COT 5405 Exam I

Sept. 30, 2009

DO ANY 100 POINTS OF THE 110 AVAILABLE
Put all your work on the supplied paper –NEATLY, labeled and your name on every page.
1)  i) [5] Formally, the statement f(n) ( O(n) means what?

f(n) ( O(n) if and only if there exist positive constants c and N such that f(n) ≤ cn for all n ≥ N.

ii) [10] Suppose f(1) = 10 and, for integers n ≥ 2, f(n) = 2f(n/2)+3.

Prove f(n) ( O(n). 
Assume for some n > 0, constant c > 0, b, and for 2 ≤ m < n that f(m) ≤ cm+b.

Now, f(n) ≤ 2f(n/2)+3.

By the induction hypothesis, f(n/2)  ≤ c(n/2)+b. Thus,

f(n) ≤ 2(c(n/2)+b)+3 = cn+2b+3. 

Let b = –3. Then f(n)  ≤  cn–3. When n = 1, 10 = f(1) ≤ c–3. Thus c ≥ 13. So,

f(n) ≤ 13n-3. and f(n) is O(n).

You can probably also do his by a fairly brute force substitution.

2) [15] The simple Insertion Sort algorithm is said to be better than simple Selection Sort. Of course, because it's faster – but why is it faster? You don't have to prove anything here – just explain.
   Because Selection sort always requires n-1 compares to select the largest (or smallest) item to remove from the list. Insertion sort uses n-1 only in the worst case and usually about n/2. Thus, insertion sort avg n2/4, is almost always faster than Selection Sort avg n2/2.

3) [10]  Use constructive induction to find the closed form of

  t(n) = t(n–1)+2n–1 and t(0) = 3
Clearly t(n) > n and t(n) is < n2. So, assume t(n) = an2+bn+c for some constants a, b, and c. Then, t(n) = t(n–1)+2n–1.
By the IH, t(n–1) = a(n–1)2+b(n–1)+c = an2–2an+a+bn–b+c

Thus, t(n) = an2–2an+a+bn–b+c+2n–1 = an2+(-2a+b+2)n+(a-b+c–1) 

This equation can equal an2+bn+c if and only if 

(1) a = a, 

(2) b = –2a+b+2, and

(3) c = a–b+c–1.

(2) implies a = 1. Then, from (3) b = 0. 

Thus, t(n) = n2+c. when n = 0, t(n) = 3. Therefore, 3 = n2+c implying c = 3.

Thus, t(n) = n2+3.

4) [5] Let n be any integer and x any real. Prove
(n–x( = n–(x(.
Let k = (n–x(. Then, k ≤ n–x < k+1, or k–n ≤ –x < k+1–n

n–k ≥ x > n–k–1 thus n–k = (x(, or k = n–(x(.
5) [10] Simply write down, and explain, the dynamic programming recurrence formula for the Chained Matrix Multiplication problem.

 For 1 ≤ i ≤ m, i < j ≤ m, A(i, j) = min{A(i, k)+A(k+1, j) +d(i)*d(k+1)*d(j+1)} for i ≤ k < j.

6) [15]{You don't need induction for everything.} n is a positive integer. Derive the closed form of  

( (( (2i–j)) = ?

= ( ((2i – (j) = ((2i(1 – (j) =  (2in – ((j = 2n(i – ((j

= n2(n+1) – (n(n+1)/2 = n2(n+1) – ((n2+n)/2 = n3+n2–(n3+n2)/2

= (n3+n2)/2, or n2(n+1)/2

7) [10] Reformulate the following summation as a recurrence formula .{You need not find any closed forms.}

t(n) =  ( (2i2+i–6) 
t(n–1) = ( (2i2+i–6)

t(n)–t(n–1) = 2n2+n–6

t(n) = t(n–1) + 2n2+n–6

t(1) = –3

8) [15] Reformulate the following recurrence formula as a summation. {You need not find any closed forms.}


t(n) = t(n–1)+n2–3n         for n ≥ 2, and with t(1) = 0



t(n–1) = t(n–2)+(n–1)2–3(n–1)



t(n–2) = t(n–3)+(n-2)2–3(n–2)




.




.



t(2) = t(1)+22–3*2

t(n) = t(1)+ ((i2–3i) = ((i2–3i), or 2+((i2–3i)

9) Consider the following "code fragment"
m ( 0

for i = 1 to n Do

for j = 1 to i Do

m ( m+1

(i) [5] What is the order of this algorithm?
O(n2)

(ii) [10] What is the value of m, in terms of n, after the execution of this code? (Don't just give me a function – show how you got the answer.)
For i = 1 to n, the inner loop is repeated i times. thus, m = 1+2+3+ …+n = (i = n(n+1)/2
