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14 Phrase-Structure Grammars

We have explored, now, two kinds of finite definitions of potentially infinite
lan a es re lar expressions whi h desri e how to ild lan a es in
d tively y startin with a asis of si ple lan a es and then ildin
lar er lan a es fro the viaso e fa ily of operations and inite tate
to ata whi hdesri eapro ed refors annin strin s fro left tori ht
ate ori in the via infor ation athered while s annin We now will look

at a third approa h hese are a kind of
, a set of r les for for in strin s y repla in ones strin with

another
n eneral, a phrase str t re ra  ar onsists of a finite set of
or non ter inals , whi h st e rewritten, a finite set of , whi h

ay not e, a sin le startin sy ol a non ter inal , and a finite set of
or rewrite r les

phrase str t re ra ar

varia les
ter inal alpha et
start sy ol
prod tions

he prod tions spe ify a rewritin relation etween strin s of varia les and
ter inals whi h is s ally expressed with an infix arrow, for exa ple,
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aria les are typi ally pper ase letters, ter inals, lower ase  he start
sy olis s ally nder these onventions, ra  ars an often e na
i o sly spe ified y ivin st the set of prod tions ere, is ,
is , and the start sy ol is ften, when there are alternative
ways to rewrite a iven strin they will e written as a sin le r le with the
alternatives separated y he r les, for exa ple, o ld e expressed

ote that while the left hand side of a prod tion st e none pty
we do not allow rewritin of nothin the ri ht hand side is nder nos h
restri tion prod tion in whi h the ri ht hand side is e pty is alled an

or a nessen e, an prod tion allows the strin

on the left hand side to si ply e erased ra  ars with no prod tions
are referred to as ra  ars

ra  ars are applied in a pro ess that e ins with the start sy ol and
s  essively applies prod tions ntil only non ter inals re ain

he strin s of ter inals that an e o tained in this way are said to e
y the ra  ar and the se en e of strin s of varia les and ter inals
witnessin it is a he strin s of varia les and ter inalso rrin
in a derivation fro are alled he
ya ra ar is the set of stin s of ter inals that an e derived vy it
o for ali e these we start y extendin the rewritin relation of the pro
d tions to relations on ar itrary strin s of varia les and ter inals

dire tly derives in
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derivationin fro

derives in
1

When it is lear fro the ontext, we will s ally drop the fro the
notations for derives and dire tly derives

iven this for al definition of derivation, what wo 1d e the e e t of
extendin to , of allowin  on the left hand side
of prod tions

lan a e enerated y

1 te t- ree Grammars

he definin power of phrase str t re ra  ars an erestri ted yrestrit
in the for of the prod tions We are interested, in parti lar, in prod
tions whi h rewrite sin le non ter inals, ie, in whi h the left hand side of
every prod tion is a sin le varia le

ontext ree ra ar

ontext ree an a e

We will refer to the lass of all ontext free lan a es as
his restri tion li its ea h derivation step to rewrite a sin le varia le, t
ore i portantly, there an e no restri tion on when that varia le ay e
rewritten a prod tion for an e applied whenever  appears in a senten

tial for he ra arof =xa plel a t ally rewrites sin le varia les
rewrites as either or , for instan e titli its rewritin as
to sthato rwithan i  ediately to the left and rewritin as to

ontexts with i ediately to the left  he ter ontext ree o es fro
the fa t that these ra  ars annot restri t the ontext in whi h a prod tion
applies
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e a se rewritin in s expands sin le non ter inals to strin s of ter
inals and non ter inals it is possi le to represent a derivation as a tree in
whi h the hildren of a node la eled with a non ter inal are la eled with the
strin to whi h it is rewritten in e every non ter inal st erewrittend r
in the o rseofa o plete derivation, the leaves of a o plete derivation
tree will ne essarily e la eled with ter inals or, in the ase of prod tions,
with We an for ali e this as follows

derivation tree for fro in

derivation tree for fro in
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o show that if there is a derivation of fro in  then there is a
derivation tree for  fro in , yind tion on the len th of the derivation

asis
f then and the depth one tree with root la eled
and yield is a derivation tree for fro in

