
— A < Bisregular

— A &* B is not necessarily regular

« Deciding whether or not A <* B is regular is an
open problem
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e CFLs, Aand B
— AeBisaCFL
— AD> BisaCFL

— A D> [kl B is not necessarily a CFL, for k>1
« Consider A=a"b"; B = c™d™ and k=2
* Trick is to consider (A [> [2]1 B) n a*c*b*d*

— A < B is not necessarily a CFL

— A O* B is not necessarily a CFL
 Deciding whether or not A &* B is a CFL is an open problem
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2/20/2020

_ DL ?
O L?
| O*L?
| ®, L7

| ®, L7
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e k>0 Lk = Lkl

« k0L (K)D>L=L(K+1)D>L
e Jk>0 L DIKIL =L DIkl

e Jk>0L Ok L=L k1L

« Jk>0L (k) ®.L=L(k+1) ®,L
+ 3k=0L (k) ®,L=L(k+1) ®, L

.+ Jk=0A(K)>B=A (k+1) > B
« Jk>0 A DlkiB=ADlklIB

.+ Jk=0A OkB=A k1B

.+ 3k>0 A (K) ®. B = A (k+1) ®, B
.+ 3k>0A (K) ®,B =A (k+1) ®, L
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* Let G be a context free grammarr.

e Consider L(G)"

* Questionl: Is L(G) = L(G)??

* Question2: Is L(G)" = L(G)"*!, for some finite
n>0?

* These questions are both undecidable.

« Think about why guestionl is as hard as
whether or not L(G) Is Z*.

* Question2 requires much more thought.
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 Theorem 1:
The problem to determine if L = X* is Turing
reducible to the problem to decide if
LeL cL,solongasLis selected from a class
of languages C over the alphabet X for which we
can decide If £ U {A} c L.

« Corollary 1:
The problem “is L o L = L, for L context free or
context sensitive?” is undecidable
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Question: Does L o L get us anything new?
—ie,IsLeL=L?

Membership in a CSL Is decidable.

Claim is that L = Z* Iff

(D) Xu{A}cL;and

(2)LeL=L

Clearly, if L = £* then (1) and (2) trivially hold.
Conversely, we have X>* c L*=u ,L"cL

— first inclusion follows from (1); second from (2)

2/20/2020 © UCF CS 312



* Let @ be any operation that subsumes
concatenation, thatis AeB — A @ B.

« Simple insertion Is such an operation,
since AeB c A B.

 Unconstrained crossover also subsumes

A® B={wz, yx|wxeA and yzeB}
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 Theorem 2.

"he problem to determine if L = 2* is

uring reducible to the problem to decide If
L®LcL,solongas

LelL cL®L andLis selected from a
class of languages C over X for which we
can decide If

> U {\} c L.
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Question: Does L @ L get us anything new?
—le,IsL®L=L"

Membership in a CSL Is decidable.

Claim is that L = Z* Iff

(H)Xu{A}cL;and

2)LeL=L

Clearly, if L = Z* then (1) and (2) trivially hold.
Conversely, we have X>* c L*=u ,L"cL

— first inclusion follows from (1); second from (1), (2)
and the factthatLeLc L ®L
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Propositional Calculus

Axiomatizable Fragments



« Mathematical of unquantified logical
expressions

» Essentially Boolean algebra
« Goal Is to reason about propositions

« Often interested in determining
— Is a well-formed formula (wff) a tautology?
— Is a wif refutable (unsatisfiable)?
— Is a wif satisfiable? (classic NP-complete)
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* The classic approaches are:
— Truth Table
— Axiomatic System (axioms and inferences)

* Truth Table
— Clearly exponential in number of variables

« Axiomatic Systems Rules of Inference
— Substitution and Modus Ponens
— Resolution / Unification
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« Start with a set of axioms (all tautologies)

« Using substitution and MP
(P, P2Q = Q)

derive consequences of axioms (also
tautologies, but just a fragment of all)

« Can create complete sets of axioms

* Need 3 variables for associativity, e.g.,
(PLlvp2)vp3 o plv(p2vp3)
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* Glven a set of axioms,
— Is this set complete?
— Given a tautology T, Is T a consequent?

 The above are even undecidable with one
axiom and with only 2 variables. | will
show this result shortly.
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* If we wish to prove that some wff, F, Is a
tautology, we could negate it and try to
prove that the new formula Is refutable
(cannot be satisfied; contains a logical
contradiction).