nd
ppose  derives in y a derivation of 1 steps and for every
derivation of any strin fro any non ter inalin that is of len th less than
there is a orrespondin derivation tree in e the len th of the derivation

of fro is reater than one it st have the for
for so e et for and
he re ainin 1 steps of the derivation st rewrite ea h of the to a
possi ly e pty strin of ter inals and st do so in 1 or fewer steps
h sforea h thereisso e s h that oreover, whatever
is derived fro st appear in  to the ri ht of and to the left of
onse ently, y the ind tion hypothesis there is a
derivation tree for ea h  fro in t follows, then, fro the se ond

la se of the definition of derivation trees, that there is a derivation tree for
fro in
o show the onverse, yind tion on the str t re of the tree
asis
ppose is a derivation tree for  fro in asdefined in the first la se
of the definition of derivation trees  hen there is a prod tion
and, onse ently,
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nd
ppose is for ed y the se ond la se of the definition and that for all
si pler derivation trees there is a orrespondin derivation  hen there is a

prod tion and derivation trees for  fro
in s h that in e the derivation trees for the are
s trees of there are, y the , derivations of ea h of the fro in

hen there is a derivation

in whi h ea h of the int rn are rewritten sin the sa e se en e of pro
d tions as the individ al derivations

ote that it is possi le to read derivations o of derivation trees y takin
pro ressively deeper ts a ross the tree, e

a h derivation tree, however, ay en ode several distin t derivations ere,
for exa ple, we an also et

as well as two others  hese are e ivalent, tho h, in the sense that they all
rewrite a iven instan e of a non ter inal in exa tly the sa e way, the only
di eren e etween the is the order in whi h the prod tions are applied

left ost
ri ht ost

he first of the two derivations we o tained a ove is a left ost derivation,
the se ond ari ht ost
n ontrast, if there is ore than one derivation tree for a iven strin then
these will di erin as stantial way they st di er in the way that at least
one non ter inal is rewritten or exa ple,
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is also a derivation tree for fro in When a ra ar an derive
a sin le strin in two s stantially distin t ways like this it is said to e

ote that it is the ra ar that isa 1 o s, not the lan a e any
lan a es that are enerated ya 1 o s ra arsare also enerated y
na i os ra ars here are, however, so e lan a es that are not
enerated y any na i o s ra ar hese are referred to a

rove the le a

onsider the followin

We are interested in two thin s
todes ri ethelan a e this ra ar enerates

to prove that it enerates exa tly that lan a e
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he ost eneral approa h to a pro le like this is to explore a a variety
of derivations in the ra  ar and try to et a sense of the way in whi h it
ilds strin s he key is to have a syste ati approa h to these explorations
s are a sort of ind tive definition or any there will e a lass of
si plest derivations those in whi h there is no re rsion, in whi h no non
ter inalo rs orethan on e alon any path fro the root of the derivation
tree to a leaf and there will e a lass of ini al re rsive derivations
those in whi h the non ter inal at the root also o rs at a leaf We will not
ake these notions ore pre ise here heo e tisto ive a way of or ani in
yo rsear h  he analysis is part of the proof rather it is a way of arrivin
at the invariants that for the fo ndation of the proof
ere the non re rsive derivations are

| NN
| |

We in | de derivations fro ea h of the nonter inals sin e we are oin to
develop invariants des ri in thelan a es enerated fro ea h non ter inal
ote that the asi strin s derived fro , ,and are , ,and , respe
tively With this parti lar ra  ar we an already note that  will derive

strin s of the for where isso estrin in the lan a e derived fro
i ilarly, derives strin s of the for hin s are often not this si ple
ne an onstr t any derivation tree in the ra  ar y startin with one
of these non re rsive derivations and insertin any n er of the re rsive
trees of the ra  ar

/NS NN
N N T

he first re rsive treeiso vio s ote, tho h, that there are alsore r

sive  trees that o thro h expansions of and of hese are a t ally
ore prod tive, in a sense, sin e the first tree st allows the iteration of
strin s derived fro its e e tis that of a positive leene los re, al eit one

with o plex onse en es sin e the ay ee edded in the idst of a
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derivation  he other two are responsi le for e eddin strin s in the idst
of other strin s
arryin o t a few of these insertions, we an et a sense of how the strin s
enerated fro TOW ain, in eneral one needs to arry this o t for all
the non ter inals, not st for

/\ /\ A1 ) (A
| | N PN

arryin on for st the tree ontainin

e
™ e e
|

g

We have not arried o t all variations of ea h insertion
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ne of the thin s that isi  ediately o vio s fro the str t re of the
re Trsive trees t not i  ediately fro the r les the selves is that s
and s are inserted in pairs o one property we an e s re of is that their
n ers will e the sa e in all strin s derived fro ttin this to ether
with o r nderstandin of the relationship etween the strin s deriva le fro
and those deriva le fro and  this leads to an initial hypothesis

his h we are ertain is tr e o et the onverse, tho h, it ay
need to e stren thened there ay e orestr t reto the strin s in these
lan a es than we have lai ed owever, if we onsider the trees o tained
y insertin re rsive trees into the  tree as well as those o tained a ove
y insertin into the tree it e o es lear that we an o tain strin s
of len th p to fo rin whi h the n ersof sand saree al h s, it
appears that the onverse of the lai ay etr easwell n provin this we
will have proven half of the hara teri ation of the lan a e enerated y the
ra ar

y ind tion on ppose hen
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ppose , and ppose, f rther, that for all
s h oflen th less than the lai istr e reak into where
is the shortest non e pty prefix of in whi h the n erof sand s are

e al otethat thisi pliesthat the sand saree in ero sin as
well

ppose that  isnot e pty hen thelen thsof and  are oth stri tly
less than  and they oth have e al n ers of sand s ro the
ind tion hypothesis, then,

and
ppose, on the other hand, is e pty ppose si ilar
analysis applies if  starts with in e no prefix of hase aln ers
of sand s, st e of the for , where hen, y the
a ain,
and

We now need only to o plete the proof of lai

lai y ind tion on the len th of the derivation
asis
he ase ases are st the non re rsive derivations

nd tion
ppose the lai is tr e for all derivations of len th less than hen
lettin denote derives in  steps and derives in less than
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steps
or
or
n the first  ase, y theind tion hypothesis, where
h s and
he se ond ase issi ilar, where h s and
n the third ase, we have that oth  and have e aln ers of s

and s and, onse ently, so does

inally, in oth the and ase the lai follows i  ediately fro the
ind tion hypothesis

t is worth notin that the way to arry o t the ind tion is to row the
derivations fro the e innin t is easy to deter ine the set of prod tions
that ay e the initial prod tion of the derivation and trivially easy to de
ter ine the sentential for to whi h they apply hesa e annot e said for
the last prod tion of a derivation

or anysi ple ra arsitisnot ne essary toa t ally arry o t an ind
tion to prove that every strin in a ivenlan a eisderiva leinthe ra  ar
or instan e onsider the ra  ar

o show that 0 it s es to ive a derivation in
whi h yields in e depends on the para eter the derivation will as
well We will se to denote derives in steps

ti es
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rove that 0 y provin there ainin dire tion
that 0

e lar

We will e ploy this lan a e 0 asa ontext free
lan a e astandard exa pleofalan a e thatisin t not re lar

1 S me sure Pr ert es the c ass

ppose and are s eneratin
and | respe tively, and that and  are they have no varia les
in o on f o rse, if they were not dis oint we o ld si ply rena e
the varia les in one set or the other, so we an ass e this witho t loss of
enerality  onsider thelan a e strin will einthislan a ei
it an e derived either fro in  or fro in t sho Id not e hard
to see that we an o tain a for y p ttin and to ether
alon with a new start sy ol and prod tions rewritin as either  or
et