* This Is often done using resolution.
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* Put formula in Conjunctive Normal Form
(CNF)

* If have terms of conjunction

(PvQ), (R v~Q)

then can determine that (P v R)

* If we ever get a null conclusion, we have
refuted the proposition

* Resolution is not complete for derivation,
but It Is for refutation

2/20/2020 © UCF CS 322



* Must be tautologies
« Can be incomplete

* Might have limitations on them and on
WEFFs, e.q.,
— Just implication
— Only n variables
— Single axiom
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* Linear representations require
associativity, unless all operations can be
performed on prefix only (or suffix only)

* Prefix and suffix-based operations are
single stacks and limit us to CFLs

« Can simulate Post normal Forms with just
3 variables.
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 Diadic limits us to two variables

* PIPC means Partial Implicational
Propositional Calculus, and limits us to
implication as only connective

« Partial just means we get a fragment

* Problems
— Is fragment complete?
— Can F be derived by substitution and MP?
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 Consider a two-stack model of a TM

 Could somehow use one variable for left
stack and other for right

* Must find a way to encode a sequence as
a composition of forms — that’s the key to
this simulation
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* Consider (pop), (P>2(P2P)),
Po>PE>(P>2P))), .-

— No form Is a substitution instance of any of the
other, so they can’t be confused

— All are tautologies

 Consider (X2Y)2Y)
—Thisisjust X v Y

2/20/2020 © UCF CS 327



« Use (p o p) as form of bottom of stack
 Use (p o (p o p)) as form for letter O

« Use(po(p>(p>p)) as formforl

* Etc.

« String 01 (reading top to bottom of stack) is

- ( ((pop)o2((Po2p)2((P2pP)2(P2P))))>
((Pp2p)o((Po2pP)2((P2pP)2(P2P))))>
(Po2p)2((P2pP)2((P2pP)2(P2P))))))
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Lp) abbreviates [p o p]

@y(p) Is [p = Lp)] which is [p 5[p 5p]]
®,(p) is [p D Dy(P)]

&1(P) I1s [p o @,(p)]

&(P) is [p o2& (P)]

&s(P) I1s [p o2&, (P)]

v1(P) Is [p & (P)]

yo(P) is [p 2 y1 (P)]

Vm(P) is [p Dyy,.1 (P)]
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PO 5 @ S e (SRR

Creating Terminal IDs

[£4(py) V I(py)].

£0(py) Vv I(py)] = [E4(py) V O L(py)].

61(p1) V O(p2)] 2 [&d(p1) vV @@ po)], Vi, j€{0, 1}.

£1(p1) V pa] 2 [€2D1(py) V P2l

61(p1) V pal 2 [E3Pid(py) V p2l, Vied{0, 1}.

£2Di(p1) V pa] 2 [£29,(p1) V pol, Vi, j€{0, 1}

[£2Qi(p1) V p2] 2 [£:D;D(py) V pol, Vi, j€1{0, 1}.

[€5Di(py) V po] @ [Yi®i(py) V po), whenever g,a; 1s a terminal discriminant
of M. |
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Reversing Print and Left

9. [V ®i(p1) V po] @ [V ®y(p1) V p2l, whenever g,a;a,9, € T.
10a. [Y,.@ol(p1) Vv I(py)] = [Yr@ol(p,) V I(py1)],
V@, 1(py) v 1(p1)] = [Yr@ol(py) V Py(p1)],
(Vi @d(py) vV Pip2)] @ [YVuPol(py) vV O;D,(po)],
Y@@ @y(py) V I(ps)] 2 [V @oPy(py) Vv I(po)],
V@, 0, Qi(py) V 1(p2)] @ [V Po@i(py) vV P1I(p5)],
W@, 0o®y(p1) V Cp(pa)] 2 [V @oDy(py) vV ©,D94(p5)],
Vi, j, m €{0, 1} whenever ¢,0Lg, € T.
1a. [V®o@i(py) V I(py)] = [V0r®y(p1) V I(p2)],

b. [V®:D:(py) Vv I(psy)] = [YVr®:i(p1) vV ©11(ps)],

c. [Vi®:@i(p1) VvV Pypy)] = [Vu®i(py) vV O, po)l,

Vi, je{0, 1} whenever g, 1Lg, € T.