We lai that
Why do we need to ass e that the sets of non ter inals are dis oint
rove the lai

t follows, then, that whenever and are s then their nion will
e a as well

ppose and are s then there st e S and
with dis oint sets of non ter inals that enerate the and, as we have st
esta lished, we an o inethesetofor a that enerates their nion
h s their nion is a , as it is enerated y a
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ake se of this onstr
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ild a

onsider, now, the on atenation of

thislan a ei

ive a onstr
ilds a
tion is orre t, that

What a o t
enerates every strin
in 1 din the prod tion
fro we an derive
his is all we need

in

o show that
, for any | then

asis
nd
ppose that if
then if
hen

y the definition of

i plies as well

tion that, fro
that enerates

i

leene los re is a

for all

3

iven any two

s represented y

representin their nion We will

and

it an e split into two parts

ere we will need a
0 We an et

oreover, if we have that we an derive

strin
where

I

and

is in
and

r ethatyo r onstr

si

yin 1 din the prod tion

, 168

es to show that if

his we do y ind tion on

and

then
then

o show that if

for so e

, y the ind tion hypothesis, and

, whi h, sin e
hen

in 1 des every prod tion in

that
ply y

and

bl

I
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o show that it s es to show that if , then

for so e 0 in e we are provin a property of the strin s
derived in  we pro eed y ind tion on the len th of the derivation of the
strin

asis
he ini al derivation fro in is and
nd
ppose , 1, and for all strin s deriva le fro in in
fewer than  steps for so e 0 ine 1 the first step
of the derivation of st e t follows that where
and in e the only prod tions of that are not in
are the prod tions and sin e no prod tionintrod es ex ept ,
the derivation of  fro in st involve only prod tions fro t
follows that aswell h s forso e and

t follows that

tsho Id ei  ediately o vio s that the sin leton lan a e and the

sin leton lan a es ontainin st the strin s of len th 1 over are S
y definition, every re larlan a eis o taina le fro theselan a es ya
finite se en e of nions, on atenations and leene los res t we have
st shown that the res It of these operations when applied to s is also a
onse ently, everyre larlan a e st e ontext free ttin this

to ether with orollary we et

e lar

for an alpha et isa appin ofeahsy ol of to

so elan a e not ne essarily over the sa e alpha et , whi h we will denote
or any strin , the is the set of all strin s

o tained y s stit tin for ea h sy ol in  any strin in he
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s stit tion ay e non nifor the strin repla in ea h o rren e of a
sy olis hosen independently of the strin s repla in any other o  rren es
ofthatsy ol oranylan a e , the is the nion
of thei a es of the strin s in nder ,ie,

et and hen
and if then

ket h f then for so e
i ilarly, if is as stit tion into then for ea h the lan a e
is forso e Witho t loss of enerality,
the sets of non ter inals of the ra  ars are pairwise dis oint  he idea is
to ilda ra arfor y repla in every o rren e of a ter inal in
the prod tions in  with the start sy ol  of its orrespondin ra  ar
his is then o ined with the nion of t is not hard to see that a tree is

a derivation tree of the o ined ra ari it is a derivation tree of with
ea h leaf la eled independently repla ed with a derivation tree of

how that los re of nder s stit tion into i plies los re
of nder nion, on atenation and leene los re
int  how first that , and are ontext free lan
a es hen for any s and  show how to o tain

and fro these ys stit tion

hese los re properties an often e sed tosi plify the task of developin a
ra arfora he idea is to de o pose the lan a e into si pler lan
a esins h a way that the de o position an e reversed sin operations
that preserve ontext freeness n any ases the de o position an red e
thelan a ein estion into trivially lan a es eitherre larlan a es
or anoni al S
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or exa ple, let

1 odd 0 and

even 0 and
hen

even odd
where
where 11
where
where and
where
where 111
where
where

where

in eitred es tore larand anoni al lan a es, the de o position,
in itself, s es to prove that 1is a o onstr ta eneratin
we need only to se o vio s s for the si ple lan a es and to apply the
onstr tions of the los re proofs

11 where is 11
where is
where is
where is 1
where is
where is
where is
where is
where is
where is
where is

where is
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n other words, is

11

0 ive a for or y de o posin the
lan a einto trivial lan a es

nother approa h that often works is to start with an ind tive definition
of the lan a e and then onvert it, nearly dire tly, to a or exa ple,
let o show that this is a , start 'y
onsiderin how strin sinthelan a e an e onstr ted fro other strin s
he si plest strin in the lan a e is st oreover, if we have strin s
then we an onstr t another strin in y on atenatin
the n addition, we an onstr t a another strin y addin an  to the
left end of and a  to its ri ht end or his ay eeno h f
it is not o r atte pt to prove that every strin in  is enerated y the
we o e p with will fail ort nately, the ases on whi h it fails ive
s exa ples of how we need to extend the definition ttin this to ether as
an ind tive definition

f then
f then
othin else
We o Id stop here to prove that thisis a o plete definition of |, t as we
are asked for a we ay as well postpone it ote that the proofs will e

si ilarin str t re
onvertin this to a we et
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ote that the and the ind tive definition work in opposite dire tions,
so to speak
he fa t that every strin in isin  isnearlyi  ediate

1 arry this o t show that
he proof that every strin in  isin follows the proof of lai

arry this o t show that

ote that thisi plies that this and the of e tionl 1 enerate
thesa elan a e
how that the of etion1l 1 an e onverted to
et e the set of all strin s of alan ed parenthesis, ie, ,

ea h left parenthesis hasa at hin ri ht parenthesis and pairs of at h
in parenthesis are properly nested xa plesofstrin sinthislan a e

xa ples of strin s not in thislan a e

how that this is a y first definin it ind tively
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1 rma rms r Gs

We have defined the ontext free lan a es y definin a lass of phrase
str t re ra  arsin whi h the for of the prod tions was restri ted the
ontext free ra ars tt rns o t that we an a t ally restri t the for

of S h ore severely witho t de reasin their power to enerate lan
a es headvanta e of doin thisis thatin onstr tin proofs for s we
an ass e the ra  ar that enerates the hasa h si pler str t re,

th sred in the o plexity of the proofs si nifi antly

We start y notin that there are ir stan es nder whi h a non ter inal
is a t ally seless in the sense that it an play no role in any derivation of
a strin in fro learly, we an si plify any ra arin whi hs h

seless non ter inals o r, witho t a e tin the lan a e it enerates, y
eli inatin all prod tions that involve the = While one i ht wonder why
s h non ter inals wo ld ever find their way into a ra  ar, it is, in fa t,
not ne essarily o vio s that a iven non ter inalis seless one estion we
will want to resolve is whether there is an e e tive pro ed re, an al orith |
for eli inatin the  We will show later that there are si plified for s for

ertain lasses of s for whi h there is no al orith for onvertin ar itrary

s in the lass to the si plified for

seless

n either ase an play no part in a derivation in  of any strin in  and
all prod tionsinwhih o rs ansi ply eeli inated fro

We an o tain an al orith for onstr tin fro a  that possi ly
in I des selesssy ols ased onind tive definitions of the sets of rea ha le
and prod tive sy ols

et rod tive e the set of prod tive sy ols in hen
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rod tive
f rod tive then rod tive

othin else

he ind tive la se says if there is a prod tionin in whi h  rewrites to
so e strin of prod tive sy olsthen is prod tive

et ea ha le e the set of rea ha lesy olsin hen
ea ha le
f ea ha le and , for so e
and , then ea ha le
othin else

ere the ind tive la se says that if there is so e prod tionin in whi h
area ha lesy ol rewrites to a strin in 1 din then isrea ha le as
well

ny ind tive definition of this sort defines an al orith whi h  ilds the
set in sta es startin with the ase ases ote that onver en e ter ination
of the al orith isins red y the fa t that the set at ea h sta e is at least as
lar e as it was in the previo ssta e in e thesetisli itedto eas set of
the set of all sy olsin the ra  ar whi his, of o rse, finite, there an only

e finitely any sta es at whi h the set a t ally rows t, if there is so e
sta e at whi h the set row, then it will never row in any s se ent
sta e Why en e, the al orith  onver es after finitely any sta es

We then onstr t y first eli inatin nprod tive sy ols and then
eli inatin nrea ha lesy ols

rod tive rod tive

ea ha le ea ha le

ote that the order is riti al here ay eso e prod tive non ter inals
that are rea ha le only via prod tions that involve non prod tive non
ter inals f we al late the set of rea ha le sy ols prior to eli inatin
the non prod tive non ter inals these will e left as seless sy ols in the
ra ar n the other hand, every sy ol that is involved in prod in
so e strin of ter inals fro a rea ha le sy ol is, itself, rea ha le h s
no sy ol will e o e non prod tive when we eli inate the nrea ha le
sy ols
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et e the ra arin whi h is