-0 a0 o
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Reversing Right

12a. [V, @ol(2,) vV I(p1)] = [V ®ol(p1) Vv I(pi)],
V. @ol(p1) V P @i(p2)] = [V P@ol(p1) vV Oi(po)],
V' @1(p1) V I(p2)] @ [Y0r®o®y(py) Vv 1(p2)],
V. Qo®i(py) V I(p2)] @ [V PP @i(py) Vv I(p2)],
V@ Di(p1) V Po®y(po)] = [V, @@ Di(p1) V Di(p2)],
Ve @1(p1) V Po®i(po)] @ [Vr@oDy(py) vV Ou(p2)],
Vi, j € {0, 1} whenever ¢g,0Rg, € T.
13a. [V ®@ol(p1) vV ©1(ps)] = [V ®id(py) V P2l
b. [Yi®i(p1) V @i(ps)] = [V P, P1(p1) V pal,
C. [Yi@o®i(p1) vV Py(ps)] 2 [V @, D0Di(py) V pol
Vie {0, 1} whenever g,1Rqg, € T.

0o o0 o
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Exam Prep



Let A and B be re sets. For each of the following, either
prove that the set is re, or give a counterexample that
results in some known non-re set.

Let A be semi decided by f, and B by fg
a) AuB: mustbereasitis semi-decided by
faue (X) = 3t [stp(fa, X, 1) || stp(fe, X, 1) ]
b) AN B: mustbereasitis semi-decided by
fao ~g (X) =3t [stp(fy, X, 1) && stp(fg, X, 1) ]

c) ~A: can be non-re. If ~A is always re, then all re
are recursive as any set that is re and whose
complement is re is decidable. However, A =K
IS a non-rec, re set and so ~A is not re.
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Given that the predicate STP and the

function VALUE are prf's, show that we can
semi-decide
{ T | s evaluates to O for some input}

This can be shown re by the predicate
{f | I<x,t> [stp(f,x,t) && value(f,x,t) = 0] }
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Let S be an re (recursively enumerable), non-recursive
set, and T be re, non-empty, possibly recursive set.
letE={z|z=x+y,wherexeSandy e T}

(a) Can E benonre? Noas wecanletSand T
be semi-decided by fg and f, resp., E is then
1§em|-%ec. bty tp(fs, X, t) && stp(fr, v, t) &&

= < >
(z (:Z)value%(f’sy,’x, !)S +p\(/a’uxé(f)T, Y, 5’)']3( AR
b) Can E be re non-recursive? Yes, justlet T =
0}, then E = S which is known to be re, non-
rec.

E:) Can E be recursive? Yes, let T = ¥, then
={ x| x2min (S) } which is a co-finite set
and hence rec.
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Assuming TOTAL is undecidable, use
reduction to show the undecidability of
Incr = { 1| Vx @ (x+1) > ¢ (X) }

Let f be arb.

Define G; (X) = @; (X) - @; (X) + X

f e TOTAL iff Vxo; (¥ iff VX Gi(x) iff

VX @; (X) - @ (X) + X = x Iff G; € Incr
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_et Incr = { | VX, @:(x+1)>¢(X) }.
et TOTAL = { f | VX, o:(x)¥ }.
Prove that Incr £, TOTAL.

Let f be arDb.

Define G; (x) = 3t[stp(f,x,t) &&
stp(f,x+1,t) && (value(f,x+1,t) >
value(f,x,t))]

f e Incr iff VX @:(x+1)>@.(x) Iff
Vx G; (X)¥ iff G, € TOT
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Let Incr = { | VX @:(X+1)>@:(X) }.
Use Rice’s theorem to show Incr Is not
recursive.

Non-Trivial as

Cy(X)=0 ¢ Incr; S(x)=x+1 € Incr

Let f,g be arb. Such that VX @q(x)=@,(x)
f e Incr iff VX @(X+1)>@:(Xx) Iff

VX @4(X+1)>@4(x) Iff g € Incr
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Let S be a recursive (decidable set), what
can we say about the complexity (recursive,
re non-recursive, non-re) of T, where T < S?

Nothing. Just let S = ¥, then T could be
any subset of X. There are an
uncountable number of such subsets
and some are clearly in each of the
categories above.

2/20/2020 © UCF CS 340



LetP ={f| 3 x[STP(f, x, x)]}. Why does
Rice’s theorem not tell us anything about the
undecidability of P?

This Is not an I/O property as we can
have implementations of C, that are
efficient and satisfy P and others that
do not.
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