a What is rod tive

et e the ra ar in whi h rod tive
rod tive What is
What is ea ha le
d et e the ra ar in whi h ea ha le
ea ha le What is
e Whatis ea ha le
f et ethe ra ar with ea ha le ea ha le
What is
What is rod tive
h et ethe ra ar with rod tive rod tive
What is

n e tion 1 we defined a positive ra  ar as one that in 1 ded no
prod tions learly, the e pty strin an never e derived y a positive
the lan a eit enerates annot in | de

rove that if  is a positive then there is no derivation of fro
any non ter inal in
derivation, of o rse,is st ase en e of strin sin
that are related y the dire tly derives relation What anyo saya o t
thelen thofthestrin s akin ps hase en e ndertheass ption
that  is positive

he onverse, however, is not tr e t ay e the ase that a ra ar
annot derive even tho h it does ontain prod tions
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ive an exa ple of a that in 1 des an prod tion t annot
derive the e pty strin
nearly trivial ra  ar will do  ry one that enerates the

lan a e
positive
prod tions
ain, we prove this y ivin the onstr tion of fro
et lla le e the set of sy ols s h that
his set is also know as the of , er
nd tively,
lla le
f lla le then lla le
othin else

n other words, isn lla le and every non ter inal that dire tly derives either
of any strin of n lla le non ter inalsis alson lla le
ore ove the prod tions fro we akthe p
et

lled
if lla le otherwise

he f n tion lled ret rns every variation of a prod tion in whi h ero or

ore n lla le sy ols have een deleted repla ed with ote that this
always in 1 des the ori inal prod tion as well  in e the rhs of a prod tion
is st a strin , any sy ol we repla e with will si ply disappear nless,
of o rse, it is already the only sy ol left

hen

lled

that is,  extended with every variation of its prod tions in whi h ero or
oren lla lesy ols have een n lled and with all prod tionsre oved
t is easy to show that, nder the ass ption that is positive,
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What happens if is positive

in e every non positive lan a e is the nion of a positive lan a e and

nit prod tion

ote that prod tions in are nit prod tions
ere a ain we a k p the nit prod tions and then eli inate the f
let , where
and
in ethereareno prod tionsin | if it st ethro hase ene

of nit prod tions hissi ply adds an prod tion that dire tly derives
everythin dire tly deriva le fro in this ase  ote that this potentially
a reat any nit prod tions, sin e it adds a nit prod tion for
for every one for hese all et eli inated alon with the ori inal nit
prod tions when we s tra t the set of all nit prod tions over
ttin these to ether, we et

he transfor ations st e applied in the order re ove prod tions, re
ove nit prod tions, re ove non prod tive sy ols and finally re ove
nrea ha lesy ols

Why ant were ove seless sy ols first
an seless sy ols e introd ed in eli inatin either  or
nit prod tions
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ho sky or al or

ket h et onvert to a ra ar with no nit or
prod tions
dd new non ter inals for ea h , repla e every o rren e of in
prod tionsin  with and add ea h prod tion of the for
very prod tion is now of the for or for
and 1 tre ainsto onvert ea h one of the r les in whi h into a

se en e of inary ran hin r les We do this in the sa e way one represents
ran hin trees as inary ran hin trees

T N

where the  are new non ter inals ni e to prod tion

0 onvert the ra ar

to
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h s with orollary every is enerated y a in , with
the possi le addition of the sin le prod tion n doin proofsa o t
s we will need only onsider derivations in ra  ars, and these are
very si ple, indeed every prod tion of a ra arin has one of two

si ple for s it rewrites a non ter inal either to exa tly two non ter inals
or to asin le ter inal onse ently, every derivation tree will e, in essen e,

inary ran hin and every s tree in a derivation tree will yield a non e pty
strin

1 ppose is a in and ive an pper o nd on the
len th of derivations of fro in
ote that we are on erned with the depth of the derivation

tree t, rather, in essen e with how any nodes it has

ive a lower o nd on the len th of derivations of fro in nder
the sa e ass ptions

rove that the lass of sis losed nder reversal

is defined in efinition in e tion 1
et ea in that enerates how how to transfor
into s h that is not a t ally ne essary t
akes the proof so ewhat si pler

nother nor al for for sisd eto rei ah

rei ah or al or
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s with the other nor al for s we have en o ntered so far, the proof
onsists of a onstr tion red in ar itrary s to that nor al for alon
with a proof that the onstr tion is orre t We will ive the onstr tion
alon with an idea of why it works, t we will skip the a t al proof of its

orre tness We will also ive an exa ple of the appli ation of the onstr

tion t, e a seitis ite tedio s and not very instr tive, yo will e
expe ted to arry it o t yo rself hei portant points yo sho Id et fro
this se tion are the str t re of , the fa t that there is an e e tive pro e
d re forred in s to , and that, onse ently, we an ass e
when ildin proofs or al orith s for ar itrary positive s

o onvert an ar itrary for a positive lan a e to , onvert
it first to  in et the non ter inals of e in ar itrary

order  hen apply the followin al orith

hee et of lok is to transfor the ra ar s h that if the rhs

of a prod tion for a non ter inal starts with a non ter inal , then
properly pre edes  in the orderin  t does this y, in essen e, rotatin the
derivation trees of the ra ar ee i re ote that this i plies that

the last non ter inal in the orderin , at least, does not rewrite to any strin
that starts with a non ter inal lo k then aks p the prod tions
for those initial non ter inals in the sa e way that lo k 1 a ks p the



1 Basic FL'T—Context-Free Languages

N /| N
AN s AN

| VAN VAN

lok 1 lo k

1 re onvertin to

prod tions for in e it works fro the last non ter inal in the orderin
to the first the prod tions for the initial non ter inals will have already een
a ked p onse ently, noprod tion will start with a non ter inal

pplyin this to the exa ple ra  ar with the non ter inals ordered
, we et, after the first lo k
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and after the se ond

ppose is a in and ive oth an pper and a
lower o nd on the len th of derivations of fro in
1 ec em ersh
he stron est attri te of is the fa t that every prod tion enerates
at least one ter inal sy ol h s, as the exer ise shows, iven a in
and a strin there is a len th whi h depends on s h that
i onse ently, we an he k whether si ply
y syste ati ally eneratin all prod tions of of len th and he kin
to see whether the last sentential for is in e every for a positive
lan a e an e onverted to ,we an se this sol tion for any that

enerates a positive lan a e  oreover, it is si ple to extend this to handle
any

ive an al orith to test if , where is any
onsider e tion 1

t this to ether with the ideas of this se tion to ive a o pletely
eneral al orith that de ides e ership for any

While the strate y of eneratin all prod tions of a iven len th and testin
to see if they derive ives s an al orith for de idin e ership it leaves
open the estion of how to syste ati ally enerate these prod tions ne
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si ple approa h is start with  and apply prod tions in  in so e fixed
order, re rsively applyin the prod tions to the left ost non ter inal of
the res 1t his syste ati ally arries o t every left ost derivation of the
ra ar
We ani ple ent this with a pro ed re whi h takes a sentential for
and a strin and ret rns i it finds a derivation of fro in

he idea is that i arse nfort nately, this doesn t ite

work  he pro le is that it is not aranteed to ter inate and and in the

ase that it fails to ter inate there ay e derivations of fro that have
not yet een explored

arry o t the pro ed re for arse for the ra  ar

with the prod tions ordered left to ri ht as iven

ote that if the pro ed re does not ter inate then there st eso e
ran h of a derivation tree that an e ar itrary lon the re rsion is not
well fo nded What we need is a way of for in the re rsion torea h a ase
ase in finitely any steps ere we an exploit the for of ra  ars
ote that every sentential for in a left ost derivation of a ra  arin
onsists of an initial strin of ter inals followed y a strin of non ter inals
rther ore, the strin of ter inals in any sentential for is a stri t prefix of
the strin of ter inals in every sentential for that follows it in the derivation
h s we are eneratin  in left to ri ht order  he idea is to drop the portion
of that has een already enerated When we apply a prod tion
to a sentential for with we anre r with st

and
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ote that there is no reason to try any prod tion with a rhs that does not
start with o, if we ass e we an odify the pro ed re

ow the len th of the strin we are testin is stri tly de reasin as we
re r hswe anre rno orethan ti es efore rea h the ase ase
at